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PREFACE TO THE FIRST EDITION. 


In preparing these ‘‘Aids to Euclid,” the Editor lias 
departed much from the usual groove, inasmuch as matters 
have been included herein, that are not to be found m ordi- 
jiary publications of the kind, in a manner thoroughly new 

The book consists of two parts. The most salient featuies 
of the one are — 

(r) To help the students in studying the subject logtcaUy, 
the enunciations of all the propositions have been dissected 
into data and ^uasita, and presented into a tabular Jorm, 
under several heads 

(2) Notes on propositions, consisting of dnect pi oof 
'alternative ptoofSi tinmediate corollaries^ converse propositions., 
and many important matters in connection with them, have 
been appended, in order that they may be viewed in all their 
aspects. 

(3) A set of all possible questions on Propositions, has 
been affixed, the answers of which are to be found in the 
“ General Notes ” 

(4) Matriculation Papers cA four Univeisities (Calcutta, 
Cambridge, Madras, Bombay), are relegated to the end of the 
book, to afford ample scope to the student for independent 
exercise Answers of the questions have been given in the 
body of the book. 

In the other patt, all typical exercises collected from 
various sources, have been fully worked out. .Some of these 
deductions that students are desired to lay special stress upon, 
have been numbered in thick type 

In short, every attempt has been made, to bring the exercises 
home, into the comprehension of students of average under- 
standing ' 

Intimation of any error, will be thankfully received 



PREFACE TO THE THIRD EDITION, 


The present (3rd) Edition, appears \Mth various improve- 
ments — 

(1) The Explanatory Notes on propositions, (which have 
been appended in the first and second editions, in order that 
they may be viewed in all their aspects) — have been consider- 
ably augmented and improved 

(2) Some new Qjnestions on propositions, have been added, 
— thus making 250 questions in all — the answers of which, 
are to be found in the General Notes. 

(3) Many Neiv Exercises have been inserted, thus making 
nearly 700 exercises in all — these have been selected with 
consioerable care, from various sources 

In proving these, the cumbrous and redundant Euclidian 
language has been abandoned, in favour of the modern, 
‘‘abbreviated method ” These are arranged progressively^ so that 
the learner may be induced, it is hoped, from the first, to 
work out something for himself 

(4) MaUiculation of Seven Universities ( London^ 

Caribridge^ Madras^ Bombay^ Calcutta^ Punjab^ Allahabad) 
are relegated to the end of the book, to afford ample scope to 
the students for independent exerise — answers to the most 
of the questions, have been given in the body of the book, 
and in the Appendix 

The E\ei€ises^ together with General Notes on proposi- 
tions, nearly amount to 900 in number 

Care has, however, been taken to correct the misprints 
and inaccuracies of the Second Edition 

In fact, th6 book has been entirely rewritten It onl} 
remains for me, to offer my thanks to the friends, who have 
improved this work, by their kind advice and suggestion 

Intimation of any error, or any suggestion for its further 
improvement, w ill be most thankfully received 



- GENERAL 

PROPOSITION I 

I In this Proposition the following a\tora is assumed by 
Euclid, VIZ — “ That a © whose centre is m the Qce of another ©, 
must be partlv withm that © and partly without it, and therefore, 
that those ©s must necessarily cut or intersect each other” 

1 In Prop I B I, if the two ©s intersect also at X, and 
AXf BX be joined , prove that ABX is another equilateral A 

AB=AX and AB=BX (i Def ii) AX—BX (^Ax l.) 
ThxLS AB=AX=BXyand ABX \% equilateral (r. Def 19) 

NB—The four lines AC, AX, BC, BX, are eack=AB and 
—to each other Hence A CBX is a rhombus or lozenge 

2 If ^5 be produced both ways to meet the two ©s again 
at D and E, prove that Z?E=sum of the ihiee sides of the A 
^BC , also DE— 2 , AB 

DE=^AD+AB+BE=-AC+AB+BC (i Def ii'i^AB+AB 
+AB—Z AB Ihus we know how to find a st lme=Sum of . 
j sides of a A 

The I I may be otherwise enunciated — 

(i) T o describe an equilateral A, such that each of its sides 
iniay be = to a given finite straight line 

(2I To describe an equilateral A) such that each of its sides 
may be of a given length. 

(3) Given two points in a plane, to find a third, such that the 
Uhree points may be equidistant from one another 


t f 

PROPOSITION II 

I The given foint is to be joined with either evtremity of 
■the given st line, (Let us call the extremity with which it is 
<QnntxXt,d,id\ei connected extremity oi the given st line ; and the 
line so connecting them, the joining line ) 

2. The centre of the 1st (smaller) ©Is the connected extremity 
•of the given st line , and its radius = the given st line. 

3 The equilateral 'A may be cohstructed on either side of the 
joining line. ' 
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4, The side of the equilateral A> %'hich is produced to meet 
the C» 'S that side which is opposite to the given point, and it is 
produced through' the centre of the ist O till it meets its Qce. 

5 The centre of the 2nd O, is that vet f ex of the equilateral 
A, ^hich IS opposite to the joinmg^ line, and its ndius is made up- 
of that side of the equilateral A which is opposite to the given 
point, and its production which is the radius of the ist O So 
that, the radius of the 2nd (larger) Ci the sum of one side of the 
equilateral A and the ladius of the 1st Q 

6 The side of the equilateral A which is produced through 
the given point to meet the 2nd (. , is that side which is opposite 
to the connected extremity of the given st line, and the production 
of this side IS the line which solves the problem , for the sum of 
this line and the 5 ide of the equilateral A is the radius of thtf 
2nd Cj but also the sum of the given st line (Avhich is the radius 
of the 1st C) and a side of the equilateral A isss=to the radius 
of the 2nd Q The side of the equilateral A being taken away, 

Ihe remainders are equal 

As the given point mav be joined with either extremity, there 
TZiTiiy iwo different joining hnes^ TiXiA as the equilateral A may* 
be constructed on either side of each of these, there may be 4 
different As , so the st line and the point being given, there are 
4 different constructions by which I 2 may be soK ed 

The solution may be effected also by producing the side of the 
equilateral A opposite the given point, not through the extremity 
of the st line, but through the vertex of the equilateral A 

Bv I 2, the I I may be generalized , for an isosceles A ma\- 
be constructed on a given st line as base, and having its side^a 
given length The construction will remain unaltered, except that 
the radius of each of the Cs will be==to the length of the side of 
the proposed A If this length be not :> than half the base, the 
two '^^dl not intersect, and no A can be constructed 

The I 2 may be otherwise enunciated thus— 

(1) From a given point, to draw a straight line of a given 
- length 

(2) To find a point such that its distance from a given point 
may be=to a given straight line 

In fact, I 2 has three cases — (1) That m which the given point 
15 without the given line, (2) That in which the given point is m 
one of the extremities of the given straight line, (3) That in which 
^the given point is in the given straight line, but is not in one of its * 
extremities. 
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PROPOSITION III 

By a similar operation, the lesser //;ve could be produced =to the 
greater ; thus from either evtremity of the lesser line, let a line 
be dra\in=to the greater, (i - 2 ) ; then about this same extremity 
as a centre, describe a "ith a radius=to the greater line; 
produce the lesser line to meet the of (l,and it will be= 
to the greater line. 

I. 3 is otherwise enunciated thus —In the greater of two 
' gi\en straight lines, to find a point such that its distance from 
either of the extremities may be=to the less. 


PROPOSITION IV. 

In the superposition of the As in I 4, three things are to be 
attended to — 

I The vertices of the equal Z-S are to be placed one on the 
other 

2. Two equal sides to be placed one on the other 

3 The other two equal sides are to be placed on the same 
side of those which are laid one upon the other. 

In the demonstration of I 4, the converse of Ax 8 is assumed , 
namely, “Magnitudes which are equal, coincide with one another, 
when similarly placed ” 

In every A, there are six magnitudes, namely, the three sides 
and the three angles , and (except in i%jo particular cases] when 
any thiee of these are giien, the other three can be found, and the 
A determined 

■■ \ 

, ■■ The following are the only six cases which can occur 
1 The 3 Z.S 
2. The three sides 

3 Two sides and the L between them. 

4 Two sides and the 'L opposite to one of them. 

5. Two Z.S and the side betw'een them 

6 Two Z.S and the side opposite to one of them 

- The 1st case is one of the two, in which the A is not determin- 
ed; for a A may haie its sides increased or diminished, to any 
extent, without altering the magnitude of Its z.s. ' 

The 2nd case is demonstrated in I. 8 > 

The 3rd ro^eiis the subject of I. 4. 

. The 4th case is the other-one, in which the A is not determined 



!( 4 ) 


for It IS possible to have two As, having (wo sides of the one— to 
two sides of the other, ;ind one of the opposite Z-s of the one=to 
the similar L of the other, and yet the As themselves may not be 
equal Thus, let ABC ha a A m which neither L A nor L C are rt. 
/.s, and L A \s<. than L C; then from B as centre, and the 
distance /?C as radius, describe a O cutting /I C in and draw 
I?B Now It IS evident that, m the As ABC and ABD^ we have 
the two sides AB and BC^lo the two sides AB and BD^ and 
the opposite L A^ the same in both , and yet the two As are not 
equal* 

The I 4 may be otherwise enunciated thus— If the tiVo 
sides and the contained L of one A be respectiveIy=to the sides 
and the contained L of the other, the As are equal m every 
respect 


PROPOSITION V 

1 I 5 may also be proved by superposition* > 

If the A ABC be turned over on the plane so that the position 
of the point A may be unaltered, while the side AB lies on AC^ 
then since the LA is the same m both, the side must fall on 
and / the side ^^«side AC (Hyp), the point Cwill 
coincide with the point B^ the point B with C, the L ACB wth the 
L ABC^ and the L BCG with the L CBFj and (i) the L ACB 
will be=to the L ABC (Ax 8 ), 'and (2) the L BCG^Xo the 
L CBF (Ax 8 ) 

2 Tht Ls at the base of an isosceles A nre equal to o^te 
another ^ may be proved without ptoducing the sides of the Aj 
thus — 

Let ABC be an isosceles A, of which side AB^side AC». 
Then the L ABC shall be=to the L ACB* In AB lake any 
point D , from AC the greater, cut off AE^io AD the less 
(I 3) Join Z>C, BE and DE ^ AB^ACC^y^\ ma AD^ 
^^(Constr), the two sides aies=to the two sides CA^ 

AD^ and they contain the L BAG common to the two As BAE, 
CAD, the base BE is=to the base CD {u 4), ^nd the 
A BAE IS = to the A CAD, also the remaining As of the 
one are=to the remaining Ls of the other, viz, the LAEB^ 
to the LADC, and the LABE^the LACD And the whole 
AB is=to the whole AC, of which the parts AD, AE are ehual ; 
the remainder IS = to the refnainder £C(Ax 3), and has 
been proved to be=to CD hence, the two sides DB, BE are « to 
the -two sides EC, DC, each ttf each ; and the L DUE has been 
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proved to be=to the L ECD, also the base DB is common to the 
2 A s these Asnte equal (i 4.)j and their remaining 

Z.S, -its, the L BDE is=to the L CED. and the L BED=^Xo the 
LCDE Now if the equal Ls BED, be taken from the 

equal Ls BDE, CED, the remaining Ls BDC, CEB are=to one 
another. Again, BD, DC are=to CE, and L BDCx&’^^o 
the Z.jCjE 5 , and the base IS common to the two As BDC, 
CEB\^. the 2 As are equal m e\erj respect (l 4.)} ,*. the 
L /?^C=lhe LECB. 

' CONVERSE OF THE SECOND PART OP I. 5. 

* 

3. Tlie txjo sidfs of a A betnz produced, if the Lson ihc other 
side of the base be equal. Vie A isosceles, 

Let^.ffCbea Aj of which the sides AB, AC are produced 
to Z> and jE” respectn ely The is = to the L ECB Then 

the A > 4 iyCshall be isosceles - From B darw BH at rt Zs to 
^ 42 ?, and from C draw CH sx. rt l.s to AE (i. li ) The L DBC— 
to the L AC 5 , (Hjp), and the L DBH is=to the L ECU, 
(Ax. II.). * the L IiBC=X\i& L HCB (A\ 3) Again V L 

ABU iS5=to lACH, (A\. II.) and L Af/?C Ms=to L HCB, 

L ABC^ LACB, (Ax 3) ; A ABC is isosceles (16) 

Otherwise 

■f 

The Z.S D;ffC*are logether=to two rt. Ls (i. 13), and 

As AC 5 are together =to 2 rt. Ls(i 13); .* the Ls ABC, 

DBC are together=to the Ls ACB, ECB', but L DBC is= 

to L ECB (Hyp ) ; * the A ABC is an isosceles. ( i- 6 ) 

•* 

ALTERNATIVE PROOF OP I. 5. 


When the equal sides ate produced through the vertex. 

Produce BA, CA to J, H, In AJ lake anv pts E and G ; from 
AH cut off AD==AE and AF=AG. Join DG, DB and EC, EE. 
Then ' AE=AG and AE—AD and L EAG is com the base 
EE (of the A EAE)=xh& base DG (of the A GAD) (1. 4 ) and 
■A AFE— lAGD (i. 4.) and A FEA = A GDA {14) Again V 
in the As EEC and GDB, BG=CE {Tor AB=AC and AG=AE 
BA+AG or BG-CA+AE or CE) and A DGB- LEEC 
(proted), DB^EC find A BDG= L CEEO.4.) but A GDA 
(part of A^Z?( 7 )s= Ai^E^ (partof A CEiOi •*. the*rem. LBDC= 
rem lBEC Again in the As BDC and CEB, DB=^EC (as 
pro\ed), and DC^^EB (for AB^AC and AD=AE)', DA +AC 
~~ot DC>=EA+AB or EB, and. lBDC^ lBEC (proved); »*. 
the lDCB or A ACB<A lEBCcsx A ABC. (1. 4 ) 
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The I sniay be < otherwise enunciated thus*— The z.s 
subtending the equal sides of an isosceles are equal } and the 
extenor Ls formed by producing theeqdal sideSj are equal 


PROPOSITION VI 

It should be observed that, the portion ^io the lesser side must 
be cut off front that end of AB next to the equal L \ otherwise no 
proof can be drawn from I 4 

I 6 IS the converse of the first part of 1 5 ; that is to say, the 
hypothesis of one, is the predicate of the other, and vice versa^ 
which will be better seen thus — 

I I If Uuo sides are equals the opposite Ls arc equal 

1 . 6 If two Ls are equals the opposite sides are equal 

DIRECT PROOF OP I 6 

het ABCh^n A« having the LABC^LACB Then the side 
AB shall betsto the side AC Bisect the lBAC b> AD meeting 
-ffCatthept D (I 9), V L ABC— LACB (Hyp and the L 
BADs=i\:i& lCaD^ (Constr) and is common to the two As 
ABD and ACD , the two As ABD and ACD are=to one 
another in every respect (1 26), \ the side is « to the side ^C. 

Otherwise. 

Bisect BC at the point /) (I 10 ) , join AD Let the A BAD 
be turned over upon the A CAD^ so that BD mayiill^ on CD ; V 
BD IS— to CD (Constr ), the pt B coinades with C, and the pt D 
wnth the pt D, The side BA shall fall on CA^ V the L ex B is=to 
the L at C (Hyp), and the extremity A of the side BA shall 
coincide with the extremity A of the side CA^ DA is common to 
both, \ the side AB is=stde AC 

The I 6 may be othermse enunciated thus —If from a 
given point, two straight lines be d^awn to meet a third , and make 
equal Ls with it, these two straight lines shall be equal. 

The demonstration of I 6 is indirect The proof of a proposi- 
tion is said to be indirect, when its trudi is established by 
proving its contrary to be false 


PROPOSITION VH 

Alternative enunciation of I 7 

On the same base^ and on the same side of £/, there cannot be 
two A^j having their contenmnous sides equal 
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Thud case — Let the \ertev D of one A be on the sjde AB of 
the other, and it is evident that the sides ^5 and BD are not 
•equal 

Hence in no case, can two whoso confernitnout sides axe 

equal, be constructed at the same side of the given st line. 

The 1 . 7 may be otherwise eutinciated thus ‘—If there be 
two As on the same base and on the same side of it, having^ the 
sides terminated at one evtremity of the base=sto each other, the' 
sides terminated at the other extremity of the base, shall not fae=' 
to each other. ‘ 


PROPOSITION YU I. 

The following proof of I 8, is due to Proclus. It establishes 
the I. S b} the I. 5 

Let the two equal bases be so applied one upon the other, that 
the equal sides shall be contetvimous^ and that the As shall lie at 
opposite sides of them, and let a st line be draw n joining the 
%ertices C and 5 ^ 

I. Let BG intersect the base 

Let the vertex fall at tr, the side EF in the position AG^ and 
DF in the position CG Since the lGBA— LBGA 

(i 5), also CB=CG , lCGB— LCBA (1.5) Adding thescr 
equals to the former, the lABC— (PC, that is, uEFD'=‘ lABC. 

2 Let the st. line GB fall outside the coinadent bases. 

The ^ L GBA — L BGA^ and also L BGC — L GBC (proved) 
and taking the former, from the latter, the remainders, which are 
the Ls AGC and ABC, arc equal, but LAGC is the lF. 

3. Let the st htie BG i^ass through either cvtreinitji of the base 

In this case, It follows that the L ABC=‘ L AGC (i. 5) for 
the lines BA and AG must coincide with BG, since each has tw’o 
points upon it. 

Hence in every case the Ls R and Fare equal. 

I 8 is the converse of I. 4. 

When a theorem has sevctal hypothesis and one predicate, if 
another theorem be framed having one of those hypothesis for its 
predicate, and the predicate of the first as one of its hypothesis, 
the two theorems are the converse of each other , and it is in this 
sense, that the I 8 is the converse of I. 4, as will be immediately 
seen by expressing .them 10 the following manner 
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I 4 —If iwo stdes are equal 

{ {£ L»-tTc%ml } 

1. 8— If f^vo stdes are cqual\ f the i-s opposite 

and f//e bases arc equals j ” ” I the bases, are equal 

The 1 8 may be otherwise enunciated tlius If two 
have the three sides of theonc«=»to the three sides of the other,, 
each to each , the three of the one shall be»to the three Ls. 
of the other, each to each, namely those to which the equal sides 
are opposite 


PROPOSITION IX 

It IS necessaiy that the A be constructed on a diffeteni side of 
ihe jotnimr hnc DE^ isoeti that on which the given L is placed, lest 
the vctteK/*of the equilateral A should happen to coincide with 
the verte^>^ of the given ^,in which case, there would be no 
joining line PA^ and therefore no sohiiion 

In these cases, however, in which the verte\ of the equilateral 
A does not coincide with that of the given /.,the 1 9 can be 
solved by constructing the equilateral A on the same side of the 
joining line DE with the given L 

Scpataic detnonsiraiions arc necessary for the f7JO ftostftous 
which the vertices mav assume 

Case i Let the vertex of the equilateral ^ DEF 
the given L BAC 

From the tw*o As llAF EAF^ the L DAP ma> be proved 
=»lothe LEAF{i 8)rr the L -^- 4 C is bisected by 

Cascz Let the V eric\ of the given ',be 't^nihtn the equila- 
teral A 

The line produced will in this case bisect the L, for the 
iince sides of the A DFA are respectively =10 those of the A 
EFA Hence the L DFA^ L El A (18) Also in the As 
DFG and EPG^ the side Dl ^RF^ the side GF is common, and 
A DFG— L EPG , hence the base DG^EG (i 4 ) and L DGA 
= L EGA Again, in the As DGA and EGAy the side DG^ 
EGy and AG\s common, and the As at G are equal, hence 
LDAG^ L EAG (i 4 ), and , . the L BAC is bisected by AG 

It is evident, that an isosceles A construclea on the joining line 
DEy would equally answer the purpose of the solution 



B —By a reoe:*t!ar of i. g, nny £. tray he ci«cec ?rto <1^ S, 
16. parts ; s into any ncinoer of sgual pasts witich can 

be es^jsessed by the saccessive ^azL€rs of 2. 

Altemsfive Proof of 1. 9. 

Let P<<^C be the given L- hi AC take any pt. z). ard p"odace- 
^2?toB tnakinsT j€S^=to y;/?: |o;n and thronga A dravr 
ytf/=-rto2?£'(L3i) Then ^/^siaii bisect the ' /?^C. V ^iT 
<=AD (pazstr'i t tbs L AED-the L ABE (I.?}. Ard V 
is I to BE; /. £. ADE—L DAF (L 25) ; L BA.F— 
LCAF, «■- the L BAC is bisected by 

A” iL— The trise c t i o o of any z, is possible bj Modern Geo- 
cetiy. See C^ssys Eudid 

By means of 1 . 9, a gUen rect^f ceal L iray be dr.'ced into 2= 
ecca! parts, where n 13 any pos^ti?.e Integer- 

Ytjr^eAUirr.nftxt EKurdai:c 7 td(\. 9, See C U.E.q. 2 of 1S55- 


PROPOSiTIOX X. 

Alternative Proof of L 10, vritiiotit the aid of I. 9. 

Let AB be the ghen straight line- InAB. take any p;.ir 
dcstr to B A With A as centre, anoAEzs xadscs dzs- 
cnoez ' 2 / CEDi take BF—AE. \Vt“H B as centre and BFzs 
racics, describe a CF/> cnidnc the ^ CAi? at C and 2 ?, Join 
CD czttxa^ AB zt G AB'\s b.sected at G, Jolr AC, BC.AD. 
BDt ri the s ACD sr ‘1 BCD, V AC—BC , and CD is coniTrcn. 
srQ.AD-=BD..\ LACD=^ lBCB. (t. £.> 

Again V A.C. CG=BC,CGi and lACG or lACD^ LBCG 
or lBCD. /, she base AG—hzse BG ij£., AB is Vsectec at G. 

AI B — Bj' a repetition of (t- lo'^, a st- bne nay be drnced into 
any rimjcerof e^ual parts deroted by the saccesshe fcrrtrs of the 
ninnber 2 ; r e. .nto 4. S, 16 etc. equal pzrts, 

Thas by ireans of i. 70, a straight Ihte may be cKiced into a"* 
eqca! parts, where ;r is a pos^tiie integer. 


PROPOSITION XL 

Cor, "to L 11. Ttro st. Hues caxKot have a eciKuzcn sszntKt. 

If poss'o’e, St. fees ABC, ABB ha'r e she segntent AB csmtson 
to both From B drair BE at st. is toyC^(I. is.) Then V 
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JIBC \s a St. line, lCBE^ LEBAiDef 7), also . ABDissl 
St line {/iyp\ LDBE^ lEBA , /• LDBE^ lCBE (Ax 1 ) the 
Icss^lo the greater j which is impossible (Ax. 9) * 

1. By I 1 1, a ± can be drawn at the extremity of a given 
line, by first ptoducing the line. 

2. By comparing I ii with 1 9, it will be immediately seen, 
nhat the I n is only a particular case of I 9 , for I 9 is to bisect 

n/y' given Z., and I 11 is to bisect that particular L which a 
line forms with its continuation 

I II may be otherwise enunciated thus —To draw a 
straight line making equal Ls with a given straight line from a 
given point in the same 


PROPOSITION XII 

1 In I 12, It is assumed that the given line AB will be cut by 

the O m t%vo points This will be evident if we consider that a 
portion of the Qce of the O, lies on each side of the line AB^ and 
that as the a continuous bne^ it must necessarily cross the 

line i 70 tce 

2 The given st line is supposed to unlimited \xi\exi%ihy 
hecause otherwise, it might so happen that the Q described from 
C, might not a/t it at all 

N — Euclid uses the term at xi Ls when the st line is drawn 
from a point in another straight line, as in I 11, and he uses the 
teim {perpendicular when the st line is drawn from a point 
without cinQi^\ex s\ line, as in I 12 

I 12 may be otherwise enunciated thus —From a given 
point without a given straight line, to draw a straight line making 
equal Ls with the same. 


PROPOSITION XIII 
ALTERNATIVE PROOF O^ I 13 
(See figure 2 p 28 TexUBook ) 

L ABD^ LEBD+ LEBA^a. rt L + LEBA 
LABC^ LEBC*- LEBA g=a rt L"^ LEBA 
HaBD^TlAEC^ 2rt Ls 
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«TMBODIOAL FORM OF THE PROOF OF I- 13. 

(see^gure z.-p. sSi, Text-Book.) ,, 

i. f « 

LDBA = L DBE+ LEBA 

lABC—^ LABC adding 

LDBA-i- LABC=LDBE+ LEBA+LABC, (i) 

Again LEBC— LEBA + lABC 
LDBE^ LDBE adding 

LEBC-i- LDBE= lDBE^ LEBA+ LABC (2) 

From (i) and (2), lDBA-\- LABC= LEBC^r lDBE 

=2rt. Ls. 

NB — It IS necessary, in the enunciation of I 13, to insert the 
words ^'fonns L s with it,” to exclude the case m which the line 
AB stands at either extremity of CD 

I 13 may be otherwise enimci&ted thus '—If either of two 
■straight lines meeting at a point, be produced, the L & formed 
'by the two straight lines, are together=to two rt i.s. 


PROPOSITION XIV. 

1 

I 14 is proved by the ^'reductio ad absurdunt ’ It is necessary 
that the two st lines CB and BD should be on opposite sides o£ 
AB , for otherwise, they might form L with it, together=to 2 
■rt Ls uithoiU bfiing in the same continued st line 

I 14 IS the converse of 1. 13 

I 14 may be otherwise enunciated thus -—If three straight 
lines meet at a point, so that the Ls formed on opposite sides 
*of one of them, are = to two rt i.s, the two other st lines are in 
one and the same st. line ’ 


PROPOSITION XV^ 


J The converse of I 16 may be demonstrated as follows . — 

If four st lines AE, BE, CE, DE, meet in the same poinfE,, and 
snake the vertical Ls egual, each altenuite pair of hues vnM toria 
•one continued straight line v 


For lCEA= lBED (Hyp ), and LCEB=^ LAED (Hvo 1 ; 
;. LCEA + LCEB^ LBED+TaED (Ax 2 ); and wtole 4 Zs=i 
irt. Ls (I 15, cor,), /, lCEA-+ LCEB =2 Tt. £.s, and AEand 
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JEB fonn one continued st line (I. T4)- And so it may be shown* 
iJiat CE and ED also form one continued st line 

2. To prove ^ CEB = lABD (2nd part of I 16) 
lCEB^ LBED-zxx.. ls (I 13) 

lAEJ)-^ LlJED^zn Ls (I 13 ) 

/. LCEn’>r LBED-=^LAEDSr LBED l) 

/. lceb^laed 

ALTERNATIVE PROOF OF I 15, 

BY I 4 AND !• 5 

Make EA ^EB-^EC^ED ; * L BCE= L CSE 
In the BCA vcci^ CBD BCj CA^CB^BD^ and LABC 
^LDCB. (I 5 ) 

/, the base Sybase , and LBAC^ LCDB (I 4) 

In As CAE and BDE ; AC^ AE^BD^ DE^ and containing 
containing .. lAEC^ LBED 4) 


PROPOSITION XVI 

N B In the construction of the I 16, the following 
directions should be observed 

1 Bisect the side of the A> at which are exterior L and 
the L to be proved less 

2 Join the ffoini of bisection with the opposite L 

3 Produce the line thus formed, through the point of bisection 

4. Make the produced part=to the joining line 

5 Join the CNtremity of the produced straight line, with the 
vertex of the extenor L 

SECOND PART OF PROOF OF I 16. 

Const Bisect BC at O (I 10) , join AO Produce AOXo AT 
making OAf^AO Join CAf 

Proof In the two As and il/OC, AO^OB^AiO^OC^ 
rccA LAOB^ LAiOC {\ 15), , LA BO or LABC^ LOCAT 

Now LBCG is >LOCAfy LBCG> LABO or LABC, 
but LBCG^ LACD , lacd^labc 

1 16 may be otherwise enunciated thus —If a st line 
fall on two others, which meet, it shall make the extenor 4., greater 
than either of the interior and opposite As 
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pROPOSitioK xvn.* 

I. 17 may be proved without producing a side of 
*the A. 

Take any pt T) in BC and join AD Then the L% at the pt. 
D arc together >• than the sum of the is /? and C (i. i6). lint 
the 4.S at D arc logaher^to 2 rt i.s (». 13) ; L B L C 
are <: srt, is 

I 17 is the converse of (Ax. IS). 

The I. 17 may be otherwise enunciated thus .—If a straight 
line fall on two others which meet, it shall make the tivo interior 
is on -that side of n, on which the two other lines meet, together 
-el than 2 rt. is 


PROPOsnioN xvni. 

Alternative Proofs of I. 18. 

I. With A as certain and the /fsso side AC as radius, describe 
the G CED cutting the base BC .at E. ]o\n A E\ AE^ AC \ 
/. LAEC^LACIUt. 5), and V lAEO LABB or LABC\ 
,% LACEor LACBzp- LABC ( i . 16) 

2. By producing the lesser side. 

Produce the lesser side AB io E so that AE<=AC ; .% LACE 
e LAECii. 5) ; but LABCr> LAEC{\. r6) ; 

.. LABC\s-:> LACE, LABC:> LACB. 

By bisecting the Vortical i. 

liisect LBACh^ AD (1.9) From ylC cut off AE~AB, In 
the As DADxvl\e^ EAD\ BA,AD^EA,AD and LBADr=* lEAD 
'(cons); LABD-^^ LAED {l, Rut lAED-> LACD ot 
LACB (r. 16)} .% LABDox lABC:> LACB, 

I. j8 may be otherwise enunciated thus —If one side 
of a A, be than another, then the i opposite to the greater 
side, shall be >■ than the i opposite to the less 


PROPOSITION XIX. 

i 

Direct Proof of 1. 10 . 

Let ABC be a A, and BC be the base. 

{Cons') Bisect BC m X, (i. 10) Join 
«o that XY>=>AX, join BY. In the A 


AX^ produce AX to F 
s BXY and AXC\ BX, 
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Xy^CX, XA , and the contained i.s equal (i iS) , BY=^AC 
and lXBY=LXCA (i 4); but LABX> lXCA (Hyp) 
lABX > L YBX Bisect lABY by BM., produce BM to_ 
iV, making (from above, it is evident, that BM falls 

abm/s BX or BC)', ' YX^AX, \ YMr^AM Fronid/Fcut 
off MG=AM Join NG and produce it to meet EYvaS < 

i^Propf) In the AMB and NMG ^ the sides 
one=^d/, MN in the o'her, and lAMB— lGMN (i 15), *. 
AB=^NG,«aA lABM= lGNM<, but L ABM= LSBM iconst), 

lGNM or LSjVAf=LSBM SjV=SB (i 6 ), but 
VB > SB or SN , and since SjV GiV , , *. YB is much more >- 
than GN It is proved that YB—AC^ and GN=AB ; AC> AB 

Prop I 19 IS the converse of Prop I 18 

Props I 5 and I 18 may be included in one enancia> 
tion thus — “One L of a A, is >• or <; than another (I 18), or 
=»to It (1 5), according as the side opposite to the one is >• or < 
than, or=to the side opposite to the other ” 

Props 1. 6 and I 10 also may bemcluded in one enun'- 
cialdon thus — “One stde of a A; is > or •< than another (i 19), 
or=to It (t 6), according as the L opposite to the one, is >• or 
-c than, or=to the L opposite to the other ” 

I 19 may be otherwise enunciated thus —If one L 
of a A> be than another, then the side opposite to the greater L 
shall be than the side opposite to the less 

The mutual relation of I 5, I 6, I 18. I 19 may be 
shown m the following manner — 

i l. 5— If AB=AC, then LC—LB 
I 6— If 1 lC= lb, then AB=AC 
I 18 — U ABz> AC, ihm lC^ LB 
I 19 — If LC> LB,^enAB>-AL 

The ‘proposihons connected by a bracket, are converse of each 
other ; because that which is the hyfoihests m the one, is \.\io'predi~ 
cede in the oihcr 


PROPOSITION XX, 

Archimedes ridicules I 20 as being self evident, and contends 
that It should be therefore one of the axioms That a truth is 
'consideted self evident is, however, not a sufficient reason why it 
should be adopted as a geometncal asiom. 
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Directions. 

1 Produce one of the sides of the A» the sum of which is to 
he“proved>lhan the third side, through the point where they meet 

2 hlake the produced part^to the side adjacent to it ' 

3 Join the evtremfty of the produced part, with the verte'c of 
the opposite L . 

Alternative Proofs of I. 20 
1. 1. 20 IS sometimes proved by bisecting the A A 

Let bisect LBAC The' £.^jE^>than LEAC, and the 
L CEA is > than lEAB{\ i6) , and since the parts of the LA are 
equa], it follows, that each of the LE\s> than each of the parts 
of lA , and by (I 19) it follows, that B A> than BE and AC'>- 
CE, and that the sum of the former > the sum of the latiety 
(BA+AC) 7> (BE+CE) or BC. 

2 I 20 might also be proved by drawing a J. from 
L A on the side BO 

Apply (1 16) and (1“^ 19) 

*^T/ie difference of tiny tuo sides of a A, is < than the temaintnz 
side” For AC-\rBC are > than AB (I. 20) , let the side AC be 
taken from both, and we shall have iAC+BC)—AC 2 > than 
difference between AB and AC^ or AB—AC is c than BC 


PROPOSITION XXI 

1 If the two straight lines are not diawn from the exficniitics- 
of the base, it is possible for them to exceed the two sides of the A 
in any ratio < than that of 2 to t 

2 The lBDC is not necessarily > than L BAC 

Case 1st. of I. 21, Symbolically. See fig, of the Text 6 
In the A BAE ^ 

{BA^-AE)-> BE\ 2o\ 

EC—ECj adding 

(а) (BA-i-AC)>(BE+EC) 

In the A CED 

{EC Jr ED) > DC\ (I. 20 
BDs^BD) adding’ 

(б) (EC+EB)->'(CD-{-BD) J 

r - Alternative Proof of I. 21. (Part 2nd}. 

Join AD ; and produce AD to meet BC jn E, 

* 


: biitfromCff) 

(BA+AC)>(BE+£C) 
and from 

(EC’S-EB)2>( CD+BD). 

' (BA+AC)> ^ 
(CD-hBD) 
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L CDE 1 - L CAD\ (I l6) 

L BDE > L BAD) adding 

iL CDE+ LBDE)^{LCAD^ LBAD) or LBDC:> L BAC. 


PROPOSITION XXII 

1 If two intersect again at yl/, and MF^ MG be joined ; 
another A MFG\ 9 ^ be formed on the other side of the, base FG 
fulfilling the given conditions 

2 In 1 22, Euclid assumes that the two Qs will have af least 
one point of intersection i e K 

To prove the above it is only necessary to show that a part of 
one of the Qs will be within and another part without the other* 

V the sum of the radii FK?ccA GK \s>^FG (i 20) , *, a part 
of each Q struck with those radii, must be within the other , and 
V the sum of FG and GK is > FK^ /. a portion of each Q 
without the other , and /. their Qces must cut m some point K 

3 If the sum of two of the lines were^to the ihirdy would the 
Qj meet? Prove that they would not intersect^ {may touch 

From pt A draw one of the given lines A (I 2) , and 
from AdrawZ?(!r=^(I,2) , and from A draw jS“/^= C (I 2), From 
the centre D with the radius DG describe a O* and from the centre 
E with the radius EF describe a 0 » from a pt ^of intersec- 
tion of these Q)s draw KD^ KE The 2nd O cuts DE at H Let 
HE be produced to meet the Qc^ of the 2nd Q Z 

If A were > + it is evident that the Qs would not meet, 

one being wholly outside the other , and if B were > (^ + they 
would not meet^ one being wholl> within the other 

If 2 ?+C were=the line the point -^and K would coincide , 
for then DK+KE would=Z?Z Also if ^ +C were?=A the points 
K and L would coincide , for then DK would be=jFAr=i?A 
LD In the case, the Qs would touch externally^ and in 
the latter^ internally 

4 If the three st lines A^ A C be equals I 22 becomes equi- 
t^lent to 1 I, and the solution will be found to agree exactly with 
-that of the I i 


PROPOSITION XXIIL 
Alternative Proof of I 23 

At a e^ven point in a given si line^ to niake a rectilineal L = 
io*tt ^ventecti lineal L* 
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Let be the g>\en St line, and A the gnen pt tn it, and 
L EFD the given lectihneal L 

It IS required, (at the gnen pt A in the given st. line AB), to 
make an L, that shall be=to the given rectilineal LEFD» 

In FE^ FD take any pts E., D Join DE In AB (produced if 
necessary'), take AH=FD Produce 5.4 to Cr making 
In HB (produced if necessary), tfike HK=ED From the centre 

at the distance describe the (•) CcJil (Post 3) From the 
•centre H, at the distance HK, describe the O FCL (Post. 3), and 
from Cone of the pts ip which the two (^s cut one another, draw 
the St lines CA^ CH to the pts A^ H (Post i ) 

Then the LffACs\iTi\\ be=the LEFD 

V AC=AG, (Def 1 1) and AG^FE, 

.\AC=FE, (At. I ) 

Again •/ (Def ii) and HK=^DE, 

HC^^ED, (Ax, r ) 

Now, m the two As CAH DFE ; AC, Afl r\xt. — EF, FD j 
and HC\s=DE, lHAC is= LEFD (I 8 ) 

Hence, at a given pt A, in the given st line AB, the L //AC is 
made= to the given rectilineal LEFD 


PROPOSITION XXIV 
Different Cases. 

IVithout the condition that “ DE is that side, whnh is not > 
■than the othei ’ 

In the construction of I. 24, the condition that *^DE is to be the 
udc ‘Which IS no f>- than DF' was added by Dr. Robert Simson ; 
unless the condition be added, there will be' three cases to conisder. 

In the As ABC, DEF ,\e.\. AB^DE ACr=^DF,nnei\et 

LB AC be > LEDF Then mttU BC be > EF 

Apply the A DEF X.O the A ABC, so that DE coincides with 
*1 lien L EDF \s > than L BAC, DF will fall between 
BA and AC , and F will fall (i) on or (2) above, or (3) beloio, BC 

I \{ F fall on BCj BF is ■< BC, EF is <: BC, 

2. If / 5 ’fall above BC, BF+FA are < BC+CA (1 21) ; and 
FA-^CA, BF IS <BC , /. EF is < than BC 

3 If .F fall belov) BC , \otAF cut BC in O. 


2 
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Then [^BO+OF) are 1 1 20 

and iOC^AO) are >AC ^ I 20 

/• {^BO+OC)HOF+OA)ov(nC + AF)>-{Bl +/ 4 C),and 
AF^AC, BC IS > than BF, and /. BF\s BC 


PROPOSITION \X\ 

Direct Proof of I 25 

On the (greater base BC^ makcjffCr^the/twrbase KD^ and on- 
/fC construct cl ^ BHit equilaicnil RFD (I 22) Join AH 
cutting BC m A”, and produce HG to meet AC \Vi I 

The LH\% evidently =» the lF 

\ Let BG be ✓*• than BK 

Since \ L BAH^ L BHA (I 5) Also since HG 

— ACi ACor HG'^Al and /. HI is > than AI^ and • lHAI is 
^LAHI (I iS) Hence if the equal Ls BHA ^nd BAHba 
added to these, the L BAC will be found > the L BHG^ which 
is=/.r 

a If BG be not than BK^ is e\ ident that the L AT is /w 
than the L A 

N B \ 24 and 1 25 are analogous to the 1 4 and I 8, in the 

same manner as the I x8 and I 19 are to the I 5 and 16 1 he* 

(I 4, 8, 24, 25) might be combined togethei thus ‘‘If two As 
hate two sides of the one, rcspectnch == two sidc» of the other, ^ 
the remaining side of the one will be >• or <: than, or « to the 
remaining side of the other, according as the L opposite to it, m the 
one, IS > or <1 or = to the L opposite to it, in the other, or 
vice 7 ieisa * 

N B If two lines of gi\ en lengths be placed, so that, oncfiati 
of extremities cowcutey and so that, in their i nit tat position the 
lessci line is placed upon the the distance between the 

other extremities, will then be the dijffttcncc of the lines 

If lhe\ be opened so as to form a graduallv increasing anc^le^ 
the line joining their cMremities, will gradually increase, until the 
angle they include, becomes = to /av ii^/it angles^ when they will 
be m one continued line, and the line joining their extremities, is 
then sum 

Thus the majoi and limits of this hue is the stnn and 
dtfflrence of the gi\en lines This cMdenlh includes the I 20 

The mutual ixlation of 1 4 I 8 , 1 24 I 25, m'l\ be shewn 
in the follow ing manner — 
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I 4 IfAB^VE 'V 

AC^DF [then Z?C=£‘F. 
and LA^ lD, J 
I 8 If AB=DEA 

^C=»Z>F, [then lA= LT> 

andBC=EF) 

[ I 24 If ABIDES 

AC=DF, [then BC > EF 
and LA> lDa 

I 1 25 If AB=DE, 

AC=DF 1 

\and BC^-EFy [then LA> LD 

Here the propositions connected by a biackety aie the convefte 
of each other 


PROPOSITION XXVI 

1 Alternative Proof of I 26, Parti, by Superposition 

If A -<4 BC be applied to A DEFy so that B may fall on Ey and 
BC may fall alon^ EF, then C will coincide with F, BC= 
EF y BA will fall along EDy *.* L ABC= L DEFy CA will fall 
along FA LACB= LDFE 

Hence, A will coincide with A and A ABC with A DEFy 

AB^DEyAC^DF, lA= LDy ^ABC=DEF 

2. To determine undei ivhat circumstaiicesy two C^s ha^nnac 
two sides eqtialy each to eacJty and the L s opposite to one pan of 
equal sides eqtialy shall be equal in all icspeits 

Let the sides AB and BC—DE and EFy and the LA = 
the LD If LB= LEy It IS evident, that the As are in e\er\ 
respect equal (I 4), and that lC=^ LF Rut if lB and Z.F be 
not equalyX^X oxid i. F be>the other LEy and from By let a line 
BG be drawn making the LABG— LR 

In the As ABG and DEFy the LA and lABG are= lD and 
LE and AB—DE , the As are m e\ery respect equal (I 26), 
andFC=FFand LBGA= LF Rut V FF=FC, and * 

LBGC= LBCG (I 5) , and LC and LBGA or Ll ar&stipplc- 
mental 

3 Hence, if two C^s have two sides tn the onCy tespectively= 
two sides in the othety and the Ls opposite to one pan of equal 
sides equal y the Ls opposite to the othei equal sides, will be eithet 
equal or supplemental 
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Def Angles are said to be of the same species, when they 
are both acute^ both obtuse^ or both nght 

Hence, it follows, that if 2 As have two sides lespectively equal, 
each to each, and the L opposite to one pair of equal sides equal, ^ 
the remaining Ls will be e^ual^ and the As will be m every respect 
equals if there be any circumstances from which it may be inferred 
that the Z.s opposite to the other pair of equal sides, are of the 
savie species 

For in this case, if they be not they can not be supple- 

mental^ and must be equal, in 'v\hich case, the As will in every 
respect equal (I 26 ) 

If they be both rights the As will be equal , V in that case, L G 
and being rt As, BG must coincide with BCy and that the 
^BGA coincide with (\BCA , but the A BGA-^ EFD 

There are several ci 9 aimstances which may determine the 
As opposite to the other pair of equal sides, to be of the 
spectesy and which all determine the equality of the As , 
amongst which are the following — 

1 If one of the two As opposite to the other pair of equal 
sides, be rt A , for a rt A is its own supplement 

2 If the As which qre given equal, be obtuse 01 right, for 
then the other As must be acuf€y and •*. of the same species 

3 If the As which are included by the equal sxdcsht both 

right or obtuse , for then the remaining As must be both 
acute ^ 

4 If the equal sides opposite to As, which are not given equal, 
becthan the other sides , these As must be both acute (I 18) 

In all these cases, it may be inferred, that the As are in every 
respect equal 

N B It will appear by (I 38), that if two As have two sides 
respectively equal, and the included A s supplementaly their areas 
are equal 

Def The area of a figure is the quantity 0/ surface within its 
perimcte’i 


End of Section I Book I 


N 



SECTION II. 

THE THEORY OF PARALLEL ST. LIKES 

PKOrosiTtON WVII 

The (fiitthtson that, Ijoth the stnus^hi htics Aft «nd CD shall hr 
in the same fJane i*; ncct ssarj. to be intrtwuccd :n the cnoncianon 
of 1,27, I aS.and I 29, for it hcpo'-''ibleforino lines, to 
nccord v jth the remainder of the h> potbcsis, .intl >*61 not to be 1 , 
if the} were not in the sttme plan' 


TKorosnioK xxvni. 

Alternative Proof of I. 28 

1 If AH., CD be not ”, let them meet towards /», D in M 
Then ne h.avc the ettencr LCGM of A <^^l///«»thc tufenof 
LGMH (H\p ), which is impossible (I 16) ; '^AB^ CD must be 

2 If AB, CD be not let them meet low.ards D m M, 

Then wc have it. Lv(H}p), which is 

impossible (I 17) ; '^AB^ CD must lie (j. 


PROPOSITION’ XNIX. 

Proof of Axiom 12th. 

If a 5t line A/’ meets two st lines AB and < 7 /?, so as to make 
the two jtJemal Ls, BCD ann GfiD on the same side together 
cthantwort Ls, these st lints AB and C 7 > btmg coniinualK 
produced, shall at length meet upon that side, on winch arc the 
Ls which are c than two rt Ls 

Proof For, ff AB and CD do not meet when continuallv 
produced, they arc jj (I)ef, 25) , and if C/, be draw n, making the 
LLGH-k- L GDDsziwo rt Ls , GL will belito CD (I, 28); 
r.r., through the point 6', the tw 0 st lines C?A and -4/? hate been 
drawn both {| to the line C'/>, which is impossible {Plav/ait*^ A v,) . 
, /. the st. lines AB and CD arc not 11 , but shall at length meet if 
continually produced. 

1. 29 is the converse of (1. 27 and I 28). 
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PROPOSITION XXX 

Alternative Proof of I 30 

Lei ABy BD be each of them || to P (2 t then shall AB and 
CD be 11 to one another 

If AB^ CD be not ||, they will meet, if produced , then two st 
lines AB<i CD which intersect each other, will both be H to the 
same st line PQ,^ which is impossible, {PlayjfaiPs Axiom) 

AB IS 11 to CD 


PROPOSITION XXXI 

Alternative Proof of I 31 

To dia'io a st lute through a given pt H to a given st line 
Let A be the pt and BC the given st line 

It IS required to draw, through the pt ast linel|to^C 
From the pt A^ drtiw AD J. to BC (I 12) 

Again, from A draw, at rt Z-sto^Z^(I 11) , produce 
EA to r Ihen shall be || to BC 

The st line AD meets the two st lines EF^ BC and makea 
the alternate EAD^ ADC equal to one another, /. EF is Uto 
BC {1 27) 

Hence, thiough the pt a st line EAFh^s been drawn H to BC 


PROPOSITION XXXII 

Alternative Proof of I 32, case 2nd ' 

Piove that the ilnce tnieitor Ls of cT^eiy As together^ 
2 It Ls 

I Without pf odticing a side of the A * 

Let ABC be a A Then the 3 interior ^s ACB^ ABCi BAC 
shall be together =t wort Ls Through the pt C, draw CZ>||to 
the side BA (1 31) Then V CZ) is H and falls upon 
them, xh^zintenor Ls ABC and BCD aie together ^2 rt 
LS (I 29) Again AB is || to CD, and AC meets them; 

LACD = lCAB {L2g) To each of these equals, add the Ls 
ABC, ACB , *. the 3 Lsof the A ABC, aie=the Ls ABC and 
BCD , but It has been proved, that the L s ABC, BCD are together 
— two rt Ls , the 3 Ls of the are together «= two rt Ls 
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Pythagorean Proof. 


2 . By draivms; iht ous;h ihcvettcx ast hiic DF^Wlo i/ie base 
BC 

V DF isi;to BC, and j4 C meets them, L FAC= L ACB 
(I 29) ; DF IS 11 to BC, and AB meets them, lDAB— LABC 
•(1 29) , but lDABAt lFAB—zxx. t.% , or lDAB-\- LBAC-\- 
i_ FAC— 2 rt Ls , but L DAB + L FAC= L ABC-¥ L ABC. 
To each of these add LBAC , ' lDAB + LFAC + L BAC^ 
■LABC+ LACB+ LBAC , but lDAB + lFAC+ LBAC= 2rt. 
/.s ; 2 rt Z.s=the 3 Ls of any A 

3' By jotnini' the vertex A to any point D tn the base BC 

^LADC=^ LBAD-V lABD also L ADB= LDACAt lACD 
(I 32, part /) Addins' we ha\e, LADC + LADB or 2 rt £.s 
(1 131=3 Lsofthe A ABC 

Another Proof of Simeon’s 1st Corollary to I 32. 

A Pentagon (/ive sided Jiguic) fn.iy be divided into 3 le 
(5 — 2) As b> joining one veitex of the figure, to each of the other 
vertices 

A Hexagon {stv-stdcdjisitne') may be divided into 4 As i c. 
>(6— 2) As , and thus it is evident, that a figure of n sides may be 
divided into (» — s) Ls Now- 3 Asofa A, aie together = 2 rt Ls 
(I 32 pait 2nd) , sum of the intenor As of (/; — 2) As =2 (« — 2) 
•or (?// — 4) rt Ls. 

Thus the interior As of a figure with n sides= {211 — 4) rt As ; 
but there are n intenor As in a fi^nie of n sides. 

Thus we have bv A\ i 


n interior As of the figure rt' As , adding 4 rt As to 
■each, we have, ti interior As + 4 rt Ls=2n rt As 

N B From above it is evident, tha’, if the fis^uie be lestiilar, 
•the interior As are equal, and one intenoi A of the figuie (A) 

2«-4 2{n-2) 2(11-2) 

-rt As -It, As= -ngo de^iees 

n ii ^ ^ 


n 


1 Pule for finding the value of an a of a 
Tegular figure 

All the interior As -*-4 rt As=( 2 xno of sides) rt As. 

All the interior As=(2Xno of sides) rt As-4Tt is 

One interior ^s-4rt is “ 

? ' no of intenor Ls 
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2 Rule foy findtns: the “niitaber” of stdcs of a icptlar 
Ji^'urt of n sides ^ *:vhcn the Vixluc of one intci^or L ts given 
Let r ri ^s=5one interior L, then from (A), -4> 

y = (2-a)«, 

Another Proof of Simeon's 2nd Corollary I 32 

From art) angular pt A of a rectilineal figure, draw st lines li 
to the sides of the figure It is evident that if two si lines be II to* 
two other st lines each to each, the make the same Ls 
with one another as the 2 nd From the theorem mentioned abo\e, 
the erteiior Ls oi the figure, ma> be found*=the Ls nt A which 
arc together =4 rt ^stl 15 Cor 2) 

iV It Simson*s ist corollary applies to all rectilineal ficcnies^ 
whether convex or not^ but the 3nd only to convex figuies i e 
figures, which ha\e no re-cntiant Ls 


PROPOSITION XXXIII 

I 33 Can be otherwise enunciated thus — Ihe st^ 
lines ** which without crossing each other,” join the extremities of 
two equal and 1 ) lines firc themsches equal and H 

The w ords “ toioaris /he same fiar/s" are a necessar> 1 estne- 
tion , for if thc> were omitted, It would be doubtful whether the 
extremities A and C, and II and Z?, were to be joined b> the lines 
^Cand Z?/^, or the extremities ^,Z>, and ^,r, bv the lines AP 
and PC 

iV B St lines, which join the ends of two equal and Ijl st lines. 
** towards the opposite parts,” shall lisect each other 


PROPOSITION xxxn 

Converse of I 34 

/ if the opposite sides of a giiadn^alet at fiznre he eouaL 
U tsa Qm 

Let AllCD be a quadi fig, ha\ing the side AB- the side Cl)^ 
and AB'^ BC Then the fig would be a Qm , join AC ^ 
-4Z?«C/>(Hyp), and AG\% common to the As ABC^ CDA, 
the two sides the two «?ides DC^CA , and the ba^c- 
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jffCssthe base DA (Hvp.) . * the As are=in every respect (I 8) , 
.*. LBAC— LDCA^ and they are nliemaie L% , . CD is HI to BA 
(I 27) ; again *.* L CAD= LACB ; .*. AD is |11 to BC (I 27) , /. 
ABCD IS aQm 

2 If the opposite Ls of a quad fis; he equaU tt is 

Let y^J 5 C/?beaqllad fig , having the LABC=^^ LADC^znA 
LBCD= LBAD Then the figuie shall be a Qm , now lABC+ 
LBCDa^ LCDA+ LDAB= 4 rt Z.s (Cor I 32), and *. LDAB 
^LBCD (Hyp), and LABC= LADC (Hvp), *. LDAB + 
LADC— two Tt Ls , ^ 5 is 111 to Z^C (I 28), similaily, 

IS (I to BC , the fig is aQm 

3 If each of the diagonals bisect the quad, the fi^ is oQm 

Let ABCD be a quad fig , of which each of the diagonals AC, BD 
bisect the figure ; then it shall be aQm The A ADCx^h of 
the figure ABCD (Hyp ) and also A BCD is i of the figure ABCD , 
(Hyp ) , / A ADC= A BCD (Ax 7) ^ is H to CD (I 39) , 

similarly AD is || to BC , . the figure is a Qm 


PROPOSITION XXXV. 

I Symbolical form of the Proof of I 36. 

Let ABCD, EBCFhe Qms on the same base BC, and between 
the same 11 Is . 4 /”, j 7 C; it is required to prove t\iAt\^m ABCD — 
Qm EBCF 

AF meets the \\s A B, DC 
interior L exterior L FDC (I 29), 
and V ^i^meets the || s EB, FC, 

exterior LAEB‘=:m\oxiov LF(\ 29) 

r LEAB= lFDC (pioved) 

In /^sABE, DCF,\ LAEB^ lDFC 
\AB=DC 0 . 34) 

^ABE= ^DCF(l 26) 

Thus figure ABCF- A^ 55 =figure ABCF- ^DCF, 

I e Qm EBCF=[Jm ABCD 

2 Converse of I 35 

, on the same base and on the same side of it, are- 

between the same H 

FBCF\iO two equal Qms on the same base- 
C, and on the same side of it If AD ox AD produced be not in 
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the same st line with EF^ let it cut HE and CF or these st. hrtes 
produced at G and H 

Then GBCH \% aQm, no^^ABCD (1 35) 

But fig ABCD^^^ EBCF 

GBCH=EBCF^ which is impossible (A.\ 9) Hence AD 
.ind must be in the same st line, le ABCD and£/?C/^are 
between the same |is 


PROPOSITION X\XVI 

Alternative Proof of I 36 

Produce BA, FE to meet in M Through J/, draw ML )| to 
A Hot BG Produce CD to meet ML at L Join LH Now 
ML^CB (I 34), but BC^FG {K\p)=^Eff, ML^BII, 
and ML is j| to EH (Const ) , hctice MEHL is aQm ME or 
\rF IS II to LH, but EF or MF is|| to HG (for EFGH is a 
Qm) , hence LH and HG are in one st line , *, MFGL is a Qm , 
and MFGL^MBCL (I 35). also MEHL^MADL 35) » 
remainder remainder ABCD 

N B I 36 can also be pioved by joining AF and DG instead 
of joining BE^ CH 


PROPOSITION XXXVII 

By I 37, rut uin voiwcrt any rcclilincal Jigtae into an tqiiiv^ 
aUnt ^ 

La ABCD bo anv i ecitlincat figure , it is lequircd to convert 
It into an equi\alent A join AC, AD througn draw BF\\ to 
-r/C, through Eotaw EG AD (I 31), and let them meet 
•CD produced in /“and G , join ^ITand AG Then AFG is the 
A required 

For A AFC^A ABC, and A AGD:^ A A ED (I 37) 

/. A A AGD+ A ACD=: \ABCJr ^AEO-^ i.ACD 

A /^rC^figure ABCDE 
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PROPOSITION XXXVIII 

Here the/^arcj of two As are in the same st line 

From I 38, It IS evident, that each median (the line joining the 
wertev, to the middle point of the opposite side) bisects the A 

In the figure of I 38, if the point C coincides with and D 
with A , then the L of one, is supplemental to that of the other. 
‘Hence, we haie “If two As have two sides of the one, respectively 
=to two sides of the other, and the contained L supplemental^ the 
two As are equal in area ’ 


PROPOSITIONS XXXIX and XL 

If the \ertices of all the equal As which can be described on the 
same base (as in I 39; or on thecy»<z/ bases (as in I 40) be joined, 
the line thus formed will be a st line and is the lopus of the ver- 
tices of equal As on the sauu base or on equal bases 

Tor def of locus^ (see p 115 Te\t) 

I 39 is the converse of I 37 , and I. 40 is the con- 
•verse of 1. 38 

I 39 and I 40 may be included in one munciation 
■thus : — ^ 

Equal As on the same or on equal bases, in the same st Itne, 
and on the same side of it, ate between the same it s ’ 

Direct Proof of I 40 

Let the equal As ABC, DEF be on equal bases BC, EF, in 
the same st line BF, and towards the same part Then they shall 
be between the same 0 s. Join BD, CD The As BDC and EFD 
are equal to one another (I 38) , but the AABC is=the ADEF-, 

the AABC is=the ADBC. J 3 ut equal As upon the same base 
and on the same side of it, are between the same |I s (L 39) , 
, . AD IS II to BC 1 e. to BF 


PROPOSITION XLI 

1 Alternative Proof of I 41 

Through C draw a st line CF]\ to BE, meeting AE produced 
at F Now Dm ABCD=\Jm EBCF (I 35). But Hm EBCF 
^ 2 AFBC (I. 34) , Qm ABCDr= 2 AFBC, 
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The following is the converse of I 41 — “ If a □m is 
2ce that of a A, and they have the same base, and are to\>ards 
the same parts , the}' shall be between the same li 
Apply similar proof to I 39 

? jy* □;« afjd a ofi equal baseSy and between (he same 
II s , the Q m shall be double of the A 

Let [Jm A BCD Tind HEFGbe on equal bases ^C, -FC, and 
between the same ns AEy BG ^ join AC^ bkABC ^ ^EFG 

(I 38) . Dm ABCD^z ti,ABC (I 34) , Dm ABCD^a i^EFG 
I 41 may be generahzed thus — (1) If a Om and a Abate 
equal bases and alitUideSy the Qm is double of the A 

{2) If aQm and a A, have equal alitiudesy and the base of the 
A be double the base of the Qm, the Qm and the A t'di be equal 
(3) If a Qm and a Ai have equal bases, and the altitude of the 
A double the altitude of the Qm, they will be equal 


PROPOSITION XLII 

1 Describe a A that shall be^to a e;tveu Qw, and have one 
of its Ls^to a ^iven L 

This is analogous to I 42, and is proved thus — 

Let FELGbe: a Qm (fig I 42, Text), and D the given L Pro- 
duce CE to By so that EB^CE (I 3), at make LCBA^ 
lD (I 23), and let BA meet C 7 /'oi GF produced at A , join AC 
Then ABC is the A required 


PROPOSITION XLIII 

It IS evident that, the eiqht^msy 7 ne AEKHy KGCFy EBGK^ 
HKFD^ AEFDy ABGHy HGCD and EBCF are all eguiancndar 
to the Qm ABCD 

N B The maximum value which each complemenl can haxCy 
is onefourth of the Qm 


PROPOSITION XLIV 

l^he foot-note onp 77, Text Booky is vety impoi^aitl 

Another entmciation of I 44 — 
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On a given base, describe a nhich shall be = to a given 
and have one of its Ls = to a »iven L 

The consti uctiou would ha\ e been more m EuchtTs vtamiery 
if he had made GH—BA, and then joining HA^ had proved that 
HA^ was II to GB^ by (I 33) 


PROPOSITION XLV. 

In the Text Book, this pioblem (I 45) is solved only for a itctth- 
neal fig aifour sides. If the fig have more than four it may 
be divided into As, bv drawing str lines from any L of the fig, to 
the opposite Z.s, and then a □m=thc third A, can be applied 
to Zil/, and having an L — LE and so on, foi all the As of which 
the rectilineal figure is composed 

By means of I 45 and I. 44, a Qm can be constructed on a 
given hne—vci area to a given rectilineal fig , and having an L =a 
given rectilineal A, bv constructing on the given line, a = 
area to the first A ABD 


PROPOSITION XLVI 
Alternative Proof of I. 46. ^ 

At A, draw AD JL to onA^AB ; with D and B as centtes, 
and a radius or BA, describe two (|,s intersecting at E , join 
EBkxi 6 lED HXicxi abed \% a. squat c It is evident that 
IS a tkombus (const ), and at the same time a Qm, and LA=tL'Ct L\ 

all the As are rt Ls, \ it is a squat e 

3 If two squates ate consttuUed on equal st lines AB and 
CDj they ate equal 

^ Draw the diagonals EB and GD , *.* in the As EAB and 
the sides EA and AB are respectivelv^O-C and CD 
•vHyp andDef),and LA—LC, ' the Asareequalfl 4) And 
V the squares ^Fand CiV are doubles of the As EAB and GCD 
v* 34), they ate equal (A\, 6 ) 

3 If two squates AF and Cff ate equal, their sides ate equal 

possible, let one of them AF be the gteatet, take 
•'ind Alr^CG (1 3), and join IK Then the A lAK 
— AGcrz?(l 4); but the AEAB— t^GCD, being halves of the 
•equal squares AF and CH (Ax 7), the A IAK= A EAB 
/«^^=the whole, which is absurd , neither of the 
«ides AB or CD is greater than the other, but they are eqbal 
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PROPOSITION XLVII-f Iviportanf) 

I 47 IS mcIndeU as a case of the following more general one^ 
taken from the maihcmattcal collection of Papptis, an eminent 
Greek Geometer of the 41/1 cent in} 

In any tkABC^ DwJ AE and CG betn^ described on the stdes^ 
and their sides DE and JG bein^ pioduced to meet at Ej and 
HBI being draivn^ the\^vi on AQ \ivkose sides are equal ami tl 
toBH)is^AE^CG 

For, draw AK and CL li to BH^lo tmoS, DE FH m JC 
andZ Since a Qm, and for a similar reason^ 

Cl^SE Hence CL and AK are«and I] , and AL is a 
Qm (I 33) The Qm AE^[ 2 ^ y/Zf^being on the same base AIl^ 
and between the same li s and Dm KI whose common 

base IS AK Hence the AE^\^m KI So the Qm 
QmZ/, and •* AE^CG^AL 

1 47 IS a particular case of the foUo'mug more' 
general one 

In any A ABC^ squares be/ni: cousirucied on the sides AB 
and BC^ and on the base, and AD F and CEG bang di awn 
from the ex/i entities of the base to the sides, the Qw AG and Qw 
CF formed by the segments CDy AE^ with the sides of the squares^ 
ivtll together — the square on the base AC. 

For, draw and Bln and also Bk L to AC The Qm KC 

^[ftn CF So Qm CE^UCA from the proof of (I 47) So, 
□m AG , the sq on AC— (AG^CF) 

(i) If the i^hc rt Ld at B , the lines GE and ZV'nill coincide 
with the sides oF the squares, and the pioposition will become 
(I 47) (-) lB ho aa/tCj the JLs AD and CE will fall within 

the Af nnd the 0 ms AG and CF arectlian the squat es on the sides 
(3) If LBho ohtn^e^ the fall outside the 4 , and the tlms AG 
and CF irothan the squares on the sides 

Hence I 47 may be e^itended thus — 

( The square on the base of a is^than^ ^to, oi‘^ihan^ the sum 
of the squares on the sides^ accotdtng as the z>eitical L isct/iann 

Of > than a ft L 

Alternative Proofs of I 47 

I Let ABC be a rt Ld ln\mg the rt LBAC Ihen the 
square described on the side BCs shall be = the squares on BA^ AC 

On BC describe the square BDEC (I 46), and on BAn AC the 
squares GA, /fC (I 46), through yf draw ^Ailto BD or CE 
(1 31) » produce DB to meet FG it hf and to moot FG 
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produced, at A’l Now L l/A’Cs= each beinj' a ri L , ttike 

away from each, lABM \ ' LrBM’=‘ lABC (Ax. 3). Now,. 

LABC ^lMBF, and LBFiM^ LBAC (A\ n), and 
side BF—lhc side BA (Uef) , the side AfB is=the side 
(I 26) but BC^BD, .*. MB—BD The square /fG=the □m 
AWil 35) , but theQm ^/V=rcct. (I 36), * the square i?G is 
=QmZ//.('\\ i). 

So, It maybe shown, that square C//is — thcQm CA, .‘.the 
square BE is =squaies BG. Cif ' 


2 Join A\f The A AMB = half of the squaie Ah 
(I 41), and It IS also half of BL (I 41) • ‘.the square FA =Bf. 
So, It may be pro\ ed, that the square A A' = CL , tlie whole 
square squares /Vf, AK 


3 Let i4/fC be .a rt AdA, ha\mff thert LABC Then the 
square described on the side /fC, shall bc=squarcson BA, BC 
From A draw AU at rt L& to AC (I ti), make AG<=^AC, 
produce BA to /?, and from G, draw GD A, to AD (_l 12) So 
draw Chi, It rt Ls and = C‘/7 Produce BC to F, and draw HF X 
to CV-'Cl 12) Produce J)G, FH to meet in E , join GH, Throujfh 
C, draw CA'A'nto BD{\ 31) , and through A, draw AjVLWto 
BF {1 31) 

Now CB is n to F'A, and AC meets them, lCAA’= 
LACB {I 29) 'I he LCAG— lNAD {^\\, ii) , take aw av from 
e.ach LNAG, *. lCAN— LG AD , but lCAN has been proicd. 
to lACB, lACB- LGAD (.A\ 10) Now', * ' Ls GAD 
GDA are= Ls ACB, ABC, and the side AC =» the side AG 
(const), * the A GDA = A.ABC in c\cr\ lespect (I 26), the 
side /3(r=side BA, and DA~BC 

So, It may be pro\od that, FC—BA, and /// s=/fC, FC 
’^BA^DG, .and also DA^BC^FH , V GA^AC .ind //6'= 
AC. : /7C=GA (Ax. I) ; and •. the Ls GAC, AC// are rt ^.s. 
•*• A/i is ,i square , G//>=AC, and the Ls, GE//, EG//, aie- 

to the Ls CBA, BCA , \ A GEH= CBA (1 26) So it ma\‘ 
be proved th.at, A GDA^C^//FC The square squaie 

on BC CoxBC^ADorAN 

Similarly, C/,=thc square on AB rheQm/fCis double of 

* 34) » .. ATA, AC Arc together =/<?//; /tmes the 

B,ABC‘ 

Again, . A C/Ii? = A //FC-= A GE// = A ADG , 
these ate logethei Buies the A ABC , these font As aie 
together=lhe Qms KL and A C. ^ 
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From the figure RB^ take av\av the Qtns KL^AC « and from 
the figure RB^ take auay the four ejiial As, and the remainders 
are equal {\\ 3), ,% the square on ^C*=squares on AB, BC 


4 Join GzV Through iV, draw PdVB S to NC or GA (I 31), 
meeting HG in and AC in R The A GNA ^half of the 
square KA (I 41), and it is vX%o^half of the rect, PGAR 
(1 41), % the square the rect. A (A\ 6) 

So, by joining HN^ it can be proved, that A HNC^half 
of the square AC (I 41), and it is also=//rt(j^ of /’AC// (I 4O » 
Athe reel AAC/f^the square LC , but the square KA has been 
proved to be^A^ , % the square CC is=sihe squares AV 4 , LC ; 
but the square A’A =the square on CA, and the squ-ire LC^ 
<he square on AB^ \ the square on y 4 C=the squares on AB, BC 

Different Oases of L 47* 

1 The cater and one of ike smaller squares on the exterior 
sides^ and the other on the interior side^ 

Let ABC be a rt Ad hav mg the rt LB AC 

Then the square on the side AC, shall be « the squares on BA^ 
JiC. 

On BC desenbe the square BDEC^ and on BA^ A C the square 
GB^HC{\ 46), through A^ draw j^Anto AZ? or CA (I 31), 
and join AA"", 

Then L BAC is a rt L (bv^ftand L MAC is a rt A, the 
two St lines BAy AH’ on the ^sldes of ACy make with it 

at the point the adjacent A s=^ As, /. BA is ttt the same 
st line with AH {\ 14) 

The A ABF— L CBD^ take auw the common lCBF y the 
remaining A ABC^ A FBD rheVvo sides ABy BC in the 
\ ^ AC, are respectively^the sides BD in the A FBDy 
and A ABC^ A FBD , . the two As arc equal to one another in 
•everv' respect (I 4I , ' A BFD^ L BAC, but A BAC is a 
rt A, .*• the A BFD is also a rt A 

V As BFGy BFD arc together =3rt As , \ DF is m the same 
st tine with FG (I 14) The square AC, and the Qm AD are on 
the same base AB, and between the same 1! s AB, UD , / square 
BG^ [Jen AD {I 35) For the same reason, AD^BL, * AC«= 
AA- The A KCB « A ACR The A A'CA^half of the 
square AK (I 4O , and the recL CZ is of the A ACE 
Doubles of equal things are equal to one another ; \ AK^CJL 
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But BL has been proved to be equilateral , . the squares 

BG and AK are together = the square BE 

2. The three squares on the interior sides. 

Let ABC be art L d A > having the rt. L BAC Then the 
square on the side BC^ shall be = the squaies’on BA^ AC. 

On BC, describe the square BDEC , and on BA, AC describe 
the squares GB, HA (I 46) , through A, draw AL II 1 to BD or 
CE (I 31) , and join AD^ AB, BH, EC 

The L ECB = L ACHatirh of them being a rt L , take 
away the common L ACB, *. the remaining L ECA — the 
L BCH Also . the two sides EC, CA are == the sides BC, CH, 
and L ECA=- L BCH, A ECA = A BCH (I. 4) So, it 
can be shown that, A DBA = A FBC 

The A ECA===i of LC (I. 41), and the A BCH^i of HC 
(I. 41), LC— EC Again, the A DBA is=i of LB, and the 
A EBC is=^ of BG , the square DC is =squaies BG and HA. 

j The eater one and one of the smallet squares on the 
inienor sides, and the other on the extenor side 

Let -i^^C-ibe a rt L d A> having the rt, L BAC Then the 
sqviar,e on^the side BC, shall be = the squares on BA, AC. 

On BC, desciibe the square BDEC, and on BA, AC the 
squares GB, HC (I 46) , through A, diaw AL li I to BD or CE 
(I 31) , and join CF, AE, EH, DA Now HK is in the sainest 
line with EH For, if HK be not in the same st line with HE, 
produce KH to M, and CE to M 

The LACB = lKCM, and L BAC is= L CKM, each 
of them being art ^,and AC=KC, each being the side of a 
square, .the side CM is = the side CB 26), but CB 
IS = CE , the side CE — the side CM , the less side = to the 

eater, which is impossible , HM is not in the same st line with 
HK 4 nd so, It may be shown that, no other st line but HE, is in 
thesauiest Itnewiih HK. 'VnetsACF. is=^ of therect ZC(I 41), 
and z/ IS also of the square (I 41), therect ZCis=the 
squ.ire AK (Ax 6), but it has been shown in the fore^oine case, that 
the rect BL is = the square BG , . . the whole square DC i^—tke 
squares BG and AK 

4. The two smaller squares on the exterior sides, and the 
gi eater on the intei toi side 

Let ABC henxt L d A, having the rt. L BAC The square DC 
on BC, shall be = to the square FA, AK desci'ibed on BA, AC 
^ ^.1 draw LAM HI to BDorCE^l 31) , and join DA, EH. 

she^ABD xs^half the rect DM (I 41), it is also ^half the 
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square FA, and u has been pro\ed that, the rectangle LC is«= to 
the square A/C , • the square DC is 5= to the square FCj AK 
N B In case 4th, it is evident that the angular pt D of the 
square DC shall be in FG From drau DD at rt ^ s to BC 
(I ii), meeting FG at the point D Through A draw DE I! I and 
s=to BC y join FC Then DC is a square The L FBD^ the 
L ABC, and L BFD = / BAC, and FB ^BA , BD 
^BC {1 26) ButZ>iE == ^C(Constr) , * DE ^ DB Again, 
BC JS both = and ii to />/? , the figure DC is an equilateral 
□ , and *. the L CBD is a rt Ly the figure DC is rt iL d , but it 
has been proved to be equilateral O , \ it is a square 

5 The two smaller equates on flu inferior sides, and the 
greater on the exterior side 

Let ABCh& a rc iLd A| having the rt LBAC Then the- 
square BE on BC, shall be to the squares //B, BC desenbeo on 
AC, AB Through A, draw AL II 1 to BD or CE , join KE, DF 
It has been proved in (I ), that DF in the same st line with FG^ 
bo, it can be proved that, HK is in the same st line with KE 
The Q 's = to the rect CL (I 35L the F} AE is also = to. 
the square C/f (I 35) , the square C// is = to the rectangle CL 
(A\ 1 ) , but It has been proved in (I ), that the square BG is«to the 
rectangle BL , the whole square BE «to the squ€ires HC, BC 


Buie for finding out the side of a rt z. d At when the 
two other sides are given 

Let a be the kypotemise of a rt ' d Aj ^ and c the other sides 

(I 47) 

So, 4 {a^-lF) 


Buie of Pythagoras 

Take an odd number for the less side about the rt L Subtract 
unt/j* from the square of it, and half the remainder , this will give 
the ip eater side about the rt L For the hypotenuse add unity to 
the ^reatei side 


Buie of Plato 

Take an €^*en number for one of the sides about the rt L From 
the square of half of this number, subtract unity for the other side 
about the rt L, and to the square of half this number, add unit> for 
the hypotenuse 
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PROPOSITION XLVIII 

I. 48 IS the converse of I. 47 , and is proved directly. 

I. 48 may he extended thus — 

The vertical L of a A, is < than,=to, or > than a rt /£., accord- 
ing as the squares on the base is <. than, = to, or > than the sum 
of the squares on the sides. 

From By draw BD JL to AB, and = ^<7 , join AD The square 
on AD—xhn squares on A B and {BD or BL) The st line AC is 
c, ^jOrp- ADy according as the square on the line AC is <, 
», or >■ the squares on the sides AB and BC But is <, — , 
or> a rt. 4 ., according as the side AC is c, =, or > AD (I 25 
and I S) 

List of Converse Propositions 

Proposition I 6 is the conveisc of tjic ist part of (I. S) 
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I. 47 


Divisions of Book I 


Book I, may be divided into three parts 

The first part (from 1 to 26) treats of the origin and ptopeities 
of ^s'unth lespcct to (hen sidet and Ls , and the comparison of 
these mutually, both with regard to equality and inequality 

The second -pun (from 27 to 34), treats of the ptoperiies of 
parallel lines and of O® 

The third part (from 35 to 48), exhibits the connection of the 
properties of and Qr, and the equahtv of the squares on the 
base and X of a rt £. d A. to the square on the hypotenuse. 

Questions on Book I. 

r Define —Postulates ; Axioms ; Problems , Theorems , 
Direct and Indirect methods of demonstration , Corollary , 
Congiuent figures , Converse Propositions , Conterminous 
sides , Complementary and Supplementary angles , Internal and 
External segments of a line , Proof by Exhaustion , Exterior 
and Interior 4 s , Alternate and Vertical 4s , Altitude of a A ; 
Altitude of a □, Medians , Complements of aQ about the diagonal, 
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Analysis and Synthesis; Oftho^onal Projection Superposition, 
Magnitude , Perimeter , Dimension , Convex and Re<ular figures , 
Reflex angles; Anthvtehc mean detween two4tnes , Concurrent 
lines , CoUinear points , Centroid ^ O/tko-centte^ Pedal A > and 
Loats 

2-20 Give the Alternative Proofs of the following Pro* 
positions — 

I 8 , I'p , 1 TO , I 13 , I 15 , I 17 . I iS ; I 20 , 1-23 ; 1^4 ; 
I 26 , I 28 , 1 30 , I 31 , I 32 , 1 36 , I 41 , i 46 and I 47 

21-26 Prove the Converse of the following Propositions — 

I 5 Part 2 nd , i 15 , i 17 , i 34 • i 35 and i 41 

27-31 Give the Direct Proofs of — 

16 , X 8 , I 19 , 1 25 , and i 40 

32-39 Given th^ Different Cases of — 

I 2 , I 5 , I 9 , I 16 , I 24 , I 32 , I 41 and 1 47 

40-41 Of how manv parts a A is composed ^ How many 
kinds of As are there, according to the variation both of the Z.s 
and of the sides ^ 

42 When are the L% said to be of same species ^ 

43 If lines being produced ever so far both ways do not 
meet, can they be otherwise than ||l ^ 

44-45 Of what two parts does the enunciation of a problem 
and of a theorem consist ^ Into how many parts may a proposition, 
when complete, be divided? 

46-47- Produce the lesser of the two lines = to the greater 
Shew that I li is a particular case of 1 9 

48-49 When are two As said to be equal in eveiy respect? 
What are the conditions of the equality of two t\s f 

50-53 Give a list of the Converse Propositions m Book I 
Hoi\ are convcise propositions generally proved ^ Are converse 
propositions uni\ ersally true ^ Point out some converse proposition, 
that IS not proved indirectly 

54 Into how many equal parts, can an L and a straight line 
be divided? 

55-58 Combine (T 18 and 1 5) » ^iid (I 6 and I 19 ) into 
one enunciation Combine (I 4,1 5,1 24 , 1. 23 ) into one, and 
(1 39 and I 40 ) into one 

59 Mention the Propositions of Book I m which Euclid 
proves iht equality of two A-^i m every respect 
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60-61 Mention the Props relatincf to the patallehsm of 
si Iwes Enunciate the Props m which the equality of two areas 
which cannot superposed on each other, is considered 

62 Give the rule for finding the value of an L of a regular 
fi^ire 

63 Prove Simson’s ist cor to I 32, by joining one vertex of 
the rectilineal figure, to each of the other vertices 

64 Prove Simson’s 2nd cor to 1. 32, by drawing through any 
angular point, lines ||1 to all the sides 

65-67 Generalise I 41 , I 47 , I 48 

68 Convert a rectilineal figure into an equivalent A 

69 Adduce instances of loci from Book I 

70-74 What is the reason for stating in the enunciation of 
I. 22, that the sum of every two of the given lines must be > than 
the third ^ Prove that when that condition is fulfilled, the two 0s 
must intersect Under what conditions would the Qs uot tnteisect ^ 
If the sum of the lines ere = to the third, would the 0s meet ^ 
Prove that they would not intersect 

75-76 What is the subject matter of Book T f Into how m^y 
sections, may the Book I be possibly divided ^ 

77-78 In order to construct a line^ how many conditions 
must be given What problems on the drawing of hnes^ occur 
in Book I ^ 

79 How many conditions are required in order to describe a 
circle ? 

80 How many conditions are necessary to fix the position of 
a point in a plane ^ 

81. Classify the properties of As and Qms, proved in Book I. 

82 Mention some propositions m Book I which are parti^ 
atlar cases of more general ones that follow 

83. State the rule for finding out the side of a rt. Ld Ai wdien 
two other sides are given 

84. How many conditions must be given, m order to construct 
a triangle ? 

85 Is It possible to construct a rectilineal figure^ the sum of 
whose Ls, is an odd number of rt Ls f 

86-92, Show the necessity of the following restrictions^ m the 
enunciations of the following propositions — 

the side DE remote from Ay describe an equilateral A” 
m 1. 9 ‘‘Unlimited length” m I 12 , “The opposite sides” m 



1 14 1 “If from the ends of the side” in p 2i is that side which 
IS not > than the other^* in I 24 « and CD shall be m the 

samepland^ ml 27 , “Towards the same parts” m I 33 

93 96 What axiom is assumed by Euclid m I. i , m I 20 ; 
in 1 25 , in I 48 

97-98 State the rule of (i) Pyikagoras^ and that of (2) PlaiOy 
m connection with 1 47 » 

99 Prove the following — 

(1) Equal Qms on the same base and on the same side of it, 
are between the same ||[s 

(2) If two As have two sides of the one respectively “two 
sides of the other, and the contained Ls supplemental^ the two As 
are = in area 

(3) If a a A be on cgual bases, and between the same 

Ills, theQm is double of the A 

(4) Describe a A that shall be=to a given Om, and have one 
of us Ls=to a given L 

100 In Euc, I 47, why is it necessary to prove that, one side 
of each square described upon each of the sides containing the 
rt should be in the same st line with the other side of the A ? 

End of Book I 


BOOK II 


THEORY OF RECTANGLES 
PROPOSITION I 

If the line be considered as the ^um of the several lines 
AC^ CD^ DB etc II i may be otherwise enunciated —The 
rectangles under one line and several others, is=the rectangle under 
that line and the sum of the others 


PROPOSITION II 

In II 2, there are three lines to be considered (i) the whole 
line , (2) us eater part , (3) us lesser part , and here, the square 
on the 1st is compared with the rectangles under it and the 2nd 
and 3rd 



Ifihetuo parts be considered iwo independent lines, the 
-a/nole line must be considered as their sum. Under this \ien, 
11. 2 roa\ be thus enunciated— The square on the sum of any 
tt;o lines*=the rectangles under the sum and each of them 

If the whole line be considered as the of two given 

straight lines, and one of the parts .rlC as the /err, the other part 
,ffC must be their Under this viev\, II 2 may be thus 

•enunciated. — The square on the greater of two lines=the 
rectangle under those hnes together with the rect.anglc under the 
pettier and difference 

II. 2 n fiarticitlar ensc of II i ; for here, the two lines (see 
fie of isi ) ^ and AB are equal, and one of them AB is duided 
into two parts , thus* — PAB=P AC — P BC 

Substituting 5 for /’j we ha\e AB A Bor AB~b>AB AC-^ 
AB iffC, which .IS II 2 


Alternative Proof 

AB—AC^CB(\') axiA AB —AB{z) Multipljing, we get 
-=AB AC^AB BC ' 

N B Here, the divided and undivtdt.d lines are equal 


PROPOSITION III. 

1 1 3 ma\ be otherw ise enunciated thus — 

(1) Tne rectangle under the sum of two lines and one of them 
—the square of that together with the rectangle under the 
lines. 

(2) Tlie rectangle under the two lines = trie square of the /«j 
together with the rectangle under the less and the difference 

Here, the whole line=the (greater-, one part=ihe and the 
ether part = the difference 

(3) Hast line bednided externally, the square on the st 
line = the difference of the recungles contained b\ the st line and 
t"e two parts 

II. 2 and II. 3 may be combined lato one enunciation 

thus * — 

The difference betwreen the rectangle under two lines and the 
square on one of them, is the rectangle under that one and their 
•difference 
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If that one be xh^ ip-eatcp , this is II 2; and if it be less^xl 
IS II 3 

H 3 IS Vipmhculm case II I , for here, one of the two parts- 
of the diMdcd hnc=the undivided line 

In the construction of the Te\iBook, the part AC is taken ^ 
the other part 7?Cof the line ma> also be taken, and it is 
equally true that, 

AB BC^BC^^ACCB 

Alternative Proof 

AB^AC-^CB (i) , and AC— AC (2), multiplving, ve get 
AB AC^AaJfAC CB 


PROPOSITION IV 


II 4 , may be extended thus —The square on a st line, will 
bcssthe sum of the squares on all the parts together with twice the 
lect under e\er> distinct pair of them 

If a stiaight line be di\ided into •any number of segments 
AC^ CD^ DB , the squares on the whole line is=in area of the 
sum of the squares on the segments, together with twice the 
rectangle under each pair of segments 

On construct the square AEFB^ and join through 

C and Z?, draw CG and DH '^ to AE^ and through P and 0 draw 
KM and JL HI to The squares KG^ JVQ^ and EL are rcs- 

pectivelv constructed on AC^ CD^ and DB , and that the rectangles 
/Pand PH AC CD^ that the lertangles CO .and 0 / 1 / 

are==2 CD DB ^ and that the rectangle^; AN and QF are« 
2 ^C DB , ^5=*=/iC-+C/)2+ DB^- + 2 AC CD+zCD DB 

+ 2 AC. DB 

II 4 may be othei wise enunciated thus — The square on the 
sum of any two st lines = the sum of their squares together watb 
twice the lectangles under them 

Alternative Proofs 


I AB^-r=:AB AC^AB BC (II 2)=(^C CB^AO\^ 
{AC CB + BC^) (II 3) ^ 

^AC^^Ba^zAC CB 


. sq ADEB 46) Yxam AD,DE^ 

and £ 5 , cut off parts AX,DY,EZ each=5C (I 3) Join Cx\ 
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xr, VZ and za Koxv d^ACX^'AXDV^ YEZ^ LZBC 

(L 4) Through A" and C draw A'iJ/and CJf\^ respeCtuely to AB 
and AD (I 31) It is ob\ious that, AJfis a rectangle , and it is 
contained bv AC and AX, or AC and CB Now ^ACX= 
hAJf=iAC CB . Cs, ACX-^ ^XDY-^ ^^YEZ-h-^ZBC=^ 
4X 4 ^C. CB= 3 AC CB. 

Since, the abo\e 4 As are equal, their bases are equal, the 
fig CXYZ IS egmlaferal \ and LXCZ—a rt. L,for (LACX-i- 
L.XCZ\ LBCZ's^arx. is (I 13) Also ( l^A'C-»- £.^Cy)=one 
It. 1 . fcor 2, I. 32) and from the ideniical equality of As ACX 
and we know lAXC— LBCZ‘, .. JLBCZ-^ LACX=one 

rt- Z. ; hence {.XCZ=onert L, figure CA'}^ is a jynarc, and 
itis=CVi=^C 5 +^A'» (I 47) =ACi+B(y. 

Hence, the whole fig. ADEB=AC^+BC^-^2AC CB 

From n 4i a proof of I 47, may be deduced thus — 

In the fig II 4, from DE and EB cut off parts DL and EM 
each = 5 C .join //Z, Zil/ and iJ/C Then applying a similar 
proof as aoove, it is ob\ious that, aCAH— AffDL= ABEM= 
AMBC (I. 4), and these foui As are together= 2AG=AG4-GE, 
since, complement ./i ( 7 = complement GE Also CHLM can be 
pro\ ed, as in the abo\ e, to be a square on CH 

Thus CAG->-GE)J-{CX-i-ffF) = ADEB== iACAE+ AHDL 
+ ALEM+ aMBC)^HL \fC 

Bat v 4 ( 7 -*-< 7 Z=these four As; CK 4 -HF—HLMC 

ie Ba-i-AC”-=Cir-\ or AB'.^Aa=CIP. 

H 4. Gor • — ^The square on a line =4 times the square on its 
half, and =-9 times the square on its third part. 


PROPOSITION V. 

In II 5, the gnen finite line is supposed to be divided into two 
pomts equally and unequally Hence, se\ eral distinct linear magni- 
tudes are to be considered, vis., the 'lohole line, the equal segmCTts, 
Hae unequal segments, the inlemiedia/e pai f or ilie part inlercepfed 
between the points of equal and unequal section 

Between these several lines, there are some ob\ lous and im- 
portant relations The whole line is the sum of the unequal 
segments A Q, QB , and each of the segments AF or FB is half 
the sum of the unequal segments Again, since the greater 
segment A Q exceeds /!«// the line b\ the intermediate part FQ, and 
the half line exceeds the lesser segment the interm^iate- 
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part, It follow d that the cater sci^mcnt exceeds the lesser seg'ment 
by hoice the intermediate Hence it appearb that, the intermediate 
part PQ, is half the difference of the unequal parts QB 

Altei native Proofs. 

(1) The line P/? is diMdcd into any two parts in *• 

PBBQ^BQ^-^PQ (2B\\l 3 ) 

But PBBQ^APBQ (for AP^PB) , AP BQ-- BQ^^ 
QH f*® each of these equals, add PQ BQ 

AP BQ^PQ QB^BQ^^zPQ QB (i) Again is 

divided into any two parts at P^ and BQ is an undivided line, 

\AQ QB^AP BQ+PQ QB ill i)(2), from (r) and (2), 
Ave have 2/^Q QB+BQ^—AQ QB 

To each of these equals, add PQ^ 

Then 2/^2 QB+PQ^^PQ^^AQ QB + PQ^ 

But 2/^2 QB’^BQ -^PQ^^PB^- (II 4) 

PB^^AQ QB^rPOr 

(2) AQ^AP^PQ^PB^PQX 

BQ^ PB-PQi 

\ AQQB^(PB-^PQ) (PB-PQ)^PB^-^PQ^ 

10 each of these equals add PQ ^ , AQ QB^PQ-=PB* 

The Cot oilary to II 5, given in p isg Texf^ is vety unporianf 

11 5 may be otherwise enunciated thus — - 

(1) The rectangle under (i e contained by) any two lines to- 
gether with the square on balfnheir difference, is « the sqr on half 
their sum Here AQ and QB are considered as two independent 
lines, and PQ is half their dtjference 

(2) The rectangle under the sum and difference of two lines 
together with squaie on the Icss^ is = to the square on the gtcaiet 
AP and PQ are considered as two independent lines , AQ=AP+ 
PQ, and BQ^PB - PQ-^AP PQ 

N B When a st line is divided into two parts, the rect 
contained by the two parts, in the (greatest possible, and the sum 
of the squares of the two parts is the least possible, w'hen the two 
parts are equal, or luhen the line ts bisected 


PROPOSITION VI. 

II 6 differs only in appearance from II 5 

In n 6, the line - 4 iff is cut externally at Q, and AQ, OB aie 
the two external segments , PB is their difference (for AQ^QB*=^ 
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AB—zPB), and the intennediate part PQ ts half their sum, since 
AQ=AP-i-PB 

\ AQ-^-QB^AP+BQ+PQ=PB+BQ+PQ= 2 PQ. 

AUci na/tve atunciatton Iso (i), of II 5 above. 
Alternative Proofs 

(0 AQ=AP-rPQ=-PQ^PB \ 

BQ =^PQ~PB } 

AQ QB^{PQ^PB)iPQ--PB)=PQ:—PQ-. 

To each of these equals, aad PB- A Q QB-i-PB^^^PQ- 

(2) Let the st line ABhe bisected at P, and produced to Q 
Produce QA to B, mnkwjf PB=PQ Now PP+PB-^QP+AP 
j\e /lB—AQ.i?iS. 2) Now the line /?{2 is divided into two equal 
parts in P, and into two unequal parts m . BB. BQ'¥PB^=‘ 
P(P (II 5) But BB=^A (2 (proved),.' AQ. BQ^PB^-^HQP. 

II. 5 and II 6 , may be included in one enunciation 

thus . — 

If a st. line be bisected, and also dmded {internally as in II. 5) 
■or {externally as m II. 6) into two unequal segments, the rectangle 
■contained by the unequal segments is = to the difference of the 
■squares on half the line, and on the line between the points of 
section 

Proof-Let ABko the bisected at P, div ided unequallv' internal- 
iy or externallv at Q Now AQ is the sum of A P and PQ, and 
BQ is their dtjferenu, since AP=BP , ’. AQ.QB is the re-tangle 
■contained by the sum and difference of AP, PQ , and it is .'. =to 
5the difference of the squares on AP and PQ fll 5, cor ). 


PROPOSITION VII. 

Either of the two parts AC, CB of the lice AB, may be taken ; 
it IS equally true that, AB^- ■¥AO =2 AB. AC-{-BCr. 

II 7 mav be otherwise enunciated thus . — 

(1) The sum of the squares on any tvvo st lines is==to twice 
the rect under them, together w ith the square on their difference. 

(2) The square on the difference of any two lines = the 
difference between the sum of squares on the two lines, and twice 
their rectangle 

/V B. In the above two cases, AB, BC are considered as two 
^dependent lines, and AC=the\r difference 
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Symbolical form of proof of II 7. 

AK^CE^AB BC, AK^CE^zAB BC. 
iAG^CK)•^{CK•^'GE) or (AG^ClC-\-GE) ^ CK-zAB. BC 
t e Gnomon AK^^BO^ AJR^BC lidding, \\e have 

{^AKFVHb)ArBt-^zAB 

,\Air- + BC^ 2 AB BC^AC 

Alternative Proofs of 11 7 

(i) Am^AC^CB^^zAC CB (II 4) Add to both , 

AB^-^BC^A 0^(2 ACCB^zBC), but ACCB+BC 
^AB BC (II 3) , and doubles of these arc equal , /• 2 AC CS + 
zBO^zAB BC, AB^'+BC^^zAB BC^AC 

(2^ Describe a sq APiJC on AC (I 46) Produce 7M toZ, 
making AL^CB , produce ( 2 P to M, mriking PM ^CB produce 
CQ to I\r, making QN^CB Join LB, BN, NM and ML The 
figure LMNB is cginlaiaal, its sides are the bases of four 
equal As LAB, MPL, NQM and BCN (I 4), and it is a rc~ 
ctangular\ 2 ^y m A LPM,{l PZd/+ L PMJO\^ i rt ^ » 
and in A ALB, {lALB-\- LABL)^ixX L , and since C^LPM 
IS identically = A^ZZ? lALB^ LPML , and from above, we 
have(/.PZ/l/'+ /.Pil/Z) = ( ^^Z^+ LABV\,t^i \\\^\K^Ci LALB 
being =» LPMT ^ the remaining L PLM =* LABL, hence^ 
LPIMAt LALB^ixX L « lMLB Similarlj^ ^Zil/zVcanbe 
proved=ari L, . lMLBAt LLMN^zw Ls, Z^ is K 1 to 
MN j so LM can be proved ||1 to BN Thus the figure LMNB 
being equikitcral rectangular CJm, is a vguaic Through B, and 
N, draw BX and NX\\\ respectively to CA^and CBy meeting at X, 
(I 31) It is obvious that CNXB is a rect and^AB BC 

d^LAB + A MPL + A NQAf + A BCN^ 2 CNXB^ 
2ABBC, for each A«i CNXB, figure ^6=+ 

CN^ (I + Agnn, LMNB ^ 4 As + AC^ 

zAB BC-^AC^-, AB^-+B(P^ 2 AB BC+AC 


r PROPOSITION VIII 

II, 8 mav be otherwise enunciated thus — (i) The square on- 
the sum of two hnes=four tunes the rectangle under them^ together 
with the square on their difiference 

(2) The square on the sum of two lines AB, BC, exceeds the 
square on their difference AC, by fouf times the rectangle contain- 
ed by them 
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jV B. Either part of line AB, mav be taken, and it is also true 
t 'CtaXAAB.AC-^BC^—sq on the line made of AB, AC together 

Euclid’s proof of II 8 . 

Produce AB until -ffZ? is=CZ> (I 3 and Post 2) On A/? 
construct the square AEFD (I 46) and join ED t through C and 
i?, draw C/fand BL |I 1 to (I 31), and through K and /*, draw 
MNaaAXO\\\io AD sO- 

V GA'is^CjS (I 34), CB= BD (Constr), and BD=KN 
(I 34), GA' = A/V (A\ ij and .. the rectangle GA= rectangle 
KF, and . ^A'and KFarc complements, thev are equal (I 43) , 
• AK = GL (Av n , V GK^KN, \ GR = BN (I 46, cor. i) , 
and MP and PL are complements, they .ire equal (I 34); 
bidding these equals together, the rectangle MPA-NB^=‘^\& lec- 
tangle GA (A\ 2 ), and ' = rectangle ^ A" (Ax i), *. AKA-GL 
A- KF ■>r MPABN^^fotn times AK , but AK-^GLa-KFA-MP 
+- 5 ^"+ AW', make up the whole square AEFD , the square 
AEFD is=-4 {AK+Aff) (A\ i) Hut V /?A'=AZ? (II 4, coi 4) 
•and (Constr), BK—CB{.\\ i), and * / 51 A' is the rec- 

tangle under and CB , and XP^AC (I 34), AW >5 
the square on AC^ the square on the sum of and BD \s 
^ 4 AB.CB 4 -AC- 

Alternative Proofs. 


(i) ' AD IS divided into any two parts in A, AD~— 
AB^’ + BlP+zAB BD (11 4) liut CB^BD , ' AD”’==AB^- 

4 rBC^ 4 r’i AB BC Again, since AB is divided into any two parts, 
^A»+/?G2=2 AB BC+AC^ (II 7). 

.. AD^=4AB.BC+AC^ 

(a) Since AB ys divided into any two parts in C, . . AB BC— 
ACCB + BC^U 3), .4AB BC^4ACCB^4B(F-=zACCD4- 
CZ 3 ',ifor C/)=s2 ^G; and CZ?-«=4 times the square on half the 
•line CD or BC 

4 AB BC+Aa^z ACCD+C£P+AC^ , adding AC" to 

'both,=/I 92 (li 4). 

(31 Take the last figure of II. 8 as given on p 133, Text 
Book 


Let AB be divided at C Produce AB to D, m.aking BD=BC 
^ AD describe a square AEFD {I 46). From DF, FE and 
EA cut off DXf FY and EZ each iff (I 3; Through B and Y, 
draw Aj 2 and FJ/jllto AE ov DF (\ 31), and through iST and Ai 
•draw AN and XP, HI to AD or EF (i. 31). All the Dms in the 
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fig^ure, viz ^ AN^ ZY^ VX^ QD and JlfQ are rectangles , * J?Xf. 
FY and EZ are each=*^iff, and AD^DF=^FE^EA (being ^ 
sides of a square) > • XF^YE=^ZA^BD^BC « the four 

rectangles AN^ XY^ /’/'and XB are each=s^i9 BN^AB jSi3= 
ABBC As>ain, BQ, XP, YM find ZN ar^ each^-«4i? (I 34), 
and BN^ AQ, YP, and ZM are each « 52? or BC (I 34), 

NQ, QP, PM and ///Vare each«^5— figure //Qjs 
equilateral , but it has been proved that, it is a reciafigle , MQ 
IS a square^ and since, each of us sides»i4C , MQ,^AC' Now 
the figure AEFD^AD^ and AEFD^{AN^ZY^PF-»rXB) 
•¥MQ^6,ABBC^A0 

AD^-^4 AB BC+AO 


PROPOSniONS IX and X 

The following points should be especialtv remembered m* 
proving II 9 and II 10 «— 

(1) The four As APC^ BPC, C^Z?, and Z?05 ar^ isosceles 
(2) lACB is a rt L (3) In au isosceles rt Z d A, each of the 
acute a rt Z. 

Symbolical form of the proof of II 9 or II 10 

AtX-ArBQ^^AQJrQD^^AD^- (I 47)-^C2+CZ>2 (I 47) = 
(^4P*+/>CS) + e655+//52)«2 ^ 52+2 ED^^z AP^+Z PQ« 

II 9 mav be otherwise enunciated — (i) The sum of 
the squares on any tuo st lines «=t\vice the square on half their 
sum, together with twice the square on half their difference (2) 
The square on the sum and the square on the difference of two 
St lines twice the sum of the squares on the twost lines 

Alternative proof of II 9 

^5 IS divided imo any two unequal parts al and eqfually 
P ^Iso A<2'^^ divided into any two parts at 5 , /. AQ^^AF 
+Pt2“+2 APFQ (II 4) Add 5Q2 to each, % AQ;^B(F^ 
AF^^PQ^-¥Z AP /0+5G*=(5/’2+/>j22) + (2 50+502), 

(for AP^BP ) , now since BP is divided into any two parts at Q, 
'• BP PQ+B^iU 7) 

A0-{-B^=2 AP^-^1 P^- 

Alternative proofs of II. 10 

(i) Let AB be divided into two equal parts at /’and pro- 
duced to Q Produce PA to R making PR=PQ Thus we have 
RP+PBs:QP+PA or RB^QA, \ RQ is divided equally at /* 
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and unequally at B, V /?i5®+^Q5=2^/^-+2 PB- (II 9) But 
AB^OA, BP^QP and PA=^PB ; 0 ,A--\rBQ,^^z 0/>2+ 

zAI^ 

(2) Let AB be bisected .at A and produced to Q , QP^-¥ 
B(P shall be=2 AP-t^z BQ‘ , *. since AQ is divided into any 
two parts in />, * AQ^^AP^-^-z AP PO-^POi (II 4), add 
BQ, to each 

AQ^+BQ^^AP + PQ^ + zAP^ PQ+BQ^^ PIP+PQ^ + 
z PB PO+B(P lor {AP=PB) But since PQ is dnidcd into any 
two parti in A’, PQ?+PB^^z PB PQ+BQ’ iU. 7 ), AB^-i- 
BO-^iPP'+PO^) -r iP(P- + PB^)^z PJP-i-z PQ^=z AP-\r 

zpq:- 

II 9 and II 10, maj be included undei one enunciation 
thus — 

(i) If a St line be di\ ided into x.'vio equal parts, and also into 
two unequal parts, either tn/ermilly (as in 11, 9) or exiemally (as 
in II 10), the squat cb on the parts are together double 

of the squares on half the line bisected, and on the line betw cen 
the points of section (See Cal Bx Pap. 1875 q 3) 

Or (2) The sum of thesquaies on two st linesj=tw’ice the sum- 
of the squares on half their sum and on half tbcir dtjfctcncc 

Or(3l The square on the sum of two lines and the square 
on their difference, are together the sum of the squares on 
the two lines 

Draw two figures In the ist., let AB be divided equallv at 
Pand unequally at Q In the 2nd, let AB be divided equallv at. 
P, and produced to Q Thus AB is divided into two unequal 
segments internally at Q, (in fig ist) .and externally at Q fin fig 
2nd) From both of these figures, we hav^e, (i) AQ'-=A P^+PQ^ 
+zAPPQ{\\ 4), andP0!+/>i?»=2P<2 PB+ BQ^ (II 7) or 
+ PB PQ=PIP ^PC^ (2 ) i c BtJ+zAP P( 2 =-AP* 
■^•P^ (S<y: PB—AP) Adding (i) and (2), we have (AQ'-^-BQ^^) 
+2AP PQ=-(2AP + 2 PQ-) + 2AP PQ Taking 2 AP PQ 

from both sides, we get A0+BQ^=:2 AP^+zPQ^ 

} 

N B The fitd ten fiofositionsoIB II, contain the whole 
theofy of the relations of the 1 ectangles and squai es on divided lines 
and then ftarts 
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PROPOSITION XI 

Symbolical form of the proof of II ll. 

CFFA^AE^-^Erdl 

Taking awav the common part AEr from both, we have CF FA 
'=AB^t e figure = 5 ^ 4 01 (C^+i 4 Cx)=s(C ^+/?^0 

Taking awav Cffj we get AG^DH or AH^^BD BH~ 
AB BH , \AB Bff^Am 

For^ Medial eeotion of a line — see p 139 Text* 

N B A line divided as in II ii, is said to be divided in 

•‘extreme and mean ratio ” 

II 11 IS a case of the following problem —In a given 
-straight Imc or its continuation, to find a point such that the 
rectangle under the whole line and the segment between one of its 
extremuics and that point, shall bessin area to the square on the 
segment between its other extremity and that point 

II 1 1 may be otherwise enunciated thus — 

(1) Gut a line m ^^etireme and mean ratioi^ inieynally or 
^xtcfnally 

(2) Divide a line tniernally or externally into medial section 
The 1st case of the above problem, is solved bv Euclid in II ii 
The solution of the 2nd case, vis , The external division of a 
st line in medial section is given below (See Text Ex 21 
p 146) 

Describe a squaie on the given line AB {I 46) Bisect 

BC at E (I jo), join - 4 ^ Produce to making 
On 5 /s describe a square BHGF^ which will have a side BH m the 
•same dn ection as BA* Produce DC to meet HG in K ^ BC is 

bisected at E, and produced toEi BF FC^B&^EF^ (II 6) 
^AB^’^rBF- Taking away BE? from both we have 5F FC= 
AB^ Now 5 E FC—fi%wte FK (tex EG^BF) Add figiiie CH 
to each , thus, we h'i\e (F/C+C//)^(AB-+CJI) / c, FH^DH 
oxBJD^AB AD t c AB AH^BH^ 

^ B — In order to cut a line in ^extreme and mean 9 aiio^ it is 
1st, necessary 7/ tn exUeme and mean raUo^ t e to 
produce it so ihat^ the rectangle under the ivhole hue thus produced^ 
and the produced shall be^ square on the line itself 

From the proof of II 1 1, it appears that CF FA ^CA'^ 

CA has been produced to F m this way, and CA ^AB 

Considering CE’as a line cut m ^'extreme and mean faitd' at 

It will appear, that rectangle under the greatey^segmenx^ and 
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•dmerence of the scgmems= square on the hsser segment , for 
AC—s[reaicr segment, and — AS; AF (which is the 

less^ ^//=difference of the segments From 11 'ii, we know 
AB Bff^AfF 

Hence it appears, that * — 

If a line be cat in. ^'‘extreme and mean taiio” the greater 
will be cut in the same mannei, by taking on it, a part=! 
the less And the less will be similarly dn ided, by taking on it 
a part=tlie difference, and so on 

In II II, It IS taken for granted that, if CF.FA—CA-., then 
CA>AF It maybe proved thus — CFFA — CA FA-i-FA' , 
^A’ evceeds AF^ by CA AF, and . CA must be ':>AF 

Cot. If a line be cut in *'//ie evtumeand mean ra/ta^ the 
icctangle under the segments = difference between their squares 


PROPOSITION XII. 

Symbolical form of the proof of II 12 

BD'^BCi-i-CD'^zBC. CD (II 4). By adding AD^ to 
e ich, AD'-rBD'-=BCi-<r {CD'- ^-AD'-)-\-zBC CD 

. AB^'-BC^+AC^^zBCMD 

It is evident that, if the J. were drawn from to repro- 
duced, It would in likemannet bcproV’cd, that twice the rectangle 
under AC and its production, would be=to the escess of the 
-square on r 5, above the squares on and BC. And hence it 
follows, that the rectangle iffC" Ci? il the rectangle under rC, 
and Its produced part 

Converse of II. 12. 

Jf-the square desenbed on one side of a A, be > than the 
sum of the squares described on the other two sides, the Z. op- 
posite to the first side, is obtuse 

In f^ABC, if rz?‘> (^Crs + Cif-’) , then shall lACB be 
obtuse If L ACB be not obtuse, it must be either risrlu or aucte 
If L ACB be art L, then AB-—AC*-\-CB‘ (I 47), but it is 
not; L r <7.5 is not a rt. L If L ACB be aatte, then AB^ 
would be than (rC’-fCZ?-), HI 13) , but it is not, LACB 
IS not an z., . L ACB \s obtuse 

Al B If the obtuse L become more ‘and more'n3*Af<i?, till at 
(length the v^erteic of the A falls on thebise produced, then II 13 
becomes If 4, . > . 
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Symbolical form of the proof of II. 13 

Let ABC be a At having l B acute L and let AD be a 
1. froin A to the opposite side BC 

Then shall be=^ 5 ’+/?(:»-a CB BD. 

Because, BC is divided iHiernally and evict nally, into any two 
parts BD, DC 

. CB JcBD'^zCB BO-frCD^ {W 7) 

Mv adding AD' to both, we get CB'^ + AD^)’=‘ 

zCB BD-\-{CD*-{-AD') , t c, C&'hAB'-= 2 CB BD^-AC t c, 
CB'-^AB'-~ 2 CB BD= AC- 

Again, if the A be rtsrkt AB^ = AC'■^r BO d,";) , 

add to both s.des, then A^-->fBC^‘=AC'^^zBC^ , . Al?- 

na-zBC BC=AC- 

N B From B and C, drop two Xs> ^Fand CY, on AC and 
AB, respectively 

(O If A ^ hoacuie, then Ba^AB'+AO-s AB AX (II 
1%), and BC^=AB^ + AC^~zAC AY {W 131 Hence, we have 
ABAX=>ACAY 

iz) If LB be acute, AC^^AB'- + BC^-z CB BD {U 13) 
nndAC^-=AB'-^Ba- 2 ABBX(ll 13) 

Hence, CB BD^AB BX 

(3) If lC be acute, AB'-=‘AC'-+CB^~ 2 CB CD (11 13) 
nndAB^=-AC^d-CB '^2 ACCY(l\ 13) 

Hence BCCD^ACCY. 

II 12 and II 13 may be included under one enuncia- 
tion thus — 

The difference'between the square on one side of a Aj and the 
sum of the squares on the other two sides, is==twice the rectangle 
under either of these tw'o sides, and the mtcicefit between the i. 
on It, and the L included by the sides / 

Converse of II 13 

If the square described on one side of a A, be < than the sum 
of the squares described on the other tw'o sides, the L opposite to 
the first side, is aatie ~ 

In Si ABC, li AC^ is < + 5 C-), then i.( 45 C shall be 

aaife 


If LABC be not actite^ it must be either 
If L i 4 iJCbea rt L, then AC^^AB- d-BC^ (I 


n^Iit or obtuse 
47), but, It IS not,. 
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L ABC\s »(7/art. L> If L ABCbo dbittse^ then^p* xiould 
be > {AIP-^BO) (II 12), but it is not ; . LABC is not an 

obtuse L, ' L ABC is aatte 

N. B. If the aciue L become more and more acute, till at 
length the \enex of the A, falls on the base or base produced, then 
IL 13 becomes II. 7. 

L 47 . n 12, and II. 13, may be combined into one 
enunciation 

The square on any side of a A, is > than (II. i2),=to(I 47) 
or > then (II. 13), thie squares on the other two sides, according as 
the L opposite to that side is > than, —to, or < than a ri- 
The difference is taice the rectangle contained by^ either of the 
other sides and the straight line intercepted betw een the vertex of 
that L and a JL draw to the remaining side from its opposite L . 

I 47, II 12, and II 13 show the relations between the sides of 
a right Ld A, obtuse £. d A, and an acute £. d A, respectivdy. 


PROPOSITION XIV 

Symbolical form of the proof of II. 14. 

BE EF-hGE?=-GFi^Gir-^GEr-^EIP-. 

.. BE EF=EH'- i e rectangle BD=EH^ t e. rectilineal 
figure A =EfF. 

From II 14, It appears that, if a A^BAb^ drawn from any 
point in a semi^_; to the diameter, the square on the J. is— to the 
rectangle under the segments, into which it divides the diameter. » 

Def. The process of finding a square which is = the area of a 
given figure;, is called the quadrature of the figure. 

B. — II. 14,1s the fourth step in the y7/a<fr<i/nre of a giten 
tectilmeal figure — the previous steps being — I. 47, 1 . 44, i. 45. 

The "Subject-matter” of Second Book of Euclid, is 
the theory of rectangles 


QUESTIONS ON BOOK II. 

101-2 What b the “Subject-matter” of Book II. Define a 
gnomon 

i 103-4 When is a line said to be divided internally ? WTien 
externally f 
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105-16 Give the Alternative Enunuations''of — * ’ 

1st, 2nd, 3rd, 4tb, 5th, 6th, 7th, 8th, 9th, iith, i2th, isth pro- 
positions, Book 11 ^ 

117-25 Give the Alternative Pi oofs of — 

2nd, 3rd, 4th, 5th, 6th, 7th, 8th, 9th, lolh propositions, Book IL 

126 How IS a line divided, so that the rectangle contained by 

Its segments, may be maximum {^eatest possible ) ' * ' 

127 How IS a line divided so that the sum of the squares on 
Its segments, may be minimum {least possible) 

128 Divide a line exiemally in medial section ; or cut a line 
externally in extreme and mean latio 

129 Deduce a proof of I 47 from II 4 

130-36 Give the Symbolical forms of ^Proofs of . — 

7th, 9th, loth, iith, 12th, 13th, I4tli propositions, Book II. 

137-38 Combine the following Pfopositzons into one — 

II 5 and II 6, II 9 and II 10 

139-40 Compare I 47, II 12, and II 13 Combine the 
enunciations of these three propositions, into one 

141-42 Shew that II 2 and 11 3 are special cases eA 11 i 

143 Give the corresponding Algebraical formula:^ of all the 
propositions *of Book II 

144 The difference oi squares on two st lines is = the 
rectangle contained by their sum and dijfferaice Prove this 

145 Give Euclid’s proof of 1 1 8 

146 * Prove II 4 from II 2 and II 3 

147 Proven 6 from 11 5 - 

148 Shew' that, if a line be divided into tw'o equal parts, and 
into two unequal parts , the part of the line between the points of 
section IS = half the difference of the unequal parts 

149 If half the sum of two unequal lines, be increased hy 
//a(^ their difflrence^ the sum will be=to the qteatei line , and if 
the sum of two lines, diminished by half their diffeience^ the 
remainderamW be=-to the less line 

150-52 State and prove the converse of ~1I 12 and IL 
13 Include II 12 and II 13 under one enunciation ' 

153 I*rom II 3, shew that, the difference bet w'een the rect- 
angles contained by the whole line AB and each of the parts AC 
and BC is « the difference of the squares on the parts, BC^ AC 
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15^55 In how many ways, may the difference of two lines 
be exhibited Enunciate the ptopositions m Book II , which 
depend on that circumstance 

156 Shew that, if two complements be togetber=the two 
squares, the given line is bisected 

157 How raaj’, a senes of lines be founds sintilaily divided 
io the line AB, as in II il 

158 ^'’All plane rectilineal figures admit of quadtature' 

Point out the succession of steps, by which Euclid establishes the 
truth of the above ' 

159-60. Could any proposition of Book and, be mAA&cqtol- 
lanes to other proposition, with advantage ? Point out any snch 
propositions, and give your reasons 


BOOK THIRD 

Subject matter —The subject matter of Buchd’s 
B III , IS the properties of the circle. 

N B Indued demonstt ation are more frequently employed 
in Book III, than in Book I In Book I , out of 48 propositions, 
nine are proved indirectly , in Book III , out of 37 propositions 15, 
are proved indirectly ' 


PROPOSITION I 

The best practical method of finding the centre of a 0, is to 
bised any two chords in a Q) at the points of bisection, to 
draw Xs to the chords , the intersedion of these Xs is the centie 

Alternative proof of III 1. 

Take any two l| chords AB and CD in the Q ABC Bisect 
AB at R and CZ?'at F Join EF Pioduce EF to meet the 
0ce of the 0in G and H It is obvious that GH is a diametei 
of the Q Bisect GH at O, and O is the centie of the QABC 

In the construction of III i, DC is said to be produced to meet 
the Qce of the ABC xa E and C , this assumes that D is •within 
the 0, which Euclid proves in III 2 , , 

If the point Cr (figure III. I ), be in the diameter CA, but not 
coinciding with its middle point, then it is evident, that G cannot 
be the centre of the Q , for GC is no\.^=GE 
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Proof of the corollary to III 1. 

Let the st line CE bisect a chord AB of O ABC at rt. L% at 
Dy then CE shall pass through the centre of the Q, , ^ 

CE bisects AB at rt LsChyp), % every point in is 
equidistant from A and B But since A and B are on the C<^e of 
the O ABC^ /. the centre of the O ABC is equidistant from A 
and B (Def 1 1) , • CE passes through the centre 


PROPOblllON II 

If AB be pioduced in either direction, any pt in the produced 
part, may be shown to be withoui the C Take any pt C in AB 
produced Join CZ? is than L ACD i6), /• lBAD 

z> LACD, for lBAD^ lABD Hence CD>DA , h\Xt DA is 
the radius of the • the pt C is without the C 


PROPOSITION III 

III 3, as given bv Euclid, consists of two distinct paiiSy each 
the convBfsc of the other III 3 is the coiwcrsc of the Cor III If 

The mutual relation of the two parts of III 3, may be shown 
in the follow ing mannei — 

Cor III I — If a line bisects a chord J The line passes 
of a C, and is ±.to it, !-through the centre of 

J the C' 

III 3, part I — If a line passes through! The line is J. to 
the centie of a O 1 /the chord 

III 3, part II — If a line passes through 1 The line bisects the 
the centre of a C 1 and j-chord. 

IS J. to a chord of the Q, J 

Alternative proof of III 3, part II 
EB^^EA^ ( EB^EA), and EB^^Bf^^EF^d 47 ) » and 

EA^=-AI^+EF ^{1 47 ) 

\ BF^+EF^--^AF^ 4 ^EF^y BF^^AF^y \ BF^AE 

N B The restriction that “a chotd *iuIncJi docs not pass 
through ike ceniri^ in the enunciation of III 3, is important — for a 
St line drawn through the centre of a O (a diameter for instance), 
may bisect another (another diameter), and yet not intersecting the 
Second diameter at rt z. s 

N B From III 3, it appears that — 
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(0 If a system’of (I chords be dianii in a CT, the locus of iheir 
4>uints of bisection, is the diameter of the Oi which is to them 
(2) The si line which bisects any choi d J.iy» ^^’sects every 
chord ij to It Xly> and is a diameter of the O 


PROPOSITION IV 

It follows from III- 4, that no Qm, evcept a rectan^h, can 
Tie ms0tbed m a O For diagonals of a Om bisect each 
other, and *. must both pass through the centre, and must 
. , be equal, each bcinj; a diameter. Hence, the Qm must be a 
rectangle 

NJ3 If two choids of a O bisect each other, they are both 
diameters. 


PROPOSITIONS V. and VI. 

» 

III. 5 and III. 6 may be included in one entmciation 
thus — 

If the Oces of two ©s meet at a point (or at itoo points) they 
cannot have the same centre. 

III. 5 may be better e\pressed thus * — 

Concentric Qs cannot meet, and that which has the lesser 
radius, will be included within the other If the ©s had the same 
ladius, they would coincide, and be the same ©. 

The points of the Qce of that which has the lesser radius, being 
leis distant from the centre, than (hose of the ©ce of that which 
has the greater radius, must be all within the latter Consequently, 
the Qs cannot meet, either by contact or intersection This fuoof 
includes III. 6 

N B It would appear as if Euclid had made thice cases, one 
in which the ^^s cut, one m which thev touch intei nally^ and one 
in which thev touch cvtcrnally^ and had then left the last case 
evident 


PROPOSITIONS VII and VIII 

III 7 and HI 8 expiesses the same property , in the former, 
the point is taken in the diameter^ and in the latter, in the diameter 
ptoduced, and exhibit an instance of the division of the diameter 
into internal and external segments 
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In III 7, It IS assumed that, L Fj&/?>-the L /TfiT, tlieh\- 
pothcsis bcinjr on 1 > that the L DFB >■ the L D 1 *C « and that in. 
Ill 8, It is assumed that, £ falls *withm the A -/?/'C*and //is 
without A CG 

A proposition similar to III 7 and III 8 

If any point be taken cnilieQ,ce of a Q, of all the st lines 
which can be drawn from It to the ijce, the dreatesi 7 S that m 
which the centre is , and of any others, that which in nearer to the 
St line which passes through the centre, is always>th«'in one more 
remote , and from the same point, there can be drawn to the QcCy 
/wo St lines, and onl> two, w'hich are tf/r/ai to one another, one on 
each side of the greatest line 

N B The fii si two parts of the abo\ c, is contained in 1 1 1 15 
and the third part will be required in III 10 (fee Notes on 
HI 10) 

The results of III 7 and III 8 may be expressed thus — 

(1) If a line alwajs terminated in the cc of a revohe 
round a point l\ within a , difierent from the centre i", it will 
•voi'y m Its magnitude between certain iinuts As it rc\oKcs from 
the position FEA towards 1 ) in either direction, 11 diminishes , and 
at equal distances at each side of FEA it has equal magnitudes 
and this diminution continues until, haxmg made half a rc\ elution, 
it assumes the position FD In the position t A^ it is imfxvnuw , 
and in the position / 7 >, it is mimmum , and the nearer ii is to the 
maximum position, the eater it is , and the nearer to the mtmmum 
position, the less it is 

(2) If a line he supposed to revolt e round a fixed A 

(taken in the diametei produced), as it recedes from AD in either 
direction, it diminishes When it recedes so far, that the part 
intercepted within the \anishes, and the two points of inteiser^ 
tion with the -unite and become one, the line becomes a tangent 
If u recede bc>ond this, u will not meet the at all As the line 
retohing from the tangential position agam^approacBes AB^ being 
terminated in the convex part of the Ccc> still diminishes , and 
becomes a minimum^ where u assumes the position Thus?- 

the tangent is less than anv recant from the same point, but i*icafei 
than the external part of the sctanl 

Corollaries to III 7 and 8 

( i) If a point be taken wtilmt or without a C. o( all other st 
lines drawn from it to the i^ce, the is that which meets- 

the v^ce, after passing through the centre* 
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(2) If two chords of a O intersect each other, and mahe equal' 

Z.S with a diameter at the point of intersection— the two chords- 
are = to one another This is obvious if GF, HFhc produced 
to meet the Fee in Af, and Then hence GAJ= 

^/V(See fig III S). 

(3) If tw o chords of a C intersect each other w hen produced, 
and make equal £.s with the diameter produced, and passing 
through the pt of intersection, the tw'o chords may be showm to be 
equal (See fig III 8) 

Let be produced to meet the Qce in /*, the chord MP 
may be shown to be = the chord EH 

From 2nd and 3rd corollaries aboi e, it is e\ ident that — 

If from any pt within a O which is not the centre, st lines be- 
drawn to the v'ce — those lines which form equal Z.s w'lth the line 
passing through the centre are equal , and if from any point w'lth- 
out a , St lines be drawm to the ce — those lines which form 
equal L% with the line passing through the centre, are equal 


PROPOSITION IX 

III 9, IS a corollary deducible fiom III 7, case (4), for it 
IS shown in III 7 that — only two equal st lines can be drawn^ 
to the (^ce, from any point which is not the centre , but by (hyp ) 
fiom a certain point, three equal st lines can be di aw'n , that 
pt is not a pt* which is not the centre , t ^ it is a pt which is the 
centre 

N B. The Cttteiion for the “determination of the centre” 
is that, more than tw o pts of the L.ce, should be equally distant 
from It 


' PROPOSITION X 

Two Additional cases of the (Second Proof) of III 10 

(i) When the centre of" theQ-^-'^^^ conceited to falh 
7 ui//ioiit the 0 EABC 

Let It be possible that the tw o ("'s cut one another in three 
pts A,BfC Find H the centre of i}ae\^ DABC (III i) Joia 
/W, FF and ^C, then HA=HB=HC (Def n),'and v.tiot 
more than tw o equal st lines can be draw n to the 0ce of the 
C} EKBC from the pt which is the Q^EABC (III. 

8, case 5) , HAy HB and HC are not equal , but it has been 
proved that, which IS absurd , one 0 can not 

cut another in more than two points 
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f2) When the pt H is on the Qce of the Q EABC ? 'then 
“ H IS the centre of the Q OABQ HA^HB^HC (Def ^ it), 
but from H (which is on the Oce of ^EABC) — only two equal st 
lines (and not more) can be diawn to the Qce of the () JSABQ 
<bee notes on III 7,8) , and since three equal st lines are drann , 
It 15 impossible , , one O cannot cut another at more than 
two pts 

By III 10, two Os cannot intersect in more than two pts , and 
that they cannot touch in more than tw^o !pts , hence, tw»o Qs 
cannot have more than two pts in common 

Hence it appears, that if tw'o Qs coincide at three pts they wiU 
coincide at every pt , or only one O can be drawn through three 
given pts 


PROPOSITIONS XI \ND XII 

Jt would be better to begin III 1 1 and III thus 

Ill 11 Let ABC and ABD be two Qs which touch one an- 
other internally at A 

Let ^ be the centre of the larger O ABC Join 
■centre of the smaller Q *s in the line 4 F If not, let it be in 
any other position such as (x Join jFC? and ( 7^4 Produce -Ffr 
to meet the ^ces of the Qs m E and H (For the rest, see 
the Text Book) 

III 12 Lei ABC and ADE be two Qs which touch one 
another externally at , let F be the centre of the O ABC 
Join FAf produce FA to meet the Qce of the Q ADE in E 
Then the centre of the Q ADE must be in the Ime AE If not, 
let it be elsewhere, as at G Join FG intersecting the Qs in H 
and K Join GA (For the rest, see the Text Book) 

In Euclid’s enunciations of II L ii and 12, he speaks of 
“Me point of contact^ therebv assuming that there is only one 
pt of contact This is proved in III 13, and ought not to have 
been anticipated 

In order to remove this objection, III Hand 12, may be en- 
unciated m the following manner — 

(1) If two Qs touch one another internally^ in/r//j'pt the 
st line joining their centres, being produced, shall pass through 
that point 

(2) If two Qs touch one another evtefnally^ in any pt the 
sti line joining their centres, shall pass through that point. 
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III. 11 and 12 , may be included in one enunciation, 
thus : — 

(1) If two Os touch each other at any pt , the centres and that 
pt. are colltncar. 

(2) If two Cs touch one another, their 0 res cannot ha\ca 
common pt out of the direction of the st line, which joins the 
centres 

Prom III n and 12, it follows that — the line joining the 
centres of coniing^ent — is the sum the radn, when the con- 
tact is external., and the difference of the radii, when it is 
jnteinal 

Let iF'and G be the centres of the Qs , which touch internally 
at ^ Join FG, which when produced, sltill pass through A 
Then and ^(7 are radii of the two Cs, and AF^^AG^^FG, 
Let/’‘andGbe the centres of tw'o Qs which touch externally a.t 
A Join FG, which passes through A Then AFivaA AG arc radii 
of the tw'o (Js, and AF-i-AG‘=FG 

Direct Proof of III 1 1 and III 12. 

Let a straight line touch both 0 s externally at A Let /', G 
be the centres of the Qs Join FA, GA , then e.ich of the lines 
IS a rt Ls to the line which touciies thcOsfIfl tS). at A , .** 
FAG IS a sL line (I 14) , or if one Q touches the other inlet nally, 
AF coincides partly with AG 

N, B — ^Two Qs cannot cut in more than two pts (111 10 ) 

If they cut in two pts., the line joining their centres, cannot go 
through cither of the pts , * if the line joining the centies go 
through a pt in which the u,s meet, the s must touch one 
another tntetnally or externally at that point , — wdiich is the 
Converse of \\\ ii and 13 

Alternative Proof of III. 11. 

GH IS the least line, that can be drawn from G to the 0 ce of 
the 0 , whose centre IS /''(HI 7, case 2) , . G/I<GA t e , Gff<. 
GE, which IS absurd. 

.bo III 12, may be deduced from III 8 


PROPOSITION XIIL 

In III. 11 and 12, it is proved that, the line joining the 
centres of contingent Qs-ppasses through .t pt of contact In III* 
T3j It IS shown that this is the only point of contact, by proving 
that an absurdity would follow, from supposing the existence of 
any other 
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Alternative Proof of III 13 ^ i 

(1) Let C ADE touch the Q ABC trifenially at A , (See 

fig to I tl 11), then, except A^ there can be no other pt of contact 
Find F the centre of xh^^ABC (III i) Then (7 the centre 
of the O must be in FA (III ii) Take any points in 
the t^ce of the O ADE^ and join FE Since from F^ (a point 
•Ufitkm or ^oithoui Xh^\^ADh)y FA and FE are drawn to the 
Cce of the (of which FA passes through the centre of 

k^ADE) * FA^FE (111 7 and III 8, fflr),but/^^ is the 
radius of Q) ABCj FE<Xho radius^ audience Eiswiflnn 
the ABC So, e\ erv pt of the C^e of the Q ADE (except A)^ 
can be pro\ ed to be loithm the O ABC Hence, A is the only pt 
at which the Qs touch one another 

(2) Let the Qs ABC and ADE touch one another rr/r/- 
7 ially at A (See fig to III 12), then, except yf, there can be 
no other point of contact Find 7 =^ the centre of the O ABC 
(III n Then G the centre of the ADEy must be in FA 
produced (III 12) Take any point D on the Cce of the 
y^^ADE ,join FDy from Fy (a pt without the Q.AI?E), FA and 
FD are drawn to the of the C) ADE lof which lA when 
produced, passes through G the centre of \uADE)y FD:^ FA 
(III 8) but FA is the radius of O ABC y FD is > than the 
radius, and hence D is without the vj ABC So e\ery point of the 
C ce of the (J ADE (except A) can be proied to be without theCj 
ABC Hence A is the only pt at which the Qs touch one another 

If the line joining the centres of two Qs=the difference of 
their radii, they have internal contact , and if it ^be— the sum of 
their radii, the\ ha\ e external contact 

Apply III 7 and 8, in proving the following Cors — 

(1) If one contained within another without meeting 
It, the distance between their centres is <c than the difference 
of their radii 

(2) If the distance between the centres, be •< than the 
difference between the radii , the lesser Q will be contained within 
the grcatei w ithout meeting it 

(3) If two Qs he each without the other, and do not meet the 
distance between the centres, is > than the sum of the radii 

(4) If the distance between the centres of two Qs, be than 
ihe sum of the radii, they he each without the other and do 
not meet 
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PROPOSITION' XV’ 

To draw the Least chord; through 
. ina Q. 

The least chord which can be drawn through a given point 
^ m a 0 » >5 the J. to the diameter, which passes through A. 

The greatest chord is the diameter (HI 15) Through A draw 
Any diameter DAB, and through A (the given pt ), draw EAF X 
to DAB It IS required to prove that EF is the least chord 
Through ^ draw anv other chord Gff , and from C the centre, 
dAip a X C/on Gff Now L CIA =art L , and L CAT is acute 
(I 17) , CA > C/, and . Gff'>"EF{yW 15) , and since the 
same is true of any other chord, it follows that EF is the least choi d 

N. B The less the /, a chord makes with the diameter 
through A — the greater the chord will be For, as. LffAB ,d«ni- 
nishes, the X Cl will also diminish. 


PROPOSITION XVI 

III 16 IS very important. From this, it follows that — 

(1) If several Qs touch each other, either internally or extei- 
sially, they have at their point of contact a common tangent ^ for the 
same straight line is X to that, which passes through their centre, 

(2) Tangents through the extremities of the same diameter, 
are |1/. 

(s') Any lineal magnitude, is capable of being infinitely 
divided Let BF be a tangent at B to the C)j whose centre is 
C Draw any line C/, meeting the Q at O The line 0 / may 
be infinitely divided by describing Qs with centres C, D, E, F, 
■etct taken in BC (the diameter of the 0 , whose centre is C) pro- 
duced, touching tbe tangent BF at B. 

N B To draw a tangent to a point on a Q, it is only necessary 
to dr,aw a diameter through that point, and to draw a line X to it 


PROPOSITION XVII 

The uest methoi) of' drawing a tangent to aQ from ' 

A GIVEN POINT WITHOUT IT. 

Join ttie gtz>en point and the centre of theQ; upon this line, 
•describe a je/m-Q cutting the given 0; then the line drawn from 
the given point to the intersection^ will be a tangent.' (See p 202. 
Text Book.) . . ^ ^ v > 


i ' 

a given pt. 

K 
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III n IS very important 

The Cotollary appended to III 17 , is also important 

N B It IS obvious that, two tangents* and not more, can* 
be drawn from the txtctnal point A for the X to EA through 
meets the Q GAB in the points G and and no more ; each 
of these points, will determine a tangent 


PROPOSITION X\ III 

HI i8 may be otherwise enunciated, thus— MI radn afe 
7109 mats to the O at the points, where thc> meet the 

111 18 18 the converse of III 16 , V a tangent to any pt 
in the t^cc of a is a st line at rt at the e\trcmit)* of the 
diameter w»hich meets the in that pi 

N B III i 8 can be pro\ed b> tha o/ Irmtfs** 

(See p 230, Tc\t Book ) 


PROPOSITION \IX 

t 

Alternative enunciation or III 19 — E\ cry normal to a 
Q passes through the centre 

Cor If two Cs ABC and ADE touch each other m any pt 
A, they have the same tangent at the pt, of contact 

Ihrough the pis of contact A^ draw FG touching the O ABC 
(III 17)> and throiioh the same point, draw BAO at rt Lsto 
FC (1 u) t V FG touches the Q) ABC^ and AB is at rt L% to it, 
the centre of the Q is m (III 19), and the st line BD 
passes through the centre of one of the\^sand the point of con- 
tact, It passes through the centre of the other © ADE (III 12) , 
.\AD IS a diameter of that o , and FG is drawn at rt to 
the diamcicr AD (hvp ), it touches the ©ce of the Q ADE (HI 
16, cor ) , the line FG is a comvion tangent to the Qs ABC 
and ADE 

N B HI 16, iS, 19 are of HI i Cor and 
III 3 T/zr, when the points in which the chord cuts the ©i become 
* co 7 isecuitve 

HI 16, 18, 19 are so related that, any two can be inferred from 
the third* The e^act relation among these three propositions, can 
be best understood from the Index 

1 i i 


\ 
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PROPOSITION XX. 

III. 20 consists of five separate cases Euchd ha<f 
only given two cases He has not gi\en the other Uuee cases — 

(1) When the L at the centre, is on a side of the L at the Qcc 
(Taking the fig of III 20, case i), the ' BEFat the cenlie is on 
a side AF of the LBAF at the ( ce By applying I Sand 
I 32, we know that LBEF— 2 . lBAF 

(2) When the L at the centre is a sUais^ht L The proof is 
similar to case I 

(3) For the proof of the case, when the L at the centre is a 
reflet L (See Te\t Book p 165 ) 

N B. In 1 1 1 , 20 case i, it is assumed that, if there be four magni- 
tudes, such that the first is double of the second, and the third double 
of the fourth— then the first and thud together shall be double of 
the second and fourth together, also in (III 20 case 2nd), it is 
assumed that, if one magn.tude be double of another, and a part 
taken from the fit st be double of a part taken from the second, 
—the remainder of the first, shall be double the icmaindei of the 
second 

Def If in the 0 ce of a Q, two pts B and C be taken, and 
if these two pts be joined to the centre E of any ABC^ then 
LBEC is called llie L at the ceuhe, and if two other lines be 
draw’n from and C to any point /I on the t^'ce, then LBAC ts 
called the L at the Qce 


PROPOSITION XXI 

III. 21 IS very important 

Alternativc Proof of III 21 

In the arc BCD, take any pt C, and join BC and DC Then 
the quadrilateral ABCD is contained in the (_i its opposite 
£.s .^4 and Care together =21 1 /_s(III 22) , and •, the quadri- 
lateral EBCD IS contained in the ( 5 , its opposite E and C are 
togeiher«2rt. /.s (III 22) ; Ls A and C— L% E and C From 
these equals, take the common L C, . L A — LE 

‘ t 

, Alternative Proof 01 Case 2nd, III. 21. 

Here' the segment BA ED is not gi eater than a semis =0 Join 
AE Let AD and BE, cut one another at X. In As ABX and 
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JID\, LAXn^ Ln\D a is), and lABX'=‘ LEDX {III 2i, 
case \), .'.LUAX^^lDL V (1 yi)t e L IS AD •=- L BED 

yV, J 9 If the term had been cxfauhd by Euclid, as it 

has been in Modern :^aenu to Ls f^reaUr than Jxvo rt no 
other subdivision of this demonstration into coses, would be 
necessary (Sec p 187, Test Book) 

The converse of III 21 , is very important (See j> 
1 S 7 , Text Book) 


PROPOSITION X\U 

III 22 IS very important. It can be otherwise en- 
unciated thus — 

(i) The opposite / s of £jr//<: quadrilateral, arc' 

(2) The sum of one pair of opposite £-S of a (ydn quadnlateral 
«:sum of the other pair 

Alternative Proof of IIL 22 

See figure of HI 22, p 189, Text Book 

• Let y* be the centre of the C ABCD Join FC,FU and 
PA Since bD^rC^TB^r A (being radii of the same 0 )» As 
FDCy FCBy / 7 M, and FAD xirc each isosceles , . in ^ FVC, 
L FDC^ L rCD^ and in ^FBCy L FCB=i lFBC, . L DCB^ 
L FDC^ L FRC So in A FDAy lFDA^ lJ AD, \ FAB, 
LFABr^ LFBA, a lDAB^ lFDA^ LFBA Kence 
lDCB’^ L DAB-:^{L FDC-^^ LrBC)^{LFDA^ LFBA^ ^ 
4 ^LFDC + lFDA) ^ {LFBC^ LFBA)=^ lCDA^LCBA = 
2 rt 

For, sum of the 4 £.s of a quadrilateral =4 it Ls (I 32 cor) 
And of the 4 Ls, if the sum of one pair of Ls=ihesum of the other 
pair of Ls, then each sum «2 rt L s 

Another proof of III 22, can be obtained by applying HI 20 
(See rcM, p 1S9) 

Ihe converse of III 22, is very important Tor thccon- 
■verse of III 22, (See Te\t, p 1S9 ) 

Cot If one side AB of a quadrilateral fig ABCD contained 
■within a be produced, the external /.C/i£= i /I opposite 
to the internal adjacent L ' 

For, the opposite iLs Ayj>C and ABC^i rt Ls (III. 22), .md Ls 
ABCvccACBE^^^zxx Ls (I 13), . Ls ADC eeoA. ABC= Ls 
ABC and CBE, and taking from each, the common lABC ^ 
LADC^LCBE. , 
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PROPOSITION’S XXIII, XXIV, and XXV 

It IS evident from III. 23, that, of two circular segments on the 
same base, the larger is that which contains the smaller L 

From III. 24, It follows that, “similar segments having equal 
chords, have also equal arcs ” 

Since, two(ps must coincide in every part, agree in more than 
two points, — ^it follows that, “similar segments having equal cboids, 
are parts of equal Cs ” 

From III. 24, U follows, that if the radii of two Cs at® equal, 
the themselves are equal, and their Cces equal 

Sectors whose radii and Ls are equal ^ are thcnisclvcs equal. 

Apply I. 4, in 20 .and III. 22 

111 25 maj be otherwise enunciated thus — (i) To find the 
centre of a segment of a O (2) Or a segment of a 0 being given, 
to describe the Q, of which it is a segment. 


PROPOSITIONS XXVI, XXVII, XXVIII, 
AND .XXIX. 


It IS better to insert the words “<7r<7« Q” after “in 
•equal Qs ’ in the enunciation of each of the four propositions, 
in 27 is the converse of III. 26 

N B The relation existing between III. 26, 27, 28, 29, be best 
understood by separating the hypothesis from the consequence 
See the Index 


In HI. 26, In equ<al Qs 
or m the same CO 

it it ii 


“ 28 ... 

“ “ 29 


Hypothesis Consequence 

' Central or circum-I Arcs shall be 
fercntial /.s being I equal, 
equal j Central or cir* 

being equal J cumfcrential Z.s 
shall be equal 
f Chords being'! Arcs shall be 
I equal. }- equal 

t Arcs being equal J Chords shall 

be equal 


N B If m equal 0 s, or in the same 0 , either of the five pairs, 
\jircs, choidsy Ls at the centre, Lsat the Qce, or sectors) — are equal, 
the other pairs arc equal 

In the sameQ), equal, central or ctreu inferential Ls, stand upon 
equal arcs. 
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Let MXYNht aC>^<ts centre, LA 7 ?K (at the centre)^ 
LMRNlnt the centre), and lXPY (at tbe 0 ce)«s lMQN (at the 
Cce) Then it is required to piove that, ire A' K shall be = arc 
MN Join ^iWand XV In As MRN and XRY , MRy RjV^XR^ 
RYmd lXRY==LMRN , \ AfN^XY(l 4) Since, lXPY^ 
LAIQNy \ sefrments y)/g/Vand A^PI-^arc stmtlar^ and since they 
are on equal lines MN and XY, \ seiTunent A'/’F^segment 
MQN(lll 24) Hence, segment 

segment AIQX , the remainders are equal, hence arc 
=sarc AflV 

N B These four propositions, can be directly pro\ed by 
the method of Sttperposiiwn (Sec p 189, Text ) 

Important Besults 

(1) If the opposite Ls of a quadrilateral in a Cj tie equal — the 
diagonal opposite to them, must be 1 diameter , and since in this 
case, the Ls are both n^At Ls, it follows that a segment containing 
art L,isasemi-v^ 

(2) If one central or circumferential L m the same or equal 
Cs, be > than another — the arc on which the one stands, will be 
>than that on which the other stands Hence, if, of two opposite 
L s of a quadrilateral inscribed in a t>ne be am/e and the 
other oA/tise — the arc on which the former stands will be <:, and 
the latter >-ihan a semi {j , hence, the segment which contains an 
acute L, IS and that which contains an obtuse L, is c than 

a semi-C 

For the converse of III 31, (See Notes on III 31) 

(3) Supplemental circumferential Ls in the same or equal (^s, 
stand on arcs, whose sum=a whole Qce 

(4) Diameters intersecting at rt Ls, di\ide the Cc® ^nio four 
equal arcs 

(5) Anv number of central Ls in the same or equal C^i whose 
sum— rc Ls stand on arcs ^Yhose sum =a whole Qce 

(6) Any number of circumferential Ls, mthe same or equal 
Os, whose sum=2rt Ls— stand on arcs, whose sum=a whole Q'ce 

(7) The sum of the central Ls subtended by arcs whose sum 
=san entire 0 ce =4 rt Ls The sum of the circumferenttal Ls 
subtended by the same arcs =2 n L s 

(8) A quadrant subtends a rt L at the centre, and a seimctrcle^ 

subtends a rt L at the Qce ' 
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PROPOSITION XNX 

From III 30, Jt IS evident that the St. line drawn through the 
centre of a 0, to bisect the chord — bisects the arc , and if it bisects 
the arc, it also bisects the chord 


PROPOSITION XXXI 

IIL 31 is very important 

Alternative Proofs 

A. (PartII)(0 If t- ABC in a segment > than a semO 

IS awtc ' 

Dravs /I A st diameter of the 0 « and draw the lines CA CA 
Since L ACD in a semiQ, is a rt. L (Part i. III. 31) , LADC is 
am(e{l 32I , but L ADC’sl (_ ABC, being in the same segment 
ABDC (III 21) ; L ABC is aatie 

(2) Otherwise — (In the above figure), jom Z?A instead of 

DC, LABD=>tiTi L , .• lABC\s acute 

(Part 11 ) (i) If L ABC ya a segment •< than a semiQ JS 
obtuse Take in the opposite C ce, any pt D, and draw DA and 
DC, V in the quadl. ABCD, the opposite L%B and D—i rt. L% 
(III 22), but, L D< a rt A (Part I , III 31) , lABC must be 
obtuse ‘ 

(2) Otherwise —Draw the diameter AD, and d 1 aw i?Z> ; 
LABD is a rt L, .*. LABC is obtuse 

B. Ill 31 can be deduced from IIL 20 , (See p 202, Text) 

Converse of III. 31 

If an Z, in a segment is <,=or 5 *- than a rt L, the segment 
is >-,=or<: than a semi 0 (See Notes on Prop 26-29 1 B III ) 

NB (i) III 17 , can be deduced from III. 31 . (See 
notes on III 17} 

(2) From IIL 31, we can draw a line through the extremity 
of the given line JL to the same 

Let AB the given line From C (any point without AB), and 
with CB as a radius — describe a Q cutting in D , join DC, and 
produce the line to cut the C:,ce of the Q tit -S > draw BE, and it 
will be the i. required For L DBE being in the semifo EBD, 
is a It. Z. (Ill 31) 

(3) From III 31, It is evident that, the middle point of thi 
hypotenuse of art, Ld ts,ts equidistant front the three ansular 
points. 
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PROPOSITION XXXII 


Alternative proof of III 32 

Let touch the O Let JBD be a chord drawn 

from 5 , the pt of contact Then (i) L DBF^ L m the altemaie 
segment BAD , (u) the L DBE^ Lm the alternate segment BCD* 

From B draw BA ± to EF Take anv point Af in the semi© 
AMB Join AM, MB and AID L AATB^^ rt L, BA is a 
diameter, (III 31) and L ABF^^vt L (const), LAAIB^ 
L ABF {each being a rt L) Now L AAID ^ L ABD {hem^ m 
the same segment) (III 21) • lAMB — lAMD or Z.DMB= 
LABF-^LABD or L DBF 

Take anv point Cm the arc BD Join AC, L ACB^a rt 
L, /. IS a diameter (III 31), L ABE^a rt L (const) 
L DCA^LDBA){IU 21), L ABE^ LDBA-- LACB-^ L 
DCA or L DBE— L DCB in the altemaie segment BCD 

N B Hence 111 32 is a particular case of III 21 
Converse of III 32 


If a St line meet a Q, and from the point of meeting a st line 
be drawn cutting the 0 » ^i^id the L between the two st lines be= 
to the L m the^i//er«^/tfr^^/w«^of the 0 » the st line which meets 
the shall touch the © 

In the figure of III. 32, if possible, let EF which meets the O 
ABC at B, does not touch it Through B draw another line PB 
to touch the C 

Then L PBD^lBAD (III 32) But L FBD^ L BAD 
(hyp)t *• LPBD=^ LFBD , the part^the whole, which is 
impossible , EF touches the C (See E\ I p 204 TcAt) 

Important results 


(i) To draw a tangent from .any point on the C^e of a © 
•without finding its centre 

Let A'FZbea O, ^Tand Fare two points on its ©ce With 
Y as centre and YX as radius, descnbe a Q cutting the cb 
JfFZ at Z, and A' F produced at P Make arc PQ^arc PZ. 
join XQ Then XQ shall be the tangent to the given Q XYZ* 
Join XZ* 


^ L yzx{\ s) ; 

( 2 = L J ZX , • XQ IS a tangent to the QXYZ (Converse 


of 111 32) 


‘V 


[ 69 ] 


(a) If several Cs touch each other, either tntetnally or exter- 
nally^ any st line passing through the point of contact, mil cut off 
similar segments from them For since the) have a common tangent, 
the L%va all the segments = L under the line drawn and the com- 
mon tangent 

(3) If several Qs touch each other tntetnally or externally, 
and two st lines be drawm through the pt of contact P cutting 
each of them at A and B, the lines AB will be [[I for by (I) the 
alternate Z.s PAB are equal 

(4) Tangents through the extremities of the same chord, make 
equal is Avith it on the same side For each L — L in the 
alternate segment 

(5) The chord, joining the pts of contact of ]p tangents, is a 
dtametei. For the Lsof the same side are equal (3}, and supple- 
mental (I 29), and are . right Ls , the chord is a diametcr,(III 19) 


PROPOSITION xxxni 

From III 33, we derive the solution of another proposition — 
Given the base, and vertical L of a to find the locus of the vet t ex 
(See p 206 Text) 

Thxs problem is useful in the solution of all problems relating to 
the determination of a A, where two of the three data are a side 
and the L opposite to it In such cases, having constructed on 
the given side, the segment which contains the opposite L, all that 
remains to be determined is the pt in this segment, where the 
vertex is placed The third ought to be sufficient to deter- 

mine this Thus, foi example, if the 3rd datum be the ± from the 
vertex on the given side, the place of the vertex may be determined 
by drawing any line JL to the given side, and taking a part on it 
from the side = the given JL A )|1 line to the side through the 
extremity of this, will intersect the C points, either of which 

will serve for the vertex 

If the base, vertical L , and the i from the extremity of the 
base, on the o^osite side be given , to find the A • 

On the given side AB describe a segment ACB containing the 
given L (III. 33) And describe a semi Q ADB It is evident 
that the vertex of the A must be in the foimer, and the point where 
the JL meets the side in latter Inflect ^Z?=the Xj and draw 
BD to meet the first segment at D, the A ABC is the A required 
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PROPOSITION XXXV. 

Ill 35 IS very important 

^ (II S) (for is divided equally at (r, 
unequally E) AE EB’\‘{jGEr>\>GF^')^GA^-^GF\ 

(0 AE EB^EI^--Aj [^{1 47)«(Radms)2 

And CE ED^rEH^^HD^ (II s), (for CD is dixidcd equally 
at //, and unequally .at E) 

(2) CE EDHEm'¥HI^)^HD-^ 2 HFoxCE ED-\^EF^ 

^DF^i} 47)«(Radius)2 

From (i) and (2), AE EB-^^EF^^CE* ED^EF^ ^ hence 
AE EB--CE ED 


Different cases of III 35 (See p 209 Text), 


(1) When thej^ivcn chords AB and CD both pass ihiough the 
centre F — 

Then it is evident, that, they "are both bisected in the pt of 
tersection , the rect under their segments are the squares on 
their halves^ and are equal 

(2) When one chofd AB passes thfouqh the centic and aits 
the other CD at it Ls tn E 

Join FC , AB passes through the centre F and cuts CD 
which does not passthrough the centre at rt ^s, , AB bisects 
CD at i? (Ill 3) 

AE EB^FE^^FB^ (II i)-^FC--:^FE^^EC^ , taking away 
FE\\vei\i2M^EAEB^EO--CE ED, (for CE^ED) 

(S'l When one chord AB passes through the centre F and cuts 
the other CD obliquely at E 

Drop Fff X to CD from F , join FD , CD is cut .at rt Ls 
by which passes through the centre F Since CD is bisected in 
Z' (III 3) and divided unequally at E 


CE ED^ElF^ffD^ (II s) , 

, CE ED^EF^^FD^ 


CE ED + {E/F+FD-)^ 
(I 47) = (Radius)2 (I) 


• AB IS bisected at F, and divided unequally at E, AE EB 4 - 
EF^ill 5)«(Raduis)2 (2) From (1) and (2), we have 
EF^^CE ED’hEF^ , hence rejecting EF^, wchuvc AE EB=^ 
CE.ED 


(4) If two chords and CD of a Q^DDC, when produced 
cut one another at E^ the recMngle contained by the external seg^ 
menis of the one/shall be=to the rectangles contained by the ex- 


's 
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ternal segments of the other ; or it is required to prove AE EB^ 
CB ED (See E\ 7, p 209 Text) 

Find F the centre of the O , FG and Fff are drawn from the 
centre, i to chords AB and CD respectuely , AB is bisected at G 
and CD is bisected at H (III 3) 

AB\% bisected at dr, and produced X.o E , AE EB + GB^ = 
GE-{\\ 6\ or AE EB+GB^ + GF^ = GE^ + GF- or (i) AE.EB 
+FB- ^FE^ (I 47) Similarly (2) CE ED+FD^=-FE ^ , AE EB 
■\-FB^ = CEED-irFD'^y but FB'^=FD'^ for Fi?=a radius=F2?. 
Rejecting these equals, we have AE EB=CE ED 
N B Case 4 ts given as Cor to IIL 36 
Converse of III 35 

If two st lines AB^ CD cut one another at £*, so that the rect- 
angle contained by the segments of the one {_AE and EB') is=to 
the rectangle contained by the segments of the other (CiS and jEZ?), 
the fom extremities A^ B, C, D of the two st lines, are on the Qce 
of a G {See Ex r f 200 Text ) 

Since a O can be described through any three points which are 
notxo. the same st line, describe a O through A, C, B If the O 
does not pass through the 4th point D let it cut CD or CD produ- 
ced at ^ Then ^^£5= C£‘£‘.\r(1 1 1 35) But AEEB=-CE ED 
(Hyp), CE EX^CE ED , EX=ED, which is impossible, 
the (3 which passes through A, B, C must pass through D 


PROPOSITIONS XXXVI, and XXXVII 

Symbolical form of the proof of III 36. 

AD DC+FC^=FD^ (II 6) for is bisected at and pro- 
duced to A AD DC+{FC-+FE'‘)=FD'^+AE^ (Adding EF^ 
toeach), or (I 47) But ED^==EB^ + BD'^ 

(I 47), AD DC+EC^—EB^+BD^ i), and injecting the 
equals EC^ scaAEB^, we have AD DC— BD^ 

When the secant AD passes through A, the centre of the 0 BD, 

(Pioof) ADDC-^fEC^^ED'- (II C)==EB'^+BD'^ (I 47) and 
rejecting the equals EC^ and EB^ we have AD DC~BD~ 

N B III 36 and the Corollaiy given in p 21 1, are very- 

important 

III 37 IS the Converse of III. 36 


, QUESTIONS ON BOOK THIRD 

161 DeBne — Secant, tangent, sector, major arc, angle tn a 
segment, angle of a segment, concentric circles, similar' segments 
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of circles, concavity, convcvitj, concyclic points, cyclic figure, angle 
in the alternate segment of a circle, direct and transverse common 
tangents, equal circles, orthogonal circles, polar of a point, radical 
axis and radical centre, co-a\al circles, orihocentic, and pedal or 
orthocentne triangle 

162-76 Give the Alfa unlive proofs of the following pro- 
positions Book III — ' 

ist, 2nd (case 2^, 3rd (cisc 2), 5th, 6th, loih (2nd prooO? nth, 
15th, 17th, 20th, 21st, 22nd, 31st, 32nd and 3Slh 

177-85 Stale and prove the Convasc of the follow ing proposi^ 
tions, Book III — 

Cor to 1st, 3rd, nth, 12th, 21st 22nd, 31st, 32nd and 35th 
186 Gi\c a list of all the Converse Prnpasifious, Book III 
187-91 Give the Different Cases oi — 

III 10, 20th , 31st, 35lh and 36th 

192 What IS the Subject Matter oi Book III ^ 

193-95 Give the Pioofs of — 

III nth, I2th , 13th, and i6th 

196-98 What is the difference between — 7 i chord and a 
secant , a sector and a segment of a When does a secant 
become a tangent ^ When does a sector become a segment ? 

199-200 How manv iniersecnons can a line and a O have ^ 
How many points of tnta sections can two {^s have ^ 

201 If two touchy the> cannot have any other common 
point Pro\ e this 

202-10 Alternative Enunciations o( the following 

propositions Book III, — 

5tli, 7th, 8th, nth, 12th, i8th, 19th, 22nd'and 2Sth 
2 X 1-12 Include III (5 and 6^ , (n and 12), under one 
enunciation 

213 WHiat axiom is assumed in proving III 20^ 

214 . What does the line become, when its points of inter- 
sections WMth a 0 » become consecutive ^ 

215-17 State the relations between — III i cor and HI 
3, III (16, 18, 19), 111 (26,27, 28, 29) 

218-21 What propositions are limiting cases of (III, 16, iS, 
19) How many common tangents can tw»o Os have ^ 

222-23 Give the symbolical foim of proofs of III 35 and 36 

224-25 Deduce III 9 as a corollary from III 7 (case 4) 
and HI 31 from III 20 

p 
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226. Draw a lanjcnt to a Q from any point tn the C without 
finding its centre 

22*7 Pro\e that in the saire equal, central or circumferen- 
tial Ls, stand upon equal arcs 

228 To draw the leasf chord through a gi\en point m a Q 
229-31 State the assumptions in —III tst, 7 th, 2 oth 


BOOK FOURTH 

Subject matter —The subject-matter of Book IV is- 
the inscription and circumscription of j^s and of regular 
polygons m and about ; s 

N B Euclid has not gnen any instance of the inscnptjon 
or circumscription of rectilineal figures t/t and other rectilineal 
figures 

( 2 ) This book consists entirely of Problems 

( 3 ) Out of 16 propositions, 4 relate to As , 4 to squat es , 4 
to penla^ons . besides these, there are 4 other miscellaneous 
propositions 

( 4 ) Propositions 3rd, 4th, 5th, 10th, 11th, I2th, 
15th, and 16th are important 


PROPOSITION I 

The restriction that a “chord = a st line not >■ than the diame- 
ter’, in the enunciation of IV I. is important , for we cannot 
place in a O a st- line > than the diameter (the (greatest chord) 
III. 15 


PROPOSITION II 

Euclid has omitted here to state, that the st. lines AC and AB 
must be drawn on tlie same side of the tangent as the ( 3 , and has 
assumed that these lines will cut the (_,ce 


PROPOSITION III 

Euclid here omits to pro\ e that the lines (J/A’’, NLseaA LM) 
which touch the C at C, A., must necessarily' meet when 
produced. This may be proied thus by joining AB . — lKAM + 
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LKBM^z rt (111 i8), /. lBAM^ LABM are<2rt 

, % AM and BM must meet, when produced {Ak 12) So, it 
may be shewn that AL^ and CZ, as also CN and BN meet one 
another 

Alternative Proofs of IV, 3. 

(1) Let BAC be the given Q, X its centre, and the 
given A Draw BXG anv diameter Make lGXA^ LE^ 
L GXC^ L F, and at A^ F, C draw tangents intersecting at Z, 

N Then Zil/iVis the reqd A Vox LXAM^ Z.j^Fil/s= a rt 
(Ill 18) , the points Xy F, J/are concychc , L GXA=s lM 
(III 22 cor or Ex 3 p 188 Text), \ LM=^ lE Also LN^ 
LGXC^LF, . Ll=-LDil 32 cot) 

(2) Take any point F on the C^e of the Q ABC , draw a 
tangent XB Y through F (points X and V are on opposite sides of 
F) At ^ make L YXZ^ lE , and at F make lXVZ^ ilF 
Supposing that XZ and VZ do not touch the O ABC^ draw X s 
to XZ and YZ from centre K Let these J.s meet the (p>^o- 
duced if necessary) at A and C Through A and C draw tangents 
LAM and LCN (meeting one another at Z) and (meeting XY ox 
JY'F produced) at M and N lespectively Then LMN is the A 
required 

{Pf oof) Since ZX and LM are both JL to AK^ ZX is HI to 
LM^ • LLMN^ L YXZ (I 29)= L E For similar reason, ZY 
and ZiFare HI, • lLNM^LXYZ{{ 29)= lF, \ LMLN 
s=; /. F (I 32 cor ) 


PROPOSITION IV 

It IS assumed here, that the two bisectors of Ls F and C will 
meet at the same point This may be proved thus , LABC-^^ 
£.^CF are cart Ls(I 17) , i ( L-< 4 FC+ /.- 4 CF; are much more 
-<2 rt Zs , F/ and C/ will meet at /, (Ax 12) 

IV 4 IS a pixihcttla} ca^e of the more s[eneral problem — ^To 
describe a O touching three given st lines 

/ If the three ^iven hnts be 1|/ to one another^ the problem is 
impossible^ since no O touching two of them could touch the 3rd 

2 If izvo of the lines AGy BIT be H /, and the third AB intersect 
them 

Draw the lines AD and BD bisecting the L% A and F These 
will intersect, since they make Zs with -r^F which are together < 
than 2rt Z s Let them meet at /) , is DEy DGy and DH to the 



[ 75 ] 


three given lines from A equal. This may be proved as m 
IV 4 Hence D is the centre, and DF the radius of the Q 

There are two 0 » which touch the given si lines 

Let tlie tkiee s^iven si lines in 'ei sect, so as to form a A 

In this case, the 3 is determined as in IV 4 But this is not 
the only 0 which may be drawn touching the given st lines 
Draw the lines CD and AD bisecting the evternal Ls at and C 
These will meet at D, and ±s DE, DF, DG on the given st lines 
from this point, are equal Hence D is the centre, and DF the 
radius of a <3 touching the three given st lines. The demonstra* 
tion of this is cvtictly the same .as that of IV. 4 (Seethe cons> 
traction of Escribed Qs) 

In the same manner, iwro other Qs tnay be described touching 
the given st lines 

Thus, if three st lines intersect, so as to form a A> four 
different 0s maj be described each touching them all 

N B — By this case, it appears that, the bisector of any 
internal A of a A, and those of the rem.aining external Ls, in- 
tersect at the same pt 

4 If the three given lines intersect at the same point, no Q 
can be described touching them all 

It is evident that the problem “To describe a Q, touching hoo 
ktven st ItneF is indetermmate We can, how'ever, in this 
case, determine the locus of its centre. 

1 If the two st lines be ||4 

Draw the line AB intersecting them Aly, and bisect it at C, 
and through C, draw DF ||l to the given sL lines This will be 
the locus of the centres For, if any other JL FG be drawn, a Q 
described on it as the diameter, w’lll touch the giien lines 

2 If the given lines intersect 

Draw the lines and CD bisecting the Asunder the given 
lines. These lines will be the locus of the centres 

The given in p 255, Text Book — 9 X& vet y impoi tant. 

To draw an escribed © of a given A (See p 255 Text). 


PROPOSITION V 

IV 5 is, in fact, the same as to describe a © through three 
given points, which ate not in the same st line, 

N B —A JL from 5 w-ill evidently bisect BC, and the J.s 
from the middle pts of the sides of a A» have a common pi of 
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intersection (See p 103 Ex r Text) , and this point is the centre 
of the circumscribed 

It IS assumed in the demonstration of IV 5, that the ±s 
through D and E will intersect, if produced This ma> be proted 
by draw mg the st line joining D and E The J.s evidently make 
with this line, Ls which are together < than 2 rt 

The Notes on pp 256 257, Text, are important 

N B If the A be equilateral, the centre of the inscribed Ct 
is equidistant from the angular points of the A The centres of the 
L inscribed ;//, and circumsci'ibcd about xsxi equilateral A coincide, 
and the radius of ow^dottblc the radius of the other 


PROPOSn IONS VI and \ II 

Thcimcribed squaic is^iwtie the sguaie on the radius^ o; = 
half the square on the diamctci 

AB-^AE^^BE-^zAE- , and AC^^AB-^BC^^zAB- r 
. AB^^AC^ 

The ctrcuviscinbcd squat to the squat e on the dianietet^ and is 
^twicc the inscribed squate^ and^4 {tadtusY^ 

FtotnIV 7, Cu cumsenbed square— (Diametet 2 znsenbed 

square =^4 (radius y see above 

A square is the only rt A d Qm, which can be ctreum^et ibed 
about a , but both a icctan^le and a squat e may be inscribed 

in a C 


PROPOSniON X 

1 The A BCD is also isosceles and has each of the Z,sat 
its base {^L B and L BDC\ double of the \ ertical L BDC (See 
Proof of IV 10) 

2 LA(mlV io)=>iof2rt Ls , for LA + LB ‘h L ADC— 2 rt 
As (I 32), or 2 A^+2 A^=2 rt As (IV 10) , hence 5 lA 
=2rt As, LA— I of 2rt As or <=36® 

3 The A ACD\5 isosceles, and each of ilie As at the base 
{la and A of the vertical A ACD y for lACD-=^ LB^ 
LBDC{\ 32)^2 A^+ A- 4=3 A^ ,and LADC^ LA , LA 
or LADC^\ of lACD , and since A-/4— 36® , lACD^XoV^^ 
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Alternative Proofs of IV, 10 

r Without constructing the la7 ^er ^ 

Divide tiffin internal medial section in C, so that BA BC= 
AC^ (II It) Describe a A ADB on AB^ mdk.mgAD—AB 
and DB—CA ( 1 , zz) Then proceed as in IV lo, 

2 Without constructing the smaller 0 

after ^'joln CD. ] From /?, draw DX J. to BC. Now •* 
LB\s acute, AD'-—AB^-¥BD^-zABBXiU 13) Now AD= 
AB , ' AD^=AB~i .■ DB^—z AB BX , hut BD‘=AB BC, 
fox BA BC= AC-=:BD^ {covisix.) Thus 4B. BC=z AB BX , . 
BC—z BX; hence A DBC and A CAD are isosceles Then 
proceed as m IV 10 


PROPOSITION XI. 

JEach diagonal of a regulai pentagon «(!! to the side, with 
which it IS not conterminous t for lBAC— lACE (III 27); 
AB is 111 to CE 

In IV II, the pentagon is inscribed in the O', by the aid of an 
isosceles A whose base Z.sare each =2 \ertical L, so any other 
equilateral fig of any number of sides may be inscnbed in a Q by 
the aid of an isosceles Aj m which (each of the base £s) is to 
(its vertical L) ar (half the number of its sides — i) is to unity, 
thus, a square ma> be inscnbed by the aid of an isosceles A having 
the ratio betw’cen each of its base Ls and \ertical i, as -^1 or 
I J 1 , a pentagon, as (^ - 0 or 2 i , a hexagon, as (5 or £ 

I , and so on 


PROPOSITION XV 

Every equilateral fiyute inscribed in a C?, must be equiangular, 
for Its ^s are contained in equal aits, and . stand on equal arcs. 

The side of the regular hexagon is=to the radius of its 
circumscribing Q , aod its aiea t5-=six tunes that of an equilateral 
' A constructed on the radius of this 0 

If any three alternate As, A, C, E of ihe, hexagon be joined 
by st lines, they will form the inscribed equilateral A. 
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QUESTIONS ON BOOK IV 

232 What is the Subject-matter of B IV ? 

233 Define — In centre, circum*centre , escribed ©, mrte 
points 7 eaprocal properties 

234-35 When is one rectilineal figure said to be inscribed 
in another ^ When circumscribed ^ 

236-37 When is a Q said to be inscribed in a rectilineal 
figure ^ When circumscribed about it 

238 Give instances of reciprocal propositions in B IV 

239 Name the figure that can be inscribed in^ and ciralins-- 
cribed about a Cs I>y means of B IV, 

240 What ihiee regular figuies can be used, in filling up ihe^ 
space round a point ^ 

241*42 Give the Alternative Proofs of —IV 3 , IV 10 

243 What relation subsists between the square tnsenbed in, 
and the squaie desci^bed about the same C 

244 Shew that in the fig of IV lo, there are two As'possess* 
ing the required property 

245 Shew that m fig of IV 10 , there is an isosceles A. 
whose equal iLs are each-one third of the third L 

246 In the construction of Euc IV 3 , Euclid has omitted 
to shew that the tangents drawn through the points A and will 
meet in some point M How may this be shown ^ 

247 Shew that if the point of intersection of the Qs in 
Euclid^s figure bf IV ro be joined with the vertex of the Aj another 
A will be formed equiangular and equal to the former 

248 What regular figures may be inscribed in a C by the 
lielpofEuc IV 10 > 

249 The difference of the squares desenbed on the st lines 
joining the extremities of the base of the constructed A m the 
figure of Euc IV 10 , with the other point of intersection of the^ 
Cs 15 equal to the square on the side of the A 

250 (j") Shew that the area of an equilaieial A inscribed m 
a O isc=i of a legtdai hexagon inscribed in the same O 

( 2 ) The regular hexagon inscribed \n a © is =3 of the regular^ 
circumscribed hexagon^ 


END OF PART I, 


' PART II. 

EXERCISES IN BOOK I. 


T Find a point •whtcJt is equidistant from tsuo ^ven points 

Let X Jind Y be the two points Join XY, and on it describe an 
equilateral A XYZ (I. i ) Z is the point required 

3 . Diaio a figure for the case in Pioposition / 2, in luhtch the 
0ven point coincides “With B 

With centre B and radius BC, describe a O CDE and 
from B draw any line BD to meet the Qce in D Then 
BD=BC 

3 On a given straight hne, describe an isosceles 
A, having each of the equal sides = a given straight 
line. 

Let AB be the given straight line, on which the isosceles A 
is to be described, and let X be the gi\ en straight line to which 
equal sides of the A Are to be equal 

In AB or AB produced, take AE = X In BA, or BA pro- 
duced, take BF=X With centre A and radius AE, describe a 
O With centre B and radius BF, describe another 0 Let 
the two 0s meet in G, jom AG and BG Then . AG=AE 

AG=X and BG=BF, BG=X AGB is the requiied 
isosceles A. 

N B — The length of X must be greater than half of AB 
(the given base), otherwise the two Qs will not cut each other 

<4 In the figure of I 2, if the diameter of the 
smaller O is the radius of the larger, shew where 
the given point and the vertex of the constructed a 
will be situated. 

The given point and the \erte\ of the constructed A will be 
evidently on the Qce of the smaller 0 

S (a) 1/ the difference of two straight lines be added to the 
sum of iv/o sti ai^ht hneSf the result will be double of the gi eater 
straight line. And (b) If the difference of two straight lines be 
taken away from the sum of two straight lines, the result will be 
double of the less straight line 

(a) Let XY and YZ be the given straight lines of which 
- XYis the greater; cut off XS=YZ. then XZ=XY+YZ and 
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SY=XY-XS or XY-YZ, SY + XZ = (XY-YZ) + (XY 
+YZ)=2Xi’- 

{b) Taking the figure of 5 (rt), we have XZ— SY=(XY+YZ) 
-(XY -YZ)-2YZ 

6 Describe an isosceles A upon a given base and 
having each of the equal sides double of the basOi 
TVithout usmg any proposition of the Elements, sub- 
sequent to I 3 What condition must be fulfilled , 
•with regard to the magnitude of each of the equal 
sides (Cam Ex Pap ) 

Let AB be the given base, produce AB both ways, cut off 
BE, AD, each=2AB (I 3) , with centre A, and radius AD, 
descnbe a O 1 centre B and radius BE, descnbe another 

O? cutting the former in G Join GA, GB Then AG, BG are 
= AD, BE respectively (I def ii), but AD, BE are each — 
2AB (constr ) , /. AG, BG are each=2 AB ; and *. ABG is the 
isosceles A required 

/V B — Each of the equal side? must be greater than half 
the base 

7 A It Tie that bisects the veriital ans[le of an isosceles A> 
also bisects the base JL(? 

Let A CAB be isosceles, and let CD bisect L ACB In 
As ACD, BCD , AC— BC , CD is common , lACD= LBCD , 
/.AD=BD, lADC = L BDC (I 4), CD Is ± to AB 
(I 4)- 

8 If two straight hnes bisect each other at rt 
AS, any point in either of them, is equidistant from the 
sxtremeties of the other 


s 


Let AB, CD bisect each other at rt Ls at M Any point C 
in CD, shall be equidistant from A and B Join AC, BC , then, 
m the AsAMCand BMC, AM = BM, MC is common, and 
the ts at are rt ts, AC=BC (1 4) The same may be 
proved of hnes drawn from any point in AB 

9 The squares described on two equal straight lines 
ere equal 


Let ABCD, EFGH be squares described on the equal straight 
lines AB,EF For if sq ABCD be aophed to sq EFGH, so 
that A falls on E, and so that AB falls on EF , then B will coincide 
with F, •/ AB=EF (Hyp) And AB coincides with EF, 
^ Ax 10), BC will fall on FG And BC 

coincide with G Again, V BC coincides with 
FG, and tC « LG, /, CD will fall on GH And V CD=:GH, 
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D will coincide with H Lastl>, *.* A coincides with E,'and D 
with H, AD will coincide with EH Hence ABCD coincides 
with EFGH, and is equal to it 

10 The A formed by joiumg the middle points 
of the sides of an equilateral A, is also equilateral 

Let ABC be an equilateral A , X, Y, Z are the middle 
points of the sides of A ABC *. AX = BX=-BZ=CZ=CY=AY 
In As XBZ and YCZ, XB, BZ=YC, CZ , ^XBZ= lYCZ=^ L of 
an equilateral Ai XZ=YZ (I 4) In As XAY and YCZ, XA, 
AY=YC, CZ, and L XAY= Z. YCZ= /L of an equilateral A i .*• 
XY=YZ (I 4) , XY=YZ=ZX, the A XYZ is equilateral 

11 If m a A ABO, the X AD from the vertex A on 
the base BO bisects the base, then the A is isosceles 

In As ABD, ACD , BD, DA=CD, DA and L BDA= lCDA 
(being rt As), AB=AC (I 4). 

12 If a hne be divided internally into unequal segments, tJie 
distance of the point of section from the middle point of the hne^ is 
half the difference of the segments ^ but if it be divided externally^ 
the distance of the point of section from the middle point of the line^ 
ts half the sum of the segments 

Let AB be bisected in C, divided internally in D and externally 
in E Make AF=BD, and produce BA until AG = BE , *.* AB 
' IS bisected in C and AF =BD , FC = CD, and FD is the diff of 

AD and DB Hence CD is h'hlf the diff of the internal segments 
AD and DB , V AG = BE and AB is bisected in C, GC= 
CE, and GE is the sum of AE and EB, CE is half the sum of 
the external segments AE and EB 

13 Given the sum and difference of two straight lines^ find them 

Let AB be the given sum, C the middle point of AB, and CD 

half the g.ven difference of the required lines , then by (Ex 12 
above) AD and DB are the required straight lines 

14 The lines dt awn from the angular points of an equilateral 
A to the middle points of the opposite sides, are equal 

Let ABC be an equilateral A> and D, E, F be the middle points 
■of AB, BC, CA Then in As BAF, CBD , BA=CB, and AF= 
BD, and ABAF=aCBD=A of an equilateral A> BF=CD 
So It may be shown that BF = AE 

ig If three points be taken on the sides of an equilateral Aj 
namely, one on the each side, at equal distances from the A, the lines 
joining them form a new equilateral A 

. Let D, E, F be the points taken in the sides BC, CA, AB df 
the equilateral A ABC, so that BD = CE5=AF It is required to 

6 
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shew that the A DBF is equilateral In the As FBD, DCE, .* 
FB=DC, and BD =CE, and iFBD = L DCE= L of an equilateral 
A, % FD=ED So, n may be shown that FD>=FE 

16 The equal sides BA, CA of an isosceles A BAG 
are produced beyond the vertex A to the pts E and F, 
so that AB=AP, and PB, EC are joined , shew that 
PB=EO. 

% BA«CA, AE=AF (Hvp), ,* BA + AE=CA + AF or 
EB = CF In As FCB and EBC , FC, CB=EB, BC and L FCB 
= /LEBC(1 5 ), FB-EC 

17 The mtd pfs of the sides of a square are joined Shere that 
the lesultin^ qitadnJr feral has, all its sides equal 

Let ABCD be a square E,F,G,H are the raid points of AB,BC, 
CD, UA , and EF, FG, GH, HE are joined. It is required to 
prove that EFGH has all its sides equal In As HAE and 
EBF, HA, AE=EB, BF, I.HAE« 4 .EBF (being rt Ls\ 
HE=EF (I 4 ) Similarlj EF=FG and FG=GH, EFGH has 
all Its sides equal. 

rS From C any pf in a sir line AJ3, CDtsdiarvn at rt t,s 
to A B, meciitta a described with centre A and distance AB, in 
D, and from AD, AE ts ad off^^AC , sheu that AEB is art L 

In AsBAF, DAC, ' BAa=DA, and AE=AC, and I.BAE=a 
£.DAC, •. i.BEA=/.DCA=art L 

* tg Upon the sides AB, BC and CD of a Qw ABCO, ihiec 
eqtttln fetal AJ are described, that on BC toivards the same parts 
as the rim, and those on AB, CD fou'tzrds the opposite parts Ptovc 
that the distance of the vertices of the ^s on AB, CD from that on 
BC, arc respecttvcly=sihe iioo diagonals of the (Cam Ex 
Pap 1862) 

Let P, O, Q, be the vertices of the equilateral As Then 
LPOQ=:/PCD+ Z.QCD,*=Z.PCD+APCB=^.BCD , also PC 
=>BC, and CQ=CD , . PQ=DB Again, ^.0BP=4.0BA + 

LABP=£PBCn-^.ABP=LABC, and OB=AB and BP=BC, 
.% OP=AC (I 

20 The str. lines which jom the extremities of the 
base of an isosceles a to the mid pts of the opposite 
sides, are=»one another 

In the As DBG and ECB , DB, BC=EC, CB , and Z.DBC 
«£.ECB(I 5 ), . CD=BE 

2t If the L ABC, ACB at the base of an isosceles 
A be bisected by the str hues BD, CD ; shew that DEC 
will be an isosceles A. 
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Since the i. A.BC= Z.ACIi (1 •*» /.CBD= /.BCD, and 

hence CD=BD (I 6) ? A BCD is isosceles 

32 Jti of ^ 5 i ond GJB meet at (?, prove that 

FO-^GO 

/.BFC=/.CGB, BF=CG, BG=CF, Z.BCF or LBCO 
= ACBG or Z.CBO (I 4\ / BO®CO (I 6) Also it is pro\ed 
in li 5) that BC=CF and that BO=CO, the remainder FO = 
remainder GO 

23. Two isosceles As XYZ, XTS stand on the 
same base , show thait L ZXS= /.ZYS, 10 when the As 
stand on tne oppostlc sides of the base. 

ZX«=ZY, /.ZXY^z. ZYX . SX=SY, Z.SXY= 
Z.SYX ( 1 . 5), £. 7 XY + ^SXY=LZYX lSYZ, * c 

iZXS= IZYS 

(u) When the As stand on the same side of the base. 

Because ZX«ZY, % Z.ZXY= Z.ZYX V SX=.SY, /.SXY« 
L SYX (1 5), L ZXY- L SXY == L ZYX- L SY.X, : l ZXS = 

lzys 

N. B Hence, in case second, if ZS be joined, ZS bisects the 
L XZY For n has been proved in casesccondth.it ^ZXS = 
Z.ZYS In the two As ZXS, ZYS , ZX,XS=ZY,.SY, and 
tZXS=i.ZYS, .* lXZS=*Z.YZS (I 4) 

24 The opposite iLs of a rhombus, aie bisected by 
the diagonals which join them 

Let ABCD be a rhombus and AC its diasjonal Then AC shall 
bisect /.s HAD, BCD Then.'.in the As BAC and CAD, AB=*AD, 
AC IS common and BC = CD , hence Z.BAC=/.DAC, and 
/LACli= L ADC (I. 8) , * r AC bisects / s BAD, BCD. 
Sirailarlv it niaj be sheivn tnat the diagonal BD bisects Ls 
ABC, ADC 

3 j If two art each other, the lire jotmng their pts of 
insersection, is bisected at rt L s, by the lines joinint; their centres 

Let AB (line joining their centres) cut CD in E ; then in As 
CAB, DAB, z.CAn= Z.DAB (I S) and m As CAE, DAE, CE= 
DE (I 4 ) and LCEA= LDEA=a rt L. 

26 If the opposite sides of a quadrilateral are equal, 
shew that the opposite /.s are also equal. 

Let ABCD oe a quadrilateral , join AC .and BD In the As 
ADC and ABC } AD, DCe=CB, BA ; AC is common, /lADC = 
LABC (I 8) 

27 ACB, ADR are two As on the same side of AB, such that 
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AC~BD, and AD—BC , and AD, BC intersect at O skew that 
ike A OB IS isosceles 

In the As BAD and ABC, AD=BC, AB js common, and 
BD==AC , hence lBAD= /.ABC (1 S) and . OB=OA (1 6) , 
; c A AOB IS isosceles 

28 The diagonals of a rhombus or of a square, bisect 
each other j.ly 

Let ABCD be a rhombus or a square , AC and BD the two dia- 
gonals ABD, CBD are two isosceles As on the same base BD , 
AC bisects BD J,Iv (I 8) Hence also BD bisects AC Xly 

2 g The opposite Ls of a rhombus are equal 

Let ABCD be a rhombus Join BD In As BAD, BCD , 
BA=BC, AD=CD, BD is common, LK— lC Hence 
/.ABC= /.ADC 

30 Two AS ABC, ABD on the same base AB, and 
on the opposite sides of it, are such that AC°=AD, and 
BO=BD , shew that the line jommg the points G and D 
cutsABatrt /LsinB 

In As CAB and DAB , CA=DA and AB is common, base 
BC=>baseBD, LCAE= LDAEII 8) Again m As CAE and 
DAE , CA = DA and AE is common , ^CAE =» L DAE, 
AAECs= L /lED (I 4) , and since they are adjacent As, each of 
them=a rt. A, . CD is ± to AB 

31 In a quadrilateral ABCD, AB=AD, and BO 
c^DC shew that the diagonal AC bisects each of the 
A s which it joins 

A ABC== A ADC (I 8), ABAC=LDAC, ABCA= 
ADCA 

32 In a quadrilateral ABCD, the opposite sides AD, 
BC are equal, and also the diagonals AC, BD are equal 
if AC ana BD inteisect at K, shew that each of the As 
AEIB, DKC 18 isosceles 

A ABD= A BAC (I 8), A ABD = ABAC, /. A AKB is 

isosceles (I 6) Similarly A KDC ,s isosceles 

33 Divide a given A into 4 equal parts 

Bisect the A, and then bisect the two halves of the A 

34 Find a St bne=half the enm of two given si lines, and 
one^kalf iketr difference 

Let XY and XZ be two given st lines Place XY and XZ in 
the same st line, so that they are measured in opposite directions 
from X , and bisect Y2 



[ 85 ] 


Lcl XY and XZ be placed m ihe same straight line, so that they 
are measured in the same direction from X» and bisect YZ 
jj. Dizvidt a en si i’tic into feut tqual put /«. 
litsert the st line and then bisect the halves of it 
*36 From two fi^iven pts. to draw two equal st. 
lines, whicli shall meet m tlxe same pt of n st, line given 
in position 

Let A and B the Ri^en points, and CD the pi\cn siraifjht line 
Join AB, .ind biseri it m F, ,ind fro.n F draw FE at rt Ls to AB 
mcctimi CD in C E is the point required Join AE, EB. Since 
Ar«FB, and FE 1 $ common, .md the f.<*at F ate rt. As. 
AE=EB 

This can be oihcrwicc enunciated thus — In a {jivcn st. line 
find a pt. is equidistant from two given pt<f 

X, B — When the t\to pts arc so siluatcu tint the line joining- 
them, IS X to the gi\cn Inc, the problem is impossible, unless thej 
happen to be equidistant from the line , for the line bisecting X ly 
the lint joining them would be ' 1 to the gi\en line, and would there* 
fore never meet it. 

JTrom i'JO cn'in pis on // e same side of n st tine jt/ven 
tn ppstifotiy to drtt-L itvo si tines a lift shntl meet tn ittii tine, and 
wet, equal Ls '‘o'i/i it 

Let A and B be the gutn points, and DE the line given m 
position From A, kt fall the i. \D, and produce it to C, making 
DCw AD. Join Cn, AF Then AP, PIJ will be the lines required 
V AD -DC and DP IS common, and the Zs at D are rt Is, 
A APD=» ACI’D, and Z.\ PD Z CPI) 5=thc vertically opposite 
Z BPE 

* 3 S 1 hrettclt two ^iven fits on opposite sides of a fiivet: 
st Itt.e^ dra:o two st lines^ sit/aett stuitl meet w ft at ^iven st 
and include an Z htsechd that t^svn st line 

Let AB be the given st. line, .and P. Q the given pts Draw 
PD X AB, and produce it making DE = DP Join EQ, and 
produce u to cut AB .at Ct C shall be the point required 
jonCP, then, v in the As CDP, CDE , PD«DE, DC 
IS common, c s at D arc rv I s ; and /. equal , hence z DCP 
= Z DCE (I 8j, 

X B --When the two points are so ‘•Uuated that the line join- 
ing them, is X to the given line, the problem is impossible, unless 
they happen to be equidistant from the line 

7 o find a fioini whuk IS eqmdiitaiit from the three icr- 
ticnlfiis of a X ABC 
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Bisect the sides AB and BC at D and E (I lo) , and through 
the points D and E, draw Xs, and produce them until they meet 
at F The point F is at equal distances from A, B and C Draw 
FA, FB, FC , A BFA is isosceles, and also A BFC is 
isosceles Kence it is evident that FA=FC=FB 

40 If two str lines out one another, the four 
which they make at the point where they out, are= 
fourrt L 8 (Car i.Ptop I is) 

For iAEC+ £.AED=2rt /.s(I 13), and ABED + Z.BEC= ' 
art AS (I 13), aAEC+ AED+ ABED+ ABEC= 4 rt Ls 

41 All the successive as made by any number of 
str lines meetmg at one point, are together =four rt 

AS 3 Prop 1 15) 

Let OA, OB, OC, OD which meet at O, make the succes- 
sive As AOB, BOC, COD, DOA , it is required to prove 
these As=4 rt As, produce AO to E Then A AOB-f- AD0A= 
ABOC+ A COD + A DOA= (AAOB+ ABOE) -f EOD + 

2 rt As + 2 rt As =4 rt As 

42 On a given base, describe an isosceles A, such 
that the sum of its equal sides, may be equal to a given 
str hue 

Bisect the given St line, and with the half line for the equal 
sides, describe an isosceles A on the given base ' 

43 If a str hne drawn bisectmg the vertical A of 
a A I also bisects the base , the A is isosceles 

Let CD bisect the A C, and base AB Produce CD, making 
DE = CD , join AE In the As ADE, BCD , AD = BD, 
CD=DEand aADE= ABDC (I 15), BC=AE , A DEA 
= A DCB (I 4)=AACD (hyp), AC=AE (I 6)=BC, 
ABC IS an isosceles A 

44 Construct an isosceles A, having given the base 
and the length of the x drawn from the vertex to 
the base 

Bisect AB at D Through D, draw DC X AB, making DC = 
X Join AC ana BC In As ADC, BDC , AD, DC = ED, 
DC and A ADC= £. BDC=(beingrt As), . AC— 15C (I 4),*. 
ABC IS an isosceles A on AB, having CD=X 

'^ 4 S' If any hne be drawn thiough the middle pt of the hne 
joining two given pts —any two pts in the forma hne, that are 
equidistant from the mid pt, are also equidistant from the two 
given pts 
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Let M, N be the given pts , O the mid pt of MN, and XY 
anv line through O, also let OX==OY , then will MX=NY For 
in the As OMX, ONY , the sides OX, OM, in the one, are res- 
pectively =OY, ON, in the other, and the vertical As at O are 
equal (I 15), consequently the As are everj’way equal (I 4) and 
.. MX -NY 

46 ABC ts a ^,a7tdifte L A ts bisected by a st. line which 
meets BC at D Shew that BA ts gi eater than BD^ and CA 
grcatei than CD 

Since L ADB > L CAD (I r6), and Mt => / BAD, * 

L CAD=/. BAD , hence AB is > BD (I 18). In the same 
At ay, AC may be shewn to be > CD 

47. ABOD is a quadrilateral, of which AD is its 
longest side, and BG the shortest Shew that A ABO is 
>• A ADO and a BOD > A BAD 

Join BD Now A ABD> A ADB (I IS), V AD>An and 
A CBD > A BDC (I 1 8), V CD > BC , hence A ABC > 
A ADC Similarly A BCD may be shewn to be > than A BAD 

48 Any three sides of a quadnlatei al fitture^ are together 
gt eater than the Jouiih side 

Let ABCD be a quadrilateral, join AC Then AB + BC are >■ 
AC , *. AB-t-BC + CD are > AC + CD But AC-hCD are > AD , 
• AB + BC + CD are >AD. 

49, BG, the base of an isosceles A ABO, is produced 
to any point D , shew that AD is greater than either of 
the equal sides 

*. AACB > L ADC , A ABC > A ADC, t c L ABD > 

A ADB and AD >AB or AC 

go If a st line be drawn thtough A one of the angular pts of 
a square cutting one of the opposite sides, and meeting the othet side 
produced at F Shew that AI is >• than the diagonal of the squaic. 

^For A at B IS a rt A, AACF is obtuse (I 16), and greater 
than A AFC; hence AF>AC 

51 The hypotenuse is the greatest side of a right- 
angled A 

From (I 17), It IS evident, that anv A must have at least, two 
acute As, *. the rt A ts the greatest A, and has the greatest 
side opposite to it 

52 In an obtuse-angled A> the greatest side is opposite the 
obtuse angle. 

In the A ABC, let A ABC, be obtuse Then, each of the other 
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* Ls must be acute (I 17), and /. AC must be greater than either 
of the other sides 

SS isosceles A produced both ways^ the 

exterior L s thus formed are equal 

The ZLs at the base are equal (I S), and the exterior As are the 
supplements of the As at the base , . .the exterior As are equal 

54 ABO IB a A, and the' base BO is produced both 
ways -If the extenoi A thus formed are equal, prove 
that A BAO isosceles 

the exterior As are equal, their supplements, namelv the 
As at the base, are also equal , the A is isosceles (I 6) 

55 Fiomapi outside a given st hne^ there can be di a^on to 
the St hne^ only one J. 

If possible, from C let there be drawn to the given straight 
line AB, two JLs CD, CE Then CDE is a A and the exterior 
A CEB ^interior opposite A CDE, which is impossible, since they 
are both rt As 

56 If any side of a A, is produced both ways, the 
extenor As so formed, are together greater than two 
rt AS 

Let ABC be a A, the base BC is produced both i\a%s, to 
E and D 


AABE+ AABC=2 rt As fl 13), also AACD+ A ACB = 2U As 
(I 13), hence ( aABE+ A ACD) + ( AABC -f aACB)*= 4 rt As 
But ( AABC+ aACB) <12 rt As, ( A ABE+ A ACD)>2 rt As 

57 The perimeter of a quadrilateral, is greater than 
the sum of its diagonals 

Let ABCD be a quadrilateral , AC, BD the two diagonals (AB 
+ BC)>AC fl2ol also (AD+CDl >A.C, and (BC + CD) :>BD , 
and fAB+AD)>BD , 2 (AB+BC + CD+AD)>2 (AC + BD) , 

• (AB + BC + CD+AD)XAC-»-BD) 

68 The ± IS the shortest line that can be diawn 
from a given pt to- a given str hne, and of others, 
that which is nearer to the is less than one more 
remote , and two, and only two equal str hues, can be 
drawn from the given pt to the given str hne— one on 
each side of the ± 


Let A be the given pt and BC the given indefinite sir line 
From A, let fall the X AD, and draw any other lines AF, AG, AH 

A AG , and AG than AH , 

AD shall be the least , AF <AG , and AG cAH 


X. 
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For in the at D is a rt L and consequcntlj the L 

at F IS acute ; hence AF < AD, U may be shewn that AD is 
<can\ other sir line drawn from A ; hence AD is the shortest line 

Acain, the L at D is a rt. the L AFG r> a rt. 
L and > LAGF , hence AG >• AF (I 19) In the same 
manner it mav be shewn that All ■> AG 

Lastljjfrom A there can onlj be diawn to HC, twostr lines 
equal to each other- Mahe DE^DF, and join AE; then AEs= 
AF ; and besides AE no other line can be drawn =Ar For, if 
possible, let AK=AE i c a line more leniotc is=to the ncarei to 
the J., wh'ch IS impossible, AK is not*-AE, it mav be shewn 
that no other nne but AE can be=j\F. 

69. In a qnadrilateral, if two opposite sides which 
are not f 1 are produced to meet one another ; shew that 
the perimeter of the greater of the two as so formed 
rs-the penmeter of the quadrilateral 

Let ADCD be a quanrilntcial, let AD and IlC the nou-pirallel 
sides be produced to meet in E, fortninc' a A ‘MiE Now Ali-b 
BE 4 -EA«AH (KC-fCE) + (ED -r D \)=(‘\n + »C + DA) + 
(CE+ED); but (CE + ED) is > DC, (All +IiE + E‘\) is- 
>(AIl + BC + Cr)-fDA) 

60 The sum of the distances of any pt. from the 
three /.sof a A, is greater than the semi-primeter of 
the A Prove the three cases, when the pt. is (11 tnstdc 
the A, when it is (2) ouistde^ and when it is (31 on a side 

Let O be an\ point cither tnsidt or outside A .\BC Then 
(AOj-BO) >AU, (BO + CO»nG. (CC)J-AO)^CA (I 20) 

2 (AO J-BO -r CO) •> (AB + BC CA) , {AO + BO -f CO)>half 

of (AB + BCt-CA) 

When O is cn one of the side as HC, the onl\ modification to be 
made on the foregoing proof is to substitute CO -f AO=CA, for 
(CO+AO)>CA. 

61. The sum of the diagonals of a trapezium is> 
than the sum of any four lines which can be drawn to 
the four ^s, from any pt within the dguie, except from 
the intersection of the diagonals 

Let ABCD be a^ trapezium, whose diagonals are AC, BD 
cutting each other in L • thc> are <; the sum of .mv four 
lines which can be drawn to the Ls, from any other pt \vithm 
the trapezium TaLe any point P, and join PA, PB, PD Then 
AC iscAP-i-PC , and BDcBP+PD , ,*.AC+BD are <AP+ 
PIUPC-^PD 
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62, The sum of the distances of any .pt within the 
A from its angular pt is less than tne perimeter of 
the A 

Let ADC be the A » O the point within it Then (AO + BO) 
<(BC+CA), (BO + CO)<:(CA+AB), (CO+AO)<:(AB+BC) 
(1 21), 2 (A 0 + B 0 +C 0 )<: 2 (AB+BC+CA), (AO + BO + 

CO) < (AB+BC + CA) 

63 The sum of the distances of anypt fiomthe Lrpis of a 
quadrilateral^ is '>half the perimeter of the quadrtlataal 

Let O be any pt within or outside, the quad ABCD Then 
- (OA + 0B)>AB , COB + OC)>r>C , (OC+OD)>CD , (OD 
J-OA)>DA , 2 (OA + OB + OC + OD) (AH + BC-hCD + 
DA), (0A+0B + 0C+0D):>4 (AB + BC + CD + DA) 

64 In a A, any two sides are together 2 > twice the 
str hne drawn from the vertex to the mid pt of the 
base 

Let ABC be the given A, and CM the st line joining the vertex 
to the md pt of the base % AC + CB shall be >2 CM 
Produce CM to D making MD=CM , and join BD , then in 
the AsAMC, BMD AM-BM, CM = DM and /.AMC= aBMD 
(1 15), AC = BD (I 4) Butin the A BCD, the sides DB + BC 
are >CD (I 20) and consequently AC+BC are CD or 2 CM 

65 In any A, the sum of the medians^ is less than the 
perimeter 

Let ABC be a A . AH, BK, CL the three medians Then (AB 
+ BC) p- 2 BK , iBC + CA) >2 CL , (CA + AB) >2 AH , /. 
2(AB + BC + CA)>2(AH +BK + CL), •. (AB+BC + CA) is^' 
(AH + BK + CL) 

66 Constnict a quadrilatct al^ uhose sides shall be equal to those 
of a given quadrilateral 

Let ABCD be the given quadrilateral, join AC , make A EFG, 
having EF = AB, FG=BC, GE=CA, and on EG on the other 
side from F, make A EGH, ha\ing GH=CD, and HE=AD 
Then EFGH is the required quadrilateral 

^ dy Construct a rectthneal figui e vuhose sides shall be equal 
to those of a given rectilineal figure 

Let ABCDE be the given rectilineal figure Join AD , make a 
quad FGH K, having FG«AB,GH=-BC,HK= CD, KF«DA , on 
FK on the other side from G and H, make A KLF, hating KL 
'=^DE, LF=EA Then FGHKL is the required rectilineal figure 

68 Find a pt in a given str line^ the difference of the 
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■dt*ia 7 ttes of which from two ^tvcn pis on the same side of the line 
shall be the greatest possible (Gam. Qx. Pap 1865) 

Let AB be the given st line, P and Q the given points 
Join PQ and produce it to meet AB, or AB pioduded in R Then 
shall PQ be>the difference of anv two lines drawn from P and 
Q to the same point in AB, as PD, QD For PQ + QD is>-PD , 
PQ >• the difference between PD and QD 
6g Two st lines ate di awn to the base of a ^ from the veitex^ 
one bisecting the vertical L , and the othei bisecting the base Prove 
that the latter is the greater of the two si lines 

Let ABC be a A, having side AC > AB Let AD, the 
Bisector of L BAC, meet BC in D, and let AE bisect BC in E 
From AC, cut off AF=AB and join FD Then * * AB=AF and 
AD is common, arid lBAD=Z.FAD, i.ADF=LADB, and 
Z.ADE>/ADB, /.ADE>LAED, ' AE:>AD 

70 On a given bfese AB, describe a A "wbose 
remaming sides shall be = two given str. hnes X, and 
T. Point out how the construction fails, if, any one of 
the three given hues, is greater than the sum of the 
other two. 

With A as centre, and a radius=X, describe a CFM , with 
B as centre and a radius =Y, describe a C CEM intersecting the 
0 at C and M Then ABC (or ABM) shall be the A required 
N B The construction fails, when any one of the three given 
straight' lines, is greater than the sum of the other two (I 20) Cf 
Notes on I 22 , Pt I 

71 If one L of a ^ is=the sum of the other two, the A can 
be divided into two isosceles ^s 

Let L C of the A ABC, be = the sum of the other two As 
At the pt C make L BCD = L CBD (I 23) and *. BD = CD 
(I. 6) ,/ e, the A BCD is isosceles Hence L ACB = L ABC+ 
ACAB, and A BCD= A CBD , hence A ACD= ACAD and .* 
AD = CD (I 6) ,i e , the A ACD is isosceles * 

72 If the lC of a 17= the sum of the Ls A and B, the side 

AB is<=^twice the st line joining C to the mid pt of AB 

This follows directly from the pieceding exercise 

73 ABO IS a Ai in which the vertical a BAG is 
bisected by the st line AX . from B draw BD ± to AX, 
and produce it to meet AO or AO produced in B , shew 
thatBD=DB 

In As ADE, ADB , A EAD = A BAD, A ADE = a rt. A 
■= A ADB, and AD is common, DE = DB (I 26) 
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74 Any point on the bisector of an L ,ib equidistant 
from the arms of the angle 

Let X be any pt on the bisector of the L BAG , XM and 
XN JLs on AB and AC Then in the As AXM, AXN , LXAM=» 
L XAN, L M = a rt angle *=• L N , side XA is common XM 
= XN (I 26) 

75 If BX ,and OY, the bisectors of the Lsatthe 
base BO of an isosceles A ABO, meet the opposite 
Bides in X and Y shew that the A YBC= AXOB 

In As YBC, XCB , /. B « Z. C , Z. BCY « L CBX , side 
BC in common, A YBC is identically = A XCB (I 26) 

76 In a given st hne, to find a point equally dis- 
tant from two given st lines In what case is this 
impossible ^ 

When the lines form a A ABC, draw AD bisecting the L A 
opposite to the side BC, in which the point is to be found Draw 
DE, DF ±s to AC, AB respectively Then v Z. A is bisected, 
L E=Z.F“art z., and AD is common to As AED, AFD , 
•% they are = in every respect (I 26) , DE = DF 

If all the positions of these lines be considered, it will be seen 
that the problem fails— when the lines are ||l and at unequal 
distances 

77 Through a given pt draw a str hne such that 
the ±s on it from two given pts —may be on opposite 
sides of it and equal to each other 

Let B, C be the points, from which J.sare to be drawn to a 
line through A (another given point) Join BC, through its middle 
point D, draw ADN, and drop the JLs BM, CN on it Then BN, 
CN shall be equal For, in the As BMD, CND, the Z-S at D 
are equal (I 15), theZ.s at M, N are rt Z.s, and BD«DC , hence 
BM == CN (I 26) 

78 Construct a A, having given the base, one of 
the Z.B at the base, and the sum of the other two 
sides 

Take BC = the given base , at B make _ CBD = the 
given L , cut off BD “ the sum of the other sides , join CD, and 
at C, make L DCA — L BDC Let CA meet BD at A Then ABC is 
the required A Since L ACD = L ADC, /AC^AD (I 6) , \ 
^ BA+AC = BD = the given sum of 'sides 

Given /vjo Ls of a A, nnd the side adjace^ii to them , 
consif act the A 

Let AB be the given side. At A make L CAB = one of the 
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gives Ls. AtBfBake 1 DBA— tie ether gives £. ; AC and 
3 D being esaws. so as to lie os the satas s^de cf AB- Tbss 
AC. BD if proccceOj meet in some poict r- Hence ABE. trill 
be the reqc’red A* 

80. la a A ABG, the vertex A is joined to X, the 
laid- pt of the base; shetr that l AXB is obtuse 
or acuta, according as AB is greater than or less 
rriari AfS 

First, let 3 A>AC : ns t^o \b .AXB and .AXC ; sices AX. 
XB=AX. XC ; base .AC>aase AC ; 1 .AXBt> £.AXC ( 1 . 25). 
Bn: £.AXB— £.AXC=»2 rt. ^.s^I. 13}. of rrh^ch is greater 
teas tee cfreri L -AXB is cHuze. 

Stccriij, Let AC t> .AB : *. L. -AXC>-L AXB 23). beace 
L AXB is aasU. 

81- Oonstmest a A— having given the base, an L at 
the base, and the diScreace of the orher trK'o side& 

Take BC=tfee given base : at B make L CBD=the given L 
(L 23) ; cit oS" BD=tne cide'encsof the other sides: jo^ CD, 
aad at C. make L DCA=n:e scpplemest of L BDC- Let C.A 
meetUD orodcced at .A Then ABC "s the reqnlredA* SuceL-ACD 
= L ADC; AC « AD (i. 6): /. BA— .AC = BD = given 
■ctferenceof ?de& 

82. The diagonals of a rhombus aire unequal. 

Let XAYZ be a rbombes : let L -AXZo L XAY. In As 
X.AZ.X.AY: s»des X.A XZ= X.A .AY: L AXZr> L XAY, /. 
A 2 >XY. (i ui>. 

cj, Jfis fhsnzddiipcijzt of thz coze BC cn tsoscolcs A 
ABC, cird -V £r s ft, in AC Xcra' tnat tne izpirzncs tsirzszn MB 
arc ALiV is iesz itan that tetzzzzn AB and AM, 

5 IB— ?.:X=MG— ?ZX. and less than CX fEs. 7.?. 3S Test) 

is, less than AC — ^.AX i. &- less than .AB— AAC. 

846- if a st. line meer tvo or more 'I sir. lines, 
«nd is A to one of them : it is also A to aS the others. 

Let .AB. CD be the I str. lines. Drarr any Ijse EFG A DC 
tneeting A 3 in F. Then EFG is also A AB. Since AB is , I DC..*. 
Lt-FSss £.FED=a m £. (L 25}. hence EF is A -AB. 

85. If tvTo str. lines A and B are respec t! v e lj {1 to 
■two others C and D ; shew that the inclination of A to 
B is = that of G to D. 

PiocncE 3 and C to meet, if necessary, at G ; then L AEB 
= £. EGF= I. GFD (I. 20, 
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86 Any st hno drawn 111 to the base of an isoscelea 
A, makes equal L ’3 with the sides 

Let AHC be an iso«;ccIc*: Ai and DL {'I to its baselJC Tlie 
/.s ADL, ALD, shall be equal Tor L ADL « L ABC (1 29) 
= L ACB (1 5)= L Ann 

\ similar proof s\ill applv. when the Jl ems the sides, when ihcv 
arc produced throujjh the \ cricx 

87 Piom agivon pt. C, draw a sir lino CD that 
shall make with a given str line AB, an A « a given 
lM 

Throuah C draw CK !3 to Ml (1 31) \i tliept C in EC, make 
L ECU = L M Let CD meet Ml in D. Now L ECD=s 
ACOA, i.Cl)\<=Z.M 

88 If the str line which bisects an oxtonoi 4 . of a 
A IS ill to the base , show that the A is isosceles 

Let the str Imc AE, biscrtinf the csterior L D \C of the A 
ABC, be 111 to Its Hasc lie Then A ABC shall be isosceles For 
L CBA--= lTJAE (I 29I" /. E\C {H>p )= £-AClJ (1 29), hence 
AC=^ll (I 6), re A ABC is isosceles 

89 If from any pt in the bisector of an L, a str 
hne is drawn 1 1 to eitboi arm of an L —the A thus 
formed, is isosceles 

O IS an\ point on BD, the bisector of L ABC, and OX is drawn 
IIIAB Now L OtiX^ L ABO BOX {\ cq) , BX=*OX 

90 Fi cm X, a point in the base BC of an isosceles 

A ABC, a str line is drawn at 1 1 ' s to the base 

cutting AB in Y. and OA produced in Z , show that 
A AYZ is isoscelea 

L YBX+L B\V+ L XYB = 2 rt / s (1 32!= L CZX + 
4. ZXC + XCZ (1 32), but L YUX = L ACB or 4 XCZ 
(for A ABC IS isosceles) and 4 . BXY = L ZXC=sa rt ' , .% 
L X YB - L CZX, but L XYB = L AYZ. LZ^L^, AZ = A Y . 

A AA'Z is isosceles 

pr If iht. alle) note exirctniltes of txvo equal and ^ $f Imcs be 
joined^ the connrctins' lines, bisect lach othet 

Let MN, KL, be two equal and HI lines, then ML and KX, 
joininq their alternate c\trcmitics, bisect each other in O In As 
MON, KOL, the vertical 4. s at O are equal (I 15), the alternate 
4.S at M and L arc equal, and KLt=MN, *. the As are equal ih 
cverj' respect (1 26), and conscquentlj , OK = ON, and OL =OM 
t c ML and KN are bisected in O 
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gs Through a irtven point, to diawa sf line that shall be 
equally inclined to two given st lines 

Let AB, AC, be two given st lines, and P a given point , it is 
reqd to draw from P a st line PC, making equal Ls with AB and 
AC Produce CA to F, and bisect L BAF bv AG, and from P 
draw PC 1)1 AG Then PC is the reqd line Since AG and 
PC are |I 1 the extenor L FAG = the interior and opposite 
LACP(I 29), lGAB= LABC.as theyare alternate Ls, butZ.FAG 
— iGAB (constr ), L ACP=-Z.ABC 

WTien the point lies between the given st lines, or is situated 
in one of them, it is e\ ident that the same method of solution 
applies 

93. If two sides of a A are unequal, and if from 
their pomt of intersection, three st lines are drawn 
namely, the bisector of the vertical l , the median, and 
the ± to the base , the fiist is intermediate in position 
and magmtude to the other two 

Let ABC be a A, Jind from A, let there be drawn AD J.BC, AE 
I bisecting LB^C, and AF bisecting BC it is required to proie 
that AE lies between AD and AF If AB=AC, the three straight 
lines AD, AE, AF coincide 

Since, the sides are unequal, let AB>\C, so that L Be lC 
(I 18) Then L B'\D the complement of L li L CAD the 
complement of i. C (I 32), * AE the bisector of Z.A will lie 
between AD and AB From AB cut off AH=AC ,join HE. 
Then in As HAE, EAC;AH = AC (con^;, AE common, and 
LHAE= /_EAC (Hvp) , .. HE=iEC , /_AHE= Z.ACE (I. 4). 
But L ACE or lACD is the complement of L CAD , LACE 
IS acute , Its equal L AHE is also aaite , hence L BHE is 
obtuse (I 13), *, BE > HE or EC , AF (the median), lies 
between AE (the bisector of L A) and AB (the greater side) 

Again AE (the hypotenuse of A ADE) > AD , and in A 
AEF, lAEF \b obtuse { v being extenor L of A ADE, LAEF> 
L ADE ( 1 . 16), and L ADE=a it L and L.AFE acute, .‘.AF^- 
AE (I 19) 1 Thus AE is intermediate m magnitude and position 
to AD and AF 

94. A st hue draym between two fjls and terminat- 
ed by them, is bisected Shew that any other st line 
passing through the mid pt and termmated by the 
Ills is also bisected at that point 

Let BD be the st line terminated by the ||ls AB, CE) Throu'>-h 
Its mid pt E, let AEC be drawn terminated by the ||ls , AC shall 
be bisected at E. 
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In the is AEB and CED, iBAE - iECD (I 29), iAEB- 
^CED (I is), BE = ED (hyp ) , hence AE=CE (I 26) 

95 If through apt equidistant from two l|lhnes, 
-two st hues are drawn cutting the l|ls, the portions of 
the latter thus intercepted— are equal 

Let the st lines AB, CD be ||ls , and E a pt equidistant from 
them Tlirough E draw the lines LER, PEQ Then LP shall be=s 
•QR Diaw MEN at rt / s to the Ills In the As LME, 
RNE, L MLE = L ERN (I 29I, L LEM = L REN (I 15), 
and ME = EN (hyp), hence LM == RN (I 26) For similar 
reasons, PM = QN Hence (LM + MP) = (RN + NQ) or 
LP = QR 

g 6 Consirttct dn isosceles A of ^vcn alitiude^ whose sides 
shall pass through two given pis and have its base on a given 
si line 

Let FG be the given st line and D, E, be the pts Dratv NL ||l 
to FG and at a distance = the given altitude of the A (I 31) 
dnNL, find apt C such that DC, EC make equal As with NL 
Produce CD, CE to meet FG in A, B respectively Then ABC is 
the required A For us verte\ C being m NL, its altitude is of 
given magnitude , also the sides CA, CB pass through the given 
pts D, E, and its base is on the given st line F(^ And, 
/.NCAss A CAB, aLCB= A CBA (I 29), and equal to each other 
•(const), A CAB= A CBA , hence A ABC is isosceles (I 6) 

07 Trisect a rt angle , 

Let FAB be rt A*. Take any distance AB, and on AB describe 
an equilateral A ABC (I. i), bisect A CAB by AH (I 9) Then 
A CAB is=one-third of two rt As or=two-thirds of one rt 
A (I 32) , aFAC= a CAH= a HAB=s one-third of a right 
angle 

98 Trisect a given finite straight hue 

Let AB be the given st line On it describe an equil A ABC 
(I I) , bisect As CAB, CBA by AD, BD meeting in D (I 9) and' 
•draw DE, DF ||1 to CA and CB* respectively Then AB shall be 
trisected in E and F • • ED is \\\ to AC , A EDA = ADAC == 
ADAE , •. AE=ED For similar reasons, DF=FB But DE 
being III to CA and DF ||l to CB, the A DEF= A CAB, ADFE « 

A CBA, and / AEDFc= aAC^B and hence the A EDF iS equi- 
angular and hence equilateral, *. DE=EF=FD, and hence AE^^ 
EF=*FB , AB is tnsected 

ABCD is a square and E a point in BCj str line EF is 
Arawn at rt Ls to A Ej and meets the sir line^ which bisects the 
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L M-iVcn CP nCfrfAt^fd tr t fc ni F. Proi: Fuji AF^^ 

FF, (Cam. Ex. Pap 1870 ) 

lake in An..-! oiri nX^-BE, *1110 .-kX^J-C Then L FEC 
•r i,AEB=a rt. 1 =~~ :. AEU 4 - \E. .* L rEC« t X \E, aUo 

i AX£= L XiJi: -f L XI:B ^ZoT rr. A = L ECP. Sjticc L PEC* 
L X.AE,Brd lECf « AAXE.nnt' AX-=KC; PE-AE fl.r 6 ). 

/tV :;t~(nfis,iir,tu i\osi I !\j, fcrtrjtti; '.Aik a 

•si l:iscT,s,ivtn sn f (^stiton, ttfttytttniFfit/ i. (Cam. Ex. Pap. 1853*) 

Let A. U be the ptj ana Uic Lnc Draw A(- ACH ; n.'ikc 
i.CAX»J of .1 rt. L- Then 1 CX of a rt L Dmn 1 >E 

BC. make L EDK=-3ofa rt , , l oFX« 2 of i rt Z,. 

A A FOX la an c<ju’Jatcral A 

/or // AFC (/ tj A, in a h.J. L is o ri Li s’ «***’ I or.* io drtxw 
t si. ii'sc } tc a ci^rn si itn. jc> its fo t/- i/rt sm/rd t} CA oro Cl» 
nuif kts/rJ/si f r A /j (Cam. Ex Pap 1861.) 

I ei EK b- the gnen sir-*. »rt hne Oratr El’ ! CB, making an 
rruit / t.'ilh EF Make /.'vCB Z.EFB. CX pjcetmg .\Bin X. 
Dran QXM i EF Then £.XCM= ^EFP=^ kXMC ; CM- 
XM Also QCX "•‘complcincni of L XCM ’^comp^cment of 
L SMC‘» L CQ\. < 2 X*-NC-XM 

*/nT To hs(J a ( 3 '*, t St. line 01 own frcri n fctt.i in cue 

rf ■'Is sides 

Let ABCO be 1 | 3 m, and J* a gnen pi. tn AB iJrate the 
<i*3ajeter lil), t h co btscct« ihc Qn Bisect I)D in F, jom rr> 
anti p'odiKc It to meet DC m L . PE bisects the Qm Since 
L I'HD— ' BDK.?nd the tc'tic.ilh* oppoMte Lsat F .ire equal 
and nF = FD, .*. A I'Bl A P-FF. But a ABD = a BDC, 
.% .kl’lDc'BFEC, and to the-.c cqails, adding the equal A*^ IJFE, 
I’Eii, the figure .M’EDsal'ECB ; .mu AC j* b’aectcd h> PE. 

103 If from anypt in the diagonal for diagonal 
produced), of a Qm, str lines be dr&vm to the opposite 
C.S, they -wOl cut off equal As. 

From ?nv point E in .AC, the uiniional of the AIJCD, Jet 
hnes EU, ED be dmvm 1 hen A A BE shall be--’ A AED . also A 
BEC, shill be« A CED Tira^t the d1.140n.1i BD intersecting .AC 
in F. The bases BF, i*D br*ng equal, the As BF \, Dr\ as ilso 
the As UFE, DTE ire cqu,il J 38) . hence As B.AE, DIE 
-ire equal And A ABC being « A MIC, the As BEC, DEC 
,1-c also equal (Cf Tevl BoOh, P, 110, E\. ti.) 

^104- Given the base, dilTerence of sides, and diflfer- 
■OTCO of the base ls; construct the A (C/. Tt.vf, p /oS^ 
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Let BC be the gnenbase, diaw CE making the L BCE=^ 
the gnen difference of base '*s, and from the centie B, at distance- 
—to the given difference of sides, describe a C) cutting CE m I> 
and E , join BD, and produce it to A Draw CA making L DCA 
= ^CDA, and meeting BD produced in A Then ^BC is the 
required A ForAD«=AC (I 6 ), • AADC=Z-ACD Nov\ 

Z.ACB-/. ABC-CZ. ACD+ /. DCB)- aABC-(^ADC+ 
LDCB)-a ABCt=s/.ABC-*-LDCB+ aDCB- /.ABC(1 32)= 
2ADCB 01 2 £.BCE, Z-DCB is halt the diffeience of the base* 
Z.S ACB, ABC , and BD is the difference of the sides , A ABC 
has the gnen base, given difference of sides, and gnen difference 
of base angles ^ ' 

105. Given the base, sum of the sides, and differ- 
ence of the base Ls construct the A 

Let BC be the gnen base Diaw CE, making the L .BCE^^ 
half the gi\en difierence of base Ls, and draw CF X to CE 
Fiom B as centre, and radiU5=the given sum of the sides, desciibe 
aOcutting CF in F Bisect DF in A, and join AC Then ABC 
is the requiied Aj for DA=AC*=AF 

108 The two As formed bv drawing st lines from, 
any point within a Qm, to the extremities of two 
opposite sides, are together^half of the Qm {/Cf Text 
Bk Paze Ex 4) 

Let P be an\ point within the Qm ABCD, fiom which let lines 
PA, PD, PB, PC be drawn to the extremities of the opposite sides 
The As PAD, PBC are the j^m , as also the As APB, DPC 
Through P draw EPF HI AD or BC then A APD is = ^ of 
AEFD, and BPC is-J of BEFC, (I 41) , As APD, BPC are 
together— 4 of ABCD So, if a line be drawn through P, ||I AB 01 
DC, It may be shewn that As APB, DPC are togethei^4 of 
ABCD 

"^107 In a rt l A a, the middle point of the 
hypotenuse, is eqmdistant from the three angles , and 
conversely 

In rt L d A ACB let O be the middle pt of the hypotenuse 
AB Draw ON ||1 to BC, to meet AC in N Join CO 

Since O IS the middle pt of AB and OX is 1|1 to BC, N is 
the middle pt of AC, (Ex x p g6, Texi) And Ls ,at N being 
Tt Ls, A ONC «A ONA , henccj 0Cs=0A=0B 

Converse If in a A ABC, pt O in AB is such that OA^OB. 
=OC Then L ACB shall bea it L 
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Kov L OAC* Z.OCA and L OBC= L OCB <foi OA« 
OB==OC), .*. /LACB=»^ CAB+Z.CBA, .* /.ACB=art L 
(I 42 Cor). 

loS Each of the base Ls of an isosceles the cr tenor 
vertical L> 

The cxtenoi \ertical L is=-the sum of the base is. But the 
base is are equal, ' each of them, is half of the exterior 
\ertical i 

^^109. In art id A, if a Xb© drawn from the rt. L 
to the hyp , the As on each side of it, are equiangular 
tothe whole A, and to one another (i/ VI S) 

Let ABC be a rt id AjhaMUg i BAC a rt L and from A 
let AO be drawn X to BC* Then must As DBA, DAC be 
equiangular to A ABC, and to each other 

Since It L BDA=rt l. BAC, and i ABD*=i CBA, 
i DAB= L ACB (I 32), *. A DBA is equiangular to A ABC 
So, it may be shewn that A DAC is equiangular to A ABC, 
they are equiangular to one another 

110 Iftwost. hnes are jLs to two other st lines, 
each to each, the acute i between the first pair is— the 
acute L between the second pair 
Let AB, AD be respectively Xs to CB, CD 
Inthetwo AsAEB,CED, iAEB=iCED(l 15), iABE = 
art i = iCUE, i BCD = i BAD ( 1 . 32) 

The atea of a A that of the tcctan^le ttnde> an 
altitude and its con espondtn^ base 

Let AN be an altitude of A ABC Draw BP, CQ ||I AN , and 
PAQ 111 BC Then A ABC =4 rect. PBCQ«=»i rect undei AN, 
BC ' And similarly for either of the other altitudes. 

112 Construct a rt id A • having given the hypo- 
tenuse and the difierence of the sides 

Take any str line terminated at A, and make ABi=diff 
of the sides. Produce AB, and at B make i CBP=^ a rt 
i, and with centre A, and radius = the hypotenuse, describe 
a 0 cutting BP at P From P let fall the X PM on AC, and 
join AP ; then APM shall be the A required 

For m the ABMP, iBMP is a rt i, and i MBP=half a rt 
i, hence iBPM is=i a rt i. (I 32), and .*. PMe=BM (I 6) 
Now since PM=BM, * the difference of AM, MP is=AB, the 
given difference of the sides , ^ > - 

•113. Construct a rt. id A.havinggiventheperi- 
metei*, and the acute i. ' ^ 
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‘Let AB be the given perimeter of the A to be constructed At 
A make /. ABC=i the given acute i, and at B make/, J its 

complement At C (where AC, BC meet), draw CD making 
/.ACD« LCAD, and CE making xBCEs= ICBE (1 23) Then • 
CDE shall be the required A 

For L CDE*= ^DAC + L ACD (I 32), and equal to the 
given L Similarly it can be shewn that L CED is its complement 

L DCE IS a rt L (I 32) Again, since CD— AD (I 6) 

, CD+ DE + ECs=AB, the given penmeter 

114 If iJie sides of art equilateral and equiauf^uiari^&xtOi^OU 
be produced to meet ^ the Ls formed by these si lines are together^ 
2ri i^s ^ 

Let ABCDE be an equilateral and equiangular pentagon ^ and 
let the sides be produced to meet m F, G, H, 1 , K , the angles at 
these points are together = 2' rt ^s 

For since LBCG is exterior ^ of the A FCI, itis*=£,sat 
F and I For the same reason the L CBG = Ls at K and H ; 
and \ the at F, G, H, I, K, are=the ihiee L% of the A BCG, 

1 € «=two ll Ls 

* 7/5 If ihe udes of an equilateral and hexagon 

be produced to vieet^ the Ls formed by these st hnes^ are together ^ 
fOMV rt Ls 

Let ABCDEF be an equilateral and equiangular hexagon , and 
let the sides be produced to meet in G, H, I, K, L, M , the Lsat 
these points are together «4 rt Ls 

For GLl being a A> the Ls at G,I,L, are together «3 rt Ls , 
*md for the same reason, the Ls at are together =2 rt 

Ls ; the SIX L s are** 4 rt L s 

116 The difference of the ls at the base of any A» 

IS double the l contained by a^hnedrawn from the 
vertex, J.r to the base, and another bisecting the L at 
the vertex 

From B the vertex of the A ABC, let BE be drawn ± to the 
base, and BD bisecting L ABC, the difference of the Ls B \C,BCA 
15=2 lEDB The L BAC«=diff of the Ls BEC and ABE, te 
of a rt L and L ABE (I 32) Also L BCA=the diff of a ru 
L and L EBC, the diff of the Ls BAC and BCA^the diff 
of the Ls ABE and EBC, te (since L ABD= L DBC) = 

2 X EBD* 

117* If from one of the equal La of an isos A, 
any hne toe drawn to the opposite side, , and from the 
same pt a line be drawn to the opposite side^produced, 
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so that the part intercepted between them may be = to 
the former , the L contained by the side of the A and 
the first drawn hne, is double of the l contained by 
the base and the latter. 

Let ABC be an jsos A* having the side AB= AC From B 
draw any st line BD, and also BE cutting offDE = DB • L ABD 
is=2 L CBE For L DCB is=the two Ls DEB, CBE, t e 
is=the two i.s DBE, CBE or= Z.DBC and 2 L CBE , but 
L DCB = L ABC, •. L ABC = L DEC and 2 L CBE, and 
taking away L DBC, (which is common to both), L ABD = 
2 L CBE 

118 Through two given pts , draw two str hnes 
forming with a str hne, given in position, an equi- 
lateral A 

Let A, B be the given pts and CD a st line given in position 
In CD, take any st line DE, and on it, describe an equilateral A DEF 
(I 1) Through A, B draw GAC, GBH HI to EF, DF (I 31) 
Then CGH shall be the A reqd Foi L GCH=Z. FED, and 
Z. GKC = L EDF (I 29), lCGH=Z.EFD (I. 32) The 
A CGH being equiangular, is equilateral 

119 From a given pt , it is required to draw two 
||1 st lines, two equal st hnes, at rt. /.s to each 
other 


Let A, be given pt without^ and FG, BH the given Hist 
lines From A draw AC ± to the Ills In BJ take BC=AD, and 
m DG take DE=AC Join AB, AE Then AB, AE shall be the 
lines required For in Ai> ACB and ^DE, BC = AD, AC=DE, 
and L ACB= L ADE=a rt L , hence AB = AE, and L CBA 
== L DAE (I 4) Now since L DAF = L CBA and *. adding 
L BAC to these equals, L BAE is=the Z.s BAC, ABC But the 
Ls BAC, ABC are=one rt L (I 32) , L BAE is also 
a rt L 

t 

120 AB and CD are two st lines intersecting, at D, 
and the ad;)acent £s so formed, are bisected , if through 
any pt X in DO, a st line YXZ be drawn || 1 to AB and 
meeting the bisectors in Y and Z , shew that XY=XZ. 

Now L XZD=tilt /.ZDB (I 29)= iZDX , ZX=DX. So 
L XYD= L YDA (I 29)= L YDX , YX=XD , XY=XZ 

' I2I. AB IS the hypotenuse of art d ABC ^ find a point 
_Din AB, such that DB may be=the JL fiom D on AC 

^ bv'BE meeting AC at E, and thiough E, draw 
ED 111 to BC Then D shall be the pt. leqd For Z.AED= /.BCE 
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( 1 . 29)=a It L , hence DE is at rt Ls to AC Also since, £.D£E 
= /.EBC (I 29)= L EBD (const ), hence BD=DE (I 6). 

122 ABC IS an isos. A , find pts, D and B in the 
equal sides AB, AO, such that BD=DB=JB50 

From (E\ i2i),DE = BD Again, since ABs^ AC, and AD =AE 
,I 6), fori.ADE= /. AED (E\ 86), henceBD=EC But DB=DE 
(E\ 121), •• BD = DE=EC 

123 If one z. of a cDin, is a rt i , all its L s are rt 

Let ABCD he a om Since the adjacent Z. s A and B are 
logether=two rt Ls (I 29), if one of them is a rt L (Hyp ), the 
other must also be a it L , and the Ls C and D are rt. Ls, be- 
ings their opposite L % \ and B (I 34) 

124 If the opposite sides of a quadrilateral are 
equal, the figure is a 0 in ( See notes on Pi op I 34 .) 

125 If the opposite is of a quadrilateral are 
equal , the fignire is aQm ( iiee notes on Pi op 1 34 ) 

126 If the diagonals of a quadrilateral bisect each 
other , the figure is a Om ( tsce notes on Prop I 34 ) 

127 The QD ABE has all its sides equal and one L 
=art L , prove that aU its i.sarert lb 

The opposite sides AB and DE are ||I, and they aie met by the 
'me AD, . Ls A and D are together =t\vo rt Ls (I 29) , 
but i A IS a rt L, L D is a rt L And *. in the am 
D\BE, the Ls E and B are respectively opposite to L A and 
LD, which are It Ls, L E and L B, arert Ls , and all 
the ^s of the a DABE are rt Ls 

128 The diagonals of a nnt> bisect each other 

Let ABCD be a Qm, and AC, BD its diagonals , AC, BD shall 
bisect each other For, in the As AEB and DEC, Z.ABE= 
LEDC (1 29I, and L AEB= /.DEC (1 15), and \B=CD, hence 
AF = EC and BE = ED (I 36) 

129 If the str hne joining two opposite z. s of a 
□m, bisect the lb , the figure is a rhombus. Or, If two 
opposite c 8 of a Qm, are bisected by the magonal ' 
which joms them, the figure is equilateral 

Let ABCD be a cam, and AC the line joining its opposite Ls 
If AC bisect the Ls at A and C, then ABCD shall be a rhombus.' 

V L BAD= lBCD and AC bisects them, .% Z.BAC= lBCA, 
AB=BC (I 6 ) But AB=CD and BCssAD , .% AB=BC«CD-= 

DA Hence ABCD is a rhombus 
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^130 Cousract an isos, rt i. d A. having U) 

the sum of the hypotenuse and side , (2) their difference 

‘ t) Take CD e=ihc sum of the hvpolenuse and one side From 
D in DC, draw DU makmg i CDB®=J of a rt. and meeting 
iCB (the J. from C to l)C) m 15 Draw B.*\ mak*ng L DBA = 
/LADB Then .ABC is the A reqd For L CAB= L ADB + 
L .ADD (I. 3=) =2 L \DB, = 3 a nght angle (const); 

L. CB.A— iart L (I. 32'. the L C being rt Z.. Hence C.A— CB 
< 1 . 6). and'DA- .AB, also C \ +• .AB= DC 

(2) TakeCEssthe gt\en difi' Draw EB making the i. CEB 
=)ofart z. . and meeiine the J. CH in B; draw BY making 
L EIiAe= L AEB and meeting EC produced in .A . then ABC is 
The A reqd. For L AEU= L ABE (const), . .AB« .AE. 
Hence CE is the difference of the hvpotenusc .AB and a side AC, 
also L s AEB, ABE are eache=J of a rt Z., ", L B.AC = 4 a 
rt. Z. ( I. 32) , . L ABC=: I a rt. i, and .AC = BC (I. 5) 

131. ABOD is a rhombus , and the diagonal AC is 
bisected at O If O is joined to the angular pts B and 
D : shet?^ that OB and OD are in one st line 

*• ABCD IS a rhombus BA-BC, 1 B.AC = Z. BC.A 
<I 5), .AO = CO in A 5 BAO and CBO, sides BA, AO >=BC, 
CO and L BAO = L BCO L BO.A = L BOC = a rt L. 
Simiiarly m the A s .ADO and CDO, L AOD = L COD (I a)= 
a rt. Z., .AOB + L AOD = 2 rt Z.S, OB and OD are m 

stmight line (I 14) 

132. In fig I 9, shew that the bisector of l BAG, 
bisects the z. DFJB 

.AD =AE (const i DF =1'!) being sides of an equilateral A» 
AF IS common; *. .AF. FDs=-AF FE, and base .AD “ base -AE 

L ArD= AFE (I. 8), ; l DFE is bisected by AF. 

133. The st hne which bisects the vertical L of an 
3SOS A, also bisects the base 

Let B.AC be a A , .AD bisects the L BAC, so that L BAD = 
Z. CAD In As B.AO, CAD ; B\=CA, Al) is common, L B.AD 
= Z. C.AD ; BD = CD (I 4); thus AD bisects BC. 

134. Pts. D and B in the base BO of an isos, A AOC, 
are equidistant from its extremities, i. e BD = CB 
Shew that AD «= AB 

In AsABD, .ace, DB, BA = EC, CY, and l DBA - 
L EC.\, /, AD =EA(I. 4) 

135 XY2 is an isos. A* having XY = X2, and the 
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£ at Y and Z are bisected by str lines which meet at 
P Tptove that PX bisects the L YXZ 

L PYZ - i XVZ-^ XZY = L PZY, • PY = PZ (L 6) ^ 
LXYP = L XZP In AS X^Pand XZ1% XY == XZ, XP is 
c6mmon and PY = PZ, L ^XP = L ZXP (I S), t c XI> 
bisects L YXP 

136 In A ABO, if AC is not > AB, shew that any 
st hne AM drawn throusrh the vertex A, and terminat- 
ed by the bcise BC, is <: AB 

Suppose AC IS not > AB, hence AC is either < AB or AC = 
AB It IS to bepro\bd that, in both cases AM AB 

[Case]) Here ACcAB, . /. ACB> A ABC But L AMR 

> L ACM (I i6), L AMB is much more L ABM of 
/.ABC, •. AB>Aj\I 

{Case II) If AC = AB, • L ACB = L ABC (I 5), A AMR 

> 1 ACM and /. L AMB > L ABM AB > AM 

*rj7 Given aft ami tin east hncS^ two of s.vktch at ^ to 
find a pi in each of the ||/j, that shall be equidistant from the ztx*en 
pt y ami such that the st hne joimnet ihem^ shall be \\l to the othci^ 
si hne 

Let AB, CD, AE, be the 3 st lines, of which the first two are 
)|1, and let P be the gi\en pt , it is reqd to find points B and C 
such that BC may be |11 AE, and that PB ma\ =PC From P 
draw PE J_ AE, meeting CD in D and AB at F , bisect DF in 
O, draw COB HI AE , then B and C are the reqd pts Join PB- 
and PC , then in 2 As BOF, COD 0D = 0F (const), the ts 
at O are equal (I 15), and L BFO— L CDO (I 29% the As 
are ever)’' wav equal, and CO = OB , again L C0D= L AEF 
(I 29), and the at E are rt z.s (const ) , hence L COD and 
L BOD are rt Ls and equal (I 13) , also CO«OB, and OP 
IS common to the 2 As POB, POC , the As are e\crv wa% 
equal (I 4J , hence PB = PC The points B, C, are . equidistint 
from P, and the line BC joining them, is || I AE 

*138 The line joining the mid pts of two sides of a 
A, IS II 1 to the base and » to the half of it 

(See p 96,* E\ 2 Text ) 

* 139 The quad ^ formed byjoinmg the successive* 
mid pts of the sides of a given quad^, is a Qm 

Let ABCD be an> quad^ and EH, HG, GF, FE, lines joining 
the successive mid pts of its sides , then shall FGHE be a C3m^ 
For let Ac, DB be the diagonals of the guen fig Xow feH isi 
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til AC (E\ 138) the base of the S ACD So FG is jj! AC (Ex 38) 
Hence FG and EH are ||ls (I 30I, and for a similar reason EF 
and GH are ||1 (I 30) Hence EFGH is am 

140 ABC IS a A, in which OB, OO bisect the / s 
ABO, ACB, respectively , shew that, if AB is > AO, 

then OB is > OO 

Since AB^AC, *. /.ACB^-^lABC (I 18), Z.OCB is> 
ii.OBC (being their halves) , * OB is >OC 

141 If the st lines bisecting the ' s at the base of 
an iscs A, be produced to meet , they will contain ari l 
=an exterior l of the A 

Let BE, CE, bisect the Ls at the base of the isos A ABC, 
meet at E. The L BEC shall be= the exterior 'ACD. For 
Z.ECD=1CBE+ /.BEC (I32), and lECD=z.ACE+ Z.ACD, 
and L ACE = LCBE being halves of the Ls at the base of an 
ISOS A , hence LACD=Z.BEC 

142 If the base of any A is produced both ways, 
shew that the sum of the two exterior Ls diminished 
by the vertical L,=two rt ls 

Let ABD be a A, base BD is produced both ways to C and E 
To prove LABC+ Z.ADE— L BAD = 2 rt Ls 

Now LABC=Z.BAD+ / ADB (I 32) , L ADE= / BAD + 
LABDd 32;, LABC+ LADE=2LBAD+ lADB+LABD, 
L ABC + lade— L BAD = L BAD - lAI:)Bj-LABD = 
art Ls 

143 The sum of the sides of an isos A, is < the 
sum of the sides of any other A on the same base and 
between the same || Is 

Let ABC be an isos A, and ADB any other A on the same 
base and between the same || Is AB, ED , AC+ BC will bee AD 
+ DB Since EC is Ijl AB, the lECA= lCAB, and also LDCB 
= LCBA, but L CAB= L CBA, . lECA = L DCB 
AC and BC drawn from two given pts A and B, on the same side of 
ECD guen m position, make equal Ls with the line (1 6), .* AC + 
CBcany other two lines AD + BI), drawn from the same points 
to that line 

144 Draw a st line at rt ls to a gfiven finite st. 
hne, from one of its extremities, without produemg the 
given st line 

Let AB be the gi\ en str line On AB describe anv isbSceles. 
A ABC Produce BC to D, making CD=BC. Join AD 
Then shall AD be J to .AB Now lACD + LACB = 2 rt 's 
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(1 13) - 2 CAB + 2 L DAC (I CAB + 4D\C)- 

2 /.DAB , Z.D\B«art L 

145 The £.8 of a quadrilateral are =4rt. Ls 

Let ABCDbca quadi, its Ls^at A, B, Q and D aie=i4 it 
Ls For draw the dtfigonal DB, then Ls A, ABD and ADB, of 
A DAB, are=2 rt Ls (I 32) , and Ls C, CDB, and DBG of 
A DCB, aie“2rt Ls(I 32), but L ABC is c.omposed of the 
two Ls ABD, DBG, and lADC is composed of the two Ls 
\DB, CDB , hence Ls A,C, ABC, and ADC, of the quadnlateral, 
arefcsthe Cs of the two As='4rt Csfl 32) 

146 If t’lDo^ms have one L of the anemone L oj ihcothcfy 
the xnms are equiangular to one another 

Let ABCD, EFGH be two ams, having L A= CE, since LA 

+ L B=2it Ls (I 29) and CE + LF=2 it Lsd 29) *. 

Z_ A+ CB= lE+ CF , CB=LF Now CA=/.C, and CE« 
LG (I 34), LC*= CG And CB— CD, and cFs=lH 
<I 34) CD-CH 

7^7 Of i^tVo owj, which dre between the same 1 |/j, that is the 
4?; enter^ which stands on the j^r eater base 

Let ABCri, EFGH be two dims between the setme <lls, AH, 

BG , but let the base BC be >FG From BC cut off BK = FG, 

4ind through K diaw KL ||l AB meeting AB at L , then am ABKL 
= am EFGH (I 36) But am ABCD >am ABKL, am 
ABCD 2> am EFtiH 

148 If the diagonals of a am are equal, all its Ls 
^rert Ls 

Let ABCD be a Qm , diagonal AC= diagonal BD (hyp ) 
Then all its Ls shall be rt Ls Here A ABD = A CBA (I 8) 

L DAB= LCBA«art L (I 29) Similarly the L D and L C » 
can be proved to be 1 1 L s 

149 Two rectangles are equal, if two adjacent 
sides of one, are— two adjacent sides of the other, each 
to each {Apply I 401 I 34) 

150 InaQm, which is not rectangular, thediago*- 
nals are unequal 

Let ABCD be a Qm, wdiich is not rectangular Join AC, BD 
In As DAB, CBA , D A, AB=CB,BA Then DB>,=,<:AC, accor- 
ding as lDABis2>,=,<c LABC (Cf E\ 82) 

151 In a Om, the JlS drawn from one pair of oppo- 
site LS, to the diagonal which join the other pair, are 
equal 
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rn its ABM. UCN ; L AMI>== a n. £ =- /. CXU ; L ABM 
= L CDN (I 29) ; AB=CD, AM=CX (I. 26) 

152. Any st. line drawn through the xmd. pt. of a 
d^onal of oOm, and terminated by a pair of opposite 
sides, is bisected at that pt 

Let ABCD be a am ; anti BI> one of diagonals MN is dratvn 
throogb the irtd. pi of BD Tlien MN shall be bisected at O. 
In As MOB and NOD , L MOB— L NOD il, 151, and since MB 
isil ND, L MBO = L NDO, and BO = DO , MO-ON 
(L 26). 

163. The L contained by the bisectors of the z.s at 
the base of any A is « the vertical L + i the sum of the 
base LB. 

Let BE and CE bisect the base Z. s of anj A ABC meeting 
one another at E Join AE .and produce it to cut the base BC 
-at D : L CED = 1 EAC - l (EGA ori L C) (I 32) . 
L BED= ( L EAlJ-i- £. EH \ or i L B) , *. L BEC == Z.A -»-4 
As(B+C). 

164. MNXY IS a 001 , and A, B, respectively the 
mid. pts of the sides MN and YX. Show that the figure 
MAXB IS a Dm 

In the As MVB and XNA , MV, VB = XN, NA , L .MYB = 
L XNA, * L MBY«iLXAN But L NAN = L AXB (I 29), 

L AXB= L MBYfAx. l), MB ,1 AX (I 28) And A.M |i! 
XB (H>p,) ; MAXB is a Dm 

155. rrouipncof llu Ls of u\^n\,/0 dtaw a st Une to the 
■of^ostte side, 'ii.Jach shall be ^ that side together wtt/i the segment of 
it, ivhttk ti intercepted bet'zveen the st line and the opposite L. 

Let ABCD be theD”'> A the l from which fhe st. line is to be 
drawn Produce DC to E, making CE = CD Join AE, and 
•at A ni<ake L EAF = /l.AEF ; then AF is the line reqd. For CE 
being*CD,EF=-DC+CF, .and L'FEA, Z.FAE, FA=FE, .and 
/. AF - DC -r CF 

Cor.— In the same m.'nner, if CE=CB, AF=EF=BC+CF 

156 On the hase of a given A, construct a second 
A. = in area to the first, and having its vertex m a 
given st. line 

Let' ABC he the given A on the base AB, and EF the given 
str line. Through C araw’ CD lAB fl. 31X meeting EF at D. 
Join BD, AD. Then ABD shall be the A read. Since CD is Hi AB, 

A ABC= A ABD (I 37) 
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N B — If the base be of length and A be gnen, we cam 
construct a 2nd A= the gnen A b\ (Ex 21, p iii, Text) 

157 If m the sides of a square, at equal distances 
from the 4 Ls, 4 other points be taken, one m each side , 
the figure, contained by the str lines which join them, 
shall also be a square 

Let E, F, 0 , H be four points at equal distances from the Ls 
of the square ABCD Join EF, FG, GH, HE , then EFGH shall 
be a square* Since AH = EB, and AE=BF, and the Ls at A and B 
are rt LSj HE=EF and lAEH==Z-BFE So it may be 
shown that HG = HE, and GF =EF, the fig HEFG is equilatcraL 
It IS also rectangular , for since the exterior LFEB==intenor 
LsEBF, EFB , parts of which Z.AEH and lEFB are equal, 
the remaining l FEH —remaining FBE and is a rt L 
So It may be shown that Ls at E, G, are it Ls, and EFGH, 
being equilateial and rectangular, is a square 

158 Describe an isos A = m area to a given At and 
standing on the same base 

Let DBG be the A on base BC Bisect BC at E Draw' EA 
at rt Ls to BC Throuch D, draw D \ ||1 BC meeting EA at A. Join 
Al 3 , AC , then ABC is the isosceles A required 

159. A am is divided by its diagonals, into 4 As of 
equal area. ^ 

Let ABCD be a am, and let AC «ind BD its diagonals intersec- 
ting each other at O, Now AO=sOC and BO = OD (Notes on I 34) , 
AA 0 B= A COB« A COD« A AOD (I 38) 

160 The three st Imes which join the mid pts of 
the sides of A, divide it into 4 As, which are identically 
equal in area 

Let M, N, P be the mid pts of the sides AB, BC, CA of an\ 
A ABC Join MN, NP, PK. For, since MP is ||l to BC , MN is 
III to AC , NP IS IP to BA (Ex 138) MBNP, TiINCP, MNPAaie 
[] ms, A AIBN =s A MNP= A BNC , for similar reasons 
A AMP=r A MNP=A FNC Thus AAMP« A MNP = AMBN 
= A PNC 

N A M\P=r)4 of A ABC 


161 Construct a rt Ld isos A to a g^xren square 
Let ABCD be the given square Join AC Draw AE X AC, mec 
ting CD produced m E 'I hen ACL is the Arequired Now A ADC = 
AADE (I 26;, /.ACE^i L BCD»^Jart L , L CAE«art 
L% L AEC L L AEC^ L ACE , ‘ AC«AE 

andABCl)-2 A BCD=AACE 
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162. Construct a ; Aow^i(s=tt, gjven Qm, and standing 
on the same base When does the construction fail ? 

Let MNW be a Qm standing: on NX I'lom centre N, with 
NX as radius, describe a ' 'intersecting MYat.A Join NA and 
‘draw XB <il NA. meeting MY produced at 13 Then ANXB is the 
rhombus requned, and it is® ^^NXY (I. 35) 

iV ^.—The consu uction fails, when the base, on which the 
rhombus is to be constructed, is -c the altitude of the Qni 

163 Describe a square =- the sum of two given 
squares 

Let AB and X be the lenyth of the sides of the two given 
squares Draw BCJ.AB, making BC = \ Join AC Then AC- shall 
be the square required. v\B- + \-= AB- + BC-«AC- (I 47) 

164 Describe a square, which shall be —the differ- 
*ence of two squares, whose sides are given 

fake a line AB terminnicd at \, and cut off AO *=a side of the 
greater, and OB a side of the Icssei square With O as centre, 
and radius OA, describe a > OCD, and fioin B, draw BC J. to 
\D Then BC- is the square required Join OC , BC- =the 
tlifference of the squ.ares on OC and OB, r t on AO & OB 

165. The square described on the diagonal of a 
given square is double of the given square, 

Let ABCD be a cquare BDots diagonal BD-=»BC- + CD" 
•(L 47). But BL = CD, BD- = 2 BC^ 01 CD-. 

166. The L contained by the bisectors of two adia- 
cent i s of a quadrilateral, is = half the sum of the 
remaining is. 

Let ABCD be a qiiadl , AO and DO the biscctois of two adja- 
cent is A and D, meet at O lo prove i AOD shall be=t. i_ § 
(B+C) Now i s(B\D+ADC+C-fB)«4 rt i s (Ex 145), 
is(ODA + OAD + D0A1 = 2 It is, i s (ODA + OAD + 
D0.A1=.J is (ADC + BAD+B-f-C) , or i ODA + i OAD + 
L DOA = ?. LAUC + i iBAD+J. i s(B + C), iUOA=» is 

^ 167 The i contained by the bisectors of 2 exter- 
ior is of any a, ' 1 s=A the sum of the 2 corresponding 
interior is 

Let ABC be a A » AB and AC are produced to D and E Let 
■CO and BO, the bisectors of two e\teiioi is ECU 'and DfiC of 
A ABC. Topro\e i.O=l is(.ABC+ACB), i.s (A-l-B + C)« 

Ls(0-P0BC+0CB)=2rt'is.(«) (I 32) Bwt iOBC=i /.DBC 
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's(A+ACB) (I.32),andZ.OCB=5^ECBs=Hs(A+ABC> 
(^) •% From (a) and (?), we ha%e /. A+ Ls (B+C)= 4.A+i Ls 
(ACB+ABC) + /O, i /.s(ABC+ACB)= lO 

168 To describe a the area and perimeter or 
'which shall be respectively = the area and perimeter of 
a given a 

Let Ar»C be the given A Produce AB to D, making BD =BC , 
bisect AD in E (I lo) , dran BFljlAC (I 31) , and with centre A^ 
and radius AE, describe a ^ cutting BF m G Join AG , and bisect 
AC in H (1 10) Join BH Draw HF HI AG (I 31) Then AGFH 
shall be the Qm reqd For HF = AG=AE, /. HF+AG=AD 
=AB + BC , and since GF^ AH -HC, /• GF+AH==AC , the 
penmeter of AGFH — the perimeter of A ABC, and Qm AGFH 
=2 A ABH(I 41) and * is=A ABC (1 38J 

169 Describe a Qm equal a given square standing 
on the same base, and having an l =half a rt l 

Let XYNM be the given square Join YM L MYN=^ a rt 
L Through K draw NP 1*1 YM (I 31), meeting XM produced at 
P ThenaMYNP^sq XYXM (I 35) ha\mg LMYN^^art 

^i/O Fo describe a square •wfluch shall be=^fhe sum of an} 
number of given squares 

Let AB be a side of one of the gi\en squares From B draw 
BC A AB, and = a side of the 2nd square. Join AC , and from 
C draw CD A to it, and — a side bf the 3rd square Join AD and 
from D, draw DE A AD and — side of the 4th Join AE Then 
AE2 shall be=AB= + BC--fCD2 + DE" Since Ls ADE, ACD, 
ABCarert Ls . AE= «AD= + DE-=AC2+CD- + DE2==AB2 
+ BC- + CD-+DE- And bj proceeding in the same manner,, 
whatever be the number of given squares, ^ one = their sum, ma> 
be found 

*** lyi Insci'the a squat e in a given if Ld tsos A 

Let ABC be art L d isos A? ha' mg BA = BC Trisect the 
hypotenuse AC m the points D, E , and from D, E draw DF^ EG 
A to AC , join FG, then DFGE be the square required Since 
L DAF a rt L, and L D « a rt Z. , . . L DFA is = ^ a 
rt L = £ DAF , hence DF = DA So it mav be shown iHat, 
EG = EC But AD = EC , and /. FD = DE « EG , and FG 
= DE (I 34) , the figure is equilateral, and it is rectangulai 
(I 46) , since the Ls at D and E are rt Ls, .*• it is a square 

172 Construct a rhombus = a given om * 

Let ABCD be a am , from L B, draw BE to meet the opposite 
side DC produced in E, and make BE=AB ,and draw AF from* 
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the adjacent Z.A (jl to BE. meeting DC, in F Then ABET sli.-iir* 
be ther rhombus required Since AF — BE = AB (const.) =EF , 
the om ABEF is a rhombus Also ABEF ='ABCD (I. 35). 

/7j. Iffiovithc extt evniy of ihc base of an isosceles A, a si 
line— one of I he sides be dtaioity to meet the opposite side j, the 
Lfotmed bj this st line and ihc baic pi odiiced, is-=thrcc times 
either of the equal L s of the A 

Let ABC be an isos Aj hating AB=AC Fioin C to AB (pio- 
duced if necessary) dnaw CD = AC, and let BC be produced , 
/DCE = 3 L ABC Since CA = CD, L CAD = L CDA, 
LCDA + 2 C ABC <= 2 rt. Z.S = Z. CDA + L CDB , hence 
Z.CD,B = 2 Z. ABC Now L DCE= Z.CDB + L CBD (I. 32) , 
and consequenth is = 3 Z. ABC. 

174 To bisect a given A» by a st line drawn from 
^ one of its L s 

Cet ABC be the gi\en A and A the L.froni w'hich the 
bisecting st line is to be draw n Bisect the opposite side BC in D. 
and lotn AD , AD shall bisect the A Foi since the base BD 
= base DC ; A ABD = A ADC (I 38) 

175 To bisect a given A, by a st. line drawn from a 
given pt in one of its sides (Seep 113, E\ 36, re\t.) 

Let .ABC be the giten A, and P the gi\en pt Bisect BC in D, , 
join AD. PD , and fiom A draw AE Ijl to PD , join PE , then PI* 
shall bisect the ’A ABC Since AE ||I PD A .APD = A EPD 
(1 37) from each of them take awav A PFD , .'. A AFP = 

A EFD Also BD = DC, A ABD= A ADC , parts of which 
AsEFD, AFP are equal, .*. ABEF^PFDC , hence ABEF 
+ A AFP or ABEP = PFDC + A FED or A PEC , and . 

A ABC is bisected bj* PE 

J76 7 0 inject a ittven Aiftom a ^ivcn pt Wlthm tZ. 

Let ABC be the given A, and P the given point within it. 
'Insect BC in D .and E , join PD, PE , and from A draw* AF, 
AG respectively jj! to them Join PF, PC, AP , then they shall 
divide the A into 3 equal parts Join AD, AE. Since AF is ||1 
PD, A APF = A ADF , to each of these, add A ABF, APFB 
= AADB. So APGCe= AAEC , and the remaining AFPG= 

A DAE Now* the As ABD, ADF, AEC, being on equal bases 
and of the same altitude, areequal (I 38 C01 I), * APFB= APF(. 
“S'APGC and the A ABC is trisected 

177. If two exterior Ls of a A be bisected, and from the point 
of intersection of ihc bisecting st lines, a si line be drawn to the 
opposite L of the A it will bisect that Z. 
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Let the evleiior is EBC, BCF, of the A ABC be bisecled by 
BD, CD meeting in D Join DA , then it shall bisect L BAC Let 
fall the ±s DE, DF, DO Then L DBE = L DBG & 
Z. E =s / G =a rt i, and DB common to the A DBE, 
DBG , DE = DG So DG=DF , and DE == DF Hence 
n the rt id As DAE, DAP , DE = DF, and DA is common, 
’• the As arc equiangular, and i DAE = i D\F t e ^ L BAC 
IS bisecled by AD 

178 To bisect a trapezium by a st line drawn fSrom 
one of its i s (Cf TcxU P ^^ 3 ^ 39 ) 

Let ABCD be the given tiapezium, and A the i from which it 
IS to be bisected Draw the diagonal AC, BD , and bisect BD, 
which IS opposite to the i A, in E Join ^E, CE , and through E 
draw FEG ||1 AC (I 31) Join AG , then AG shall bisect the tra- 
pezium Since DEs=EB, A AED = A AEB Also A DEC— A 
BEC , . the fig AECD^the fig AECB Also A AEG= A CEG 
(I 38) take away the common part EHG, and *. A AEH = 
A GHC To the fig AECD, add A GHC, and take away its equal 
A AEH , and to AECB, add A AEH, and take awav A GHC 
Now A AGB=the trapezium AGCD , or the gi\en trapezium 
ABCD IS bisected by AG 

/yp To bisect a trapezium by a st line araiun from a ^iven pt 
sn one of its sides 

Let ABCD be the given trapezium, and P the given point 
Join PA, and from i P, bisect the trapezium APCD by the 
st line PE (E\ 178) On PE make A PEF== A A BP (See Ex 
1 56) Bisect EF in G , join PG Then PG shall bisect the trapezium 
Since FG=GE, A PGF= A PGE But PGE=i A ABP, and 
PEC«ithefig PABC , hence PGC=J of the trapezium VBCD 
which IS bisecled by PC 

180 If two sides of a trapezium be ||1 , then the A 
contained by either of the other sides, and the two st 
lines drawn from its extremities to the bisection of the 
opposite side, is i the trapezium {Cf Ex y, p log^ Text ) 
Let ABCD be a trapezium, having the side AB ||1 to DC Let 
AD be bisected in E join BE, CE , then A BEC shall be 4 of the 
trapezium Through E, draw' FEG ||l to BC, meeting CD" in G, 
and BA produced in F The alternate i FAE^alternate iEDG 
the i s at E, being equal, and AE=ED, A ACF= ADEG , hence 
the Qm BFGC = trapezium ABCD But BFGC and A BEC, 
being on the same base BC, and between the same || Is BC, FG, . . 
A BEC=i of BFGC (I 41), and ^ of ABCD, 

jV B —From the proof, it appears that a trapezium which has 
two sides IP, mav be reduced to a CDm^io it, by di awing through 
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tlie point of bisection of one of the sides, which' kre not {[I to the 
other of those sides, and meeting the |{l sides 

181 Trisect a A,byst lines dra^wn from a'given pt. 
in one of its sides 

Let ABC be thejriven A, and X the given point in the side BC 
Trisect BO at the points P, Q (E\. 98) 

Join AX, and through P and Q draw PH and QK ||1 to AX. 
Join XH, HK Then XH and XK shall trisect the A Join AP, 
AQ Now A ABP = A APQ (I 38) = A ACQ = J A ABC. 
Again A BHX == A ABP (P ill, Ex 21, Text) = ^ A ABC 
Also A CKX= A ACQ (P. in p Ex 21, Tex't)=J A ABC,’ 
the remainder AKXH = ^ A ABC 

182 Of all Q/z/j, lulnch can be fonned tutih diagonals of 
gtve7t lenof/i, the rhombus is the greatest (Cam. Ex 
Pap 1856) 

Let ABCD be a rhombus, whose diameters AC, BD intersect 
m O Then £s at O are rt Ls The area of rhombus=rect 
AO BD Let ABCD be any cn, not;a rhombus, having its diagonals 
=that of the rhombus Then, if AP be drawn i BD, area of a 
ABCD= rect AP BD , and AP is <: AO, ’.area of theErJis< 
area of the rhombus. 

183. To divide a given st. line mto any number of 
equal parts 

Let AB be the given st line. From A draw an indefinite 
St line AG, m which take any point E, and take EF, FG, 
etc each = AE, until the numbers of equal parts in AG=the 
number of parts into which AB is to be divided Join GB, and draw 
EC, FD 111 GB then AB shall be divided by these |jl^, in C and D, 
as reqd Draw EH Since FK is |jl AB, and .*. jj! to one another 
Also since AC and EH are HI and AF meets them, /. Z.EAC 
= L FEH and *.• EC, FD afe jll and AG meets them, Z.AEC= 
L EFH, also AE=EF , AC=EH and EC=FH (I 26) ; but 
ED is a Qm (constr ), EH=CD and AC=CD So, from the 
As EFH and FGK, It is proved that CD=DB Hence AB.has 
been divided into the reqd number of equal parts 

184 The area x)f a rhombus^ IS =i}ialf iJie rect contained by the 
diagonals (Cal Ex Pap. 1862) 

, Let ABCD be a rhombus The diagonals AC and BD bisect 
each other, and .cut at rt Ls in E (1 41“) Now ’ A ABD = 
^ BD AE, and A BDC=i BD CE, * A ABD + A BDC = 
i BD (AE+CE) or rhombus* ABCD BD. AC 

185 If a st line T)MF. be drawn through the middle point 

8 
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M of the base BC of a A ABC, so as to cut off equal -farts AD, 
AE from the sides AB, AC, pioduced tf necessary, respectively ^ 
then shall BD be^CE (Cam Ex Pap 1860) 

Draw CP 111 to I) D Then •* L MI3D= L MCP, (I 29) anti 
L DMB = L PMC (I J5) and BM = MC, CP=BD Now 
/ AED = L ADE, and L CPE «=> L ADE (I 29) , /. £.CEP =■ 
L CPE, and . . CE = CP = 3D 

186 The sum of the J.s drawn from any point 
within an equilateral A to the 3 sides is « the j. drawn 
from any one of the angular points to the opposite 
side(Crt/ Ex Pap 1S5S) 

Let ABC be the equilateral A, and P the given pt within it 
From P draw PE, PF ;ind PG Xrs to AB, ,BC, and 
AC respectively, and from the \ ertex A draw AD J. to BC Join 
PA, PB, PC Thhn AD sh.all be =PE+Pr + PG , v A BPC = 
i BC PF, A APC=4 AC PG, A APB=i AB PE. A PBC+ 
A APC+ A ABP of A ABC=i BC (PF +PG + PE), since AB«> 
BC=AC (being sides of an equilateral A) But A ABC=a 
i BCAD, *. i BC AD=4 BC (PF + PG + PE), AD = PE + 

' PG + PF 

ABC /f an isosceles A, of which A is the vertex, AB, 
AC at e bisected in D and E respectively, BE, CD inieisect in 
F, shew that the A ADE is <= three times \ DEE (Cam Ex. 
Pap 185*7) 

AEFC+ AEFD== AEDC=iAADC = AAABC A1 soADFB + 
AEFD=.ADEB = + a ABE=i A ABC , A ErC+ ADFB 
+2 A EFD=A a'ABC, AAFE+ A ArD +2 A EFD= 
\ AABC . A ADE+3 a EFD=J A ABC Also A ADE = 
i A ABC '3 A EFD=i A ABC , A ADE = 3 AEFD 
188 If st hues be drawn from the cs of any Qm, 
j. to any st hue which is outside the Qm , the sum of 
* those from one pair of opposite cs, is=the sum of 
those &omthe other pair of opposite ls 

Let the J.s DM, AN, CP, BQ be dr.ann from the angular 
points of the Qm ABCD to anv st line MQ which is outside 
the cam Then DM+BQ shall be = CP + AN Through A, B 
draw KR, BLv^||l MQ and ♦ X to DM, CP Let KR meet CB 
produced at R , then As AKD, and BLC, lAKD= LBLC, 
L KAp= iLBC, each being= L ARB (I 29), and AD=BC , „ 
KD = CL (I 29) To each of these equals, add KM, BQ' or their 
equals AN, PL , then DM +BQ = CP + AN 

ABC, ABD arc two equal Aj upon the same ^basc AB 
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and on ofpasife side of if, join CD, meeting AB in E. S/iozo Hat 
CE^ED. (Cato- Bs. Pap. 1851). 

Let ABC, ABD fas t-Ro eqaal As. upon tfae same base AB, 
and on opposite stdes of it ; join CD meeiinif AB in E. Make 
LABX^lABD, and BX=BD, and join CX. AN, EN, Then 
A ABN= A ABD= a ABC Hence CN is E to BA (I. 39, 40) ; 
»*. A CEB = A NEB on same base= ADEB (constr) Hence As 
CEB, "DEB, must be on equal bases, CE, DE- For. if not, let 
CE=EFj Then A CEB = A BEF (I. 38), which is impossible; 

CE=DE- 

190 (a) In ttie figure I 1, if the £s intersect at 

F, and if CA, C5B are produced to meet the Cs in P sxid 
Q re^ectively ; show that (a ^ P, F, Q are in the same st. 
line ; and (i>) shew that the A GPQ is equilateraL 

C«) A ABF is equilateral (I. i); £.CAF= £. CAB -J- LEAF 
of 2 rt- Z.S -‘-^of 2 rt. Z.s=5’ of 2 rL Ls ; .*» LPAF 
of 2 rt- Ls. Also £.APF=Z.AFP, for AP=tAF, being 
ladms of the same 0 . Again £.PAF-*> AAPF-^- Z.AFPs=2rt. 
LS (i 32)=i of 2 rt. Ls —2 /.APF=2 rt. Z.s ; 2 LAPP 

=§ of 2 rt. / s ; lAPF, and E.-AFP each=s of 2 rt As- 
For similar reasons, r_BFQ=^ of 2 rt. Ls, and since LAFB 
=iof2rt. Ls .% / AFP-J-LAFB-:-^. BFQ=2rt. Ls ; P, F, 
Q. are m tne same straight line. 

(i>) Also V LPCQ or Z.ACB=^ of 2 rt. Ls, .and LCPQ or 
L-APF=Jof 2 Tt. Ls, £.CQP=b of 2 rt- Ls A CPQ is 
equ.anguiar. and hence it is eqo.lateral- 

_ Tor. Tn the figure of I r, if C and H cs the pis of intersection 
of thc^^ s.and ABbe predtteed to meet one of ihcQ^sat E^shozj 
that i^CHK is an equilateral is.- 

For, in As CBK and HBK ; I>C=BH, BK is common, and 
iLCBK=lHBK(L 13), their supplements being equal, (I 32); 
h&ice CK=HK (i- 4)- So, it can be proved that KC=CFI , 
ACHK IS equ.Jateral 

192- If- from the ends and the middle pt. of a finite 
st. line, three [St. hnes be drawn, meeting an indefinite 
st. line, the middle parallel is j the sum of the two 
extreme Js, when the indefinite *lme does not meet the 
finite line ; but when it meets it, the middle fiis =i the 
difference of the other 

Let AB be the nnite st. line, C. its middle point, DE the inde- 
Snile line' .AD, CF and BE tne three j’’ st. lines , araw AHj'DE 
meeting CF in G, and BE in H ; CF and BE being produced, if 
necessary. 


U ] 

Case / Since m A ABH, CG is drawn from C the middle 
point of AB III to the side BH, CG of BH', and AF and 
GE are Dms, GF=AD or HE, and is i (AD4-HE) , -.CF^ 
i (AD + BE) ’ ^ 

Casell Since CG=:^ BH=i (BE+EH), FG^AD or EH= 

4 (AD+EH) CG=:FlS=CF«i (BE -AD) 

193 In the figure of I 47 — 

(1) If BO, CH are joined, these st hues are ||l (2) 
The points F, A, K, are in one st, hne (3) PO and AD 
are atrt lb to one another (4) If GH, KB, PD are 
joined, the aGAH« A ABO xn all respects , and As PBD, 
KZOB are each==in area to the A ABO 

(1) BG bisects the Ls B and G, • • A BGC=i a rt A, So 
AACH=i rt A, .aBGC«=aACH, and they are alternate As, 

BG IS 111 to CH 

(2) Since FA bisects A GAB, and AK bisects AHAC, % 
ABAF=«iart A, and ACAK=iart A, aFAB+aBAC 
+ ACAK=^ a rt A + i rt A+i art L =2 rt As, \ FA 
and AK are m one st line , points F, A, K are m one st hne 

(3) Let FC meet AB at P and AD at O, Then in As BPF 
andOPA,AFPB=AAPO(I 15), aPFB« aPAO Since ABFCis 
identically^ AABD, * AFBP= aAOP (I 32), but AFBP=a rt A, 

AAOP is a rt a , *. FC and AD are at rt*' As to each other 

(4) From D and E draw DM, EN J_ to FB, KC, produced 
AGAH*=AABC (I 15 and I 4)^ 4ABi\I=i rt A«ACBD 
Take away the common A CBM, * AABC=aMBD (A\ 3), 
AABCr^ABMD (I 26), (for A ABC = A MBD, and A BAC = 
aBMD and BC = BD), BM = BA = BF, AFBD«=AMBD 
(I 38)= A ABC So, A KCE=:A CNE=AABC, /. AsGAH, 
FBD, KCE are each:= A ABC 

If squares be described on the sides of a rt Ld eacK 
of ike st lines joining the acute Ls and the opposite Ls of the 
square^ will cut off from the A» an obtuse Ld ^ --which will be=^ 
that rut off from the square by a st hne drawn fiinn the intersection 
with the side to that A of the square^ which is opposite to iL 

From As B, C of the rt Ad ABAC, let si lines BG, CD be 
drawn to the As of the squares described upon the sides, and from 
the intersections H and I, let HE, IF be drawn to the opposite 
As of the squares , ABIC= AAIF and A CHB= AAHE Tom 
AG, AD Now AAFI=s aAIG fl 37) , to each of which, add A 
ABI, % AB1 Fs= aBAG*» ABC a (I 37) From each of these equals, 
takeaway the ABIA, and AAIF= AATG= ABIC So, it maybe ' 
proved that ACHB= AAHE 
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^ 95 •, Jf 5qu{&esb&' described on the two sides of a it Ld 
l^,ithe st. line joining each of the acute Ls of the and the 
opposite L of the square^ lotll meet the J. drawn from the ri , L 
upon the hypotenuse^ tnjhe same point 

'Let BE, CF be sqdares described on the sides BA, AC 
containing the rt L Join DC, BG , they intersect AL, which i'sJ.to 
BC, in the same point O Produce DE, QF to meet in H ’ Join 
HA, HB, HC Let BH, CH lespectively meet DC, BG in I and K 
Since EH=AF=AC, and EA=AB, and Ls HEA, BAC are rt. 
Ls, A HEA = abac, and LEHA = L BCA =' ZlBAL, i e 
since EH and BA are HI, HAL is a str line, or LA produced passes 
through H, and HL is j. to BC Again, vAC=CG, AH =BC, and 
LHAC= LBCG, *.A HAC= a BCG, L CBK= LCHLjbut 
L BCK= L HCL, L BKC = lHLC, « e is a rt L,andBKis 
X to HC It may be shown that Cl is X to BH Hence HL, Cl, 
BK are Xs to the sides of the A HBC, and *. they intersect each 
other in the same point 

196. If a A be described having two of its sides = 
the diagonals of any quadrilateral, and the included L 
=eitherofthe ls between these diagonals, then the 
area of the A> ii^^^the area of the quadrilateral 

Let the A ABC be described having its sides AB, AC=ED, GF 
the diagonals of the quad DFEG Then AABC shall be=the 
quad DFEG Join BG, BF, then *. CF=AG, ACBF=AABG 
(I 3S)=AEGD(I 38), andAABF = A EDF ( 1 . 38), hence 
AABC = the quad DFEG 

/py If the sidei of the square desciibed upon the hypotenuse of 
art Ld bepioduced to meet the sides (produced if necessary) 
of the squares described upon the legs ; they will cut off a ^equi- 
ansjdar and equal to the given A 

Let DB, EC, the sides of the square descr'bed on BC the 
hypoteiiuse'of the rt L d AABC, be produced to meet the sides of 
sqs described upon BA, AC m K and L J As BFK, CIL cut off 
by them aie equal and equiangular to AABC Then *.* L FBA and 
LKBCarert Ls, L FBK = LABC, also, Ls at F and A are rt 
Ls,and FB=BA, '.FK=AC, andAFKB= AABCand equiangular 1. 
So, It may be proved that AABC— ALCI and equiangular 

xgS If f tom the angular pis of the squares^ described upon the' 
sides of a tt Ldtsf l.s be let fall upon the hypotenuse produced ^ 
they will cut off equal segments^ and the ±.s will together be— to 
ffiO hypotenuse 

Let FM, IN be drawn from the Ls F, I, of the squares described 
upon BA, AC, X to BC^tlie hypotenuse) produced Then’ MB shall 
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be't=lsrc , and FM+IN=BC From A draw AO X to BC Since 
‘^FBAisart L, /. /.FBM + Z.ABO = £.FBM + L BFM, 
/.ABO = /.BFM , and the /.s at M and O are rt /.s, and AB 
= BF, BM = AO, and FM == BO It mav be proved that 
CN == \ 0 , and IN = CO, /. MB = NC, and FM+IN « BO+ 
CO, 7 BC » 

N B The A FBM + A ICN = A ABC , 

199 Bisect a tnm, by a st line drawn through h 
given point. 

Let ABCD be the given am, and X be the given point Let 
AC and BD be the diagonals of the am ' Join the ^ven foint to 
the middle point either of AC or BD and produce the line joining 
X and the middle pt of either diagonal, to meet two of the ((I sides. 
Then this line shall divide the am into two equal areas 

200. A am is bisected by any st hne which, passes 
through the middle point of one of its diagonals 

Let XYZR be a am, M be the middle point of one of its 
diagonals, YR Through M, draw a line CMD meeting XR in G 
and YZ in D Now A CMR « A DMY, fl 29 and I 26) But 
AXYR = AZYR, of which parts As CMR and DMY are equal, 
fig XYMC =: fig ZDMR, • XYMC + A DMY « ZDMR + 
A CMR ,7 r, fig XYDC=fig ZDCR Hence CD, which passes 
through the m)dd]e point of YR, bisects am XYZR 

N. B (i) If through the middle point of any of the diagonals, ^ 
w»e drop a X to one of the sides of the am, and if the X be pro- 
duced to meet the opposite side, then the X shall divide the am 
into two equal areas 

(2*) Similarly, if a straight line be drawn ||l to a given straight 
line, through the middle point of one of the diagonals, it will divide 
the am into two equal areas 

201 The sum of the distances of any point m the 
base of an isosceles A^ from the equal sides is the same 
whatever pomt in the base is taken. 

Let XYZ be an isos A From O any point in the base YZ, Xs 
ON and OV are drawm to XZ and XY respectnely From Y draw 
YM X to XZ Through Y, draw YK |ll to XZ, meetinc NO produc- 
ed at K The fig YKNM is a am ; * YM « KN KO + ON 
Again A YVO is identically = A YKO (I 29) , OV « OK 
Thus we have YM = KN KO + ON = VO + ON, 

* 202 If CE^ BD be ike ^tiares^ described upon the side AC ^ 
and the hypotenuse AB, and JEB^ CD intersect in F, piove that AF 
bisects the L EFD (0am. Ex Pap 1872 ) 



( 119 ] 


Draw AP, AQ ± to EB, CD. Then since As EAB, CAD 
are equal, and their bases EB, CD are equal, theit altitudes 
AP, \Q are equal Again L AEO = L FCO, and L EOA = 
L COF, *. L OFC = L OAE = a rt. L , \ fig PAQF is a 
squaie , and " AF Jiisects L EFD 

203 In fig of I 47, showthat(l) ABs + AS* «=A02 
+ AD« ; (2) BK* = AB* + 4 AO’- ; (3) BK® + = 

5 B03. 

(1) Let AL meet BC m O Then ABS *= AO* + BO* (I 47) 
= AO2 + DL* (for BO = DL, being the opposite sides of the a 
BL) And AE* = AL* + LE* (1 47) « AL* + CO* (for LE 
= CO, being opposite sides of the □ CL), AB® + AE* = AO-* 
+ DL* + AL* + CO* = (AL* DL*) + (AO* + CO*) = 
AD* + AC* 

(2) Produce AC to S, so that CS <=• CA Join B£ Now 
LBCS + lACB = art L s , produce EC 10 M, L MCK + 
£.KCE=2rt. Ls Again /MCK+ lACM =>a rt L = LACM 
+ L .ACB , thus L MCK = L ACB, and since L BCS and 
L EC K are supplementary to equal Ls, Z.BCS = lECK, and 
A BCS =: A ECK EK = BS , EK* = BS* = AB* + 
AS® =■ BA* + 4 AC* (for the square on a line = 4 limes the 
square on its half) (See Ex 233) 

(3) From (2) it IS evident, that EK* = .AB* + 4AC* , so 
that FD* = AC* +4 AB* , EK* + FD* = 5 AB* + 5 AC* 
« 5 (AB* + AC=) = 5 BC*. 

20^ Divide an cquilatcial A, nine equal parts. 

Let ABC be an equilateral A Trisect AC in D, E , and AD 
again in F, G (Ex. 98) Draw BF Then AF being ^th of AC, 
AABF is Jth of AABC The A may be dividcH in 9 parts equal, 
in every respect by trisecting all the sides and joining the points of 
tnsection 

205 To tf isect a cam by lines dt awn — ( r ) from a ^ivcn 
point in one of its sides, (2) from one of its angulai points. 

Let ABCD be a am, and P a point in BC Trisect AD in E, F , 
draw EG, FH ||1 to AB Bisect GE in K, draw PKL ; join LC, 
PD , bisect LC in M, and draw MN HI to PD. Join PM, MD, 
PN Then BE = Jrd of ABCD , and A PKG = A KEL 
(I 26); ABPL of ABCD And LM = MC, A PML *= 
A PMC, and A LMD = A MDC ; LPMD *= PMDC. Also 
MN being j|I to PD, the A PMD *= A PND Tlius by adding 
LPD to each, LPND = LPMD = PMDC = A PNC. Hence* 
ABPi=LPND=PNC and each of ABCD. ' 
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If P IS In GH, draw lines through P and pt of bisections of 
GE. HF ' ' ' . 

(2) If P coincides with B, L coincides with F, and BFDC can 
be bisected as PLDC 

*2o 6 Shew that, of all equiangular c: 7 ms of equal peri- 
meters, that, which is equilateral is the greatest 

Let AC be an equilateral CUm, and AF equiangular with AD 
and of the same perimeter Join BD, cutting EF, in O and join 
EG, cutting BC in P Since AD is a rhombus, L ADB = 
/.ABD = L EOB (I 29), CE = EO And AC + AB « EA 
+AG (hyp), *. CE = DG Hence EO=DG Now in the As 
EOP, PDG , EO = DG, /.s at P are equal, and L EOP = 
LPBG (I 29), * they are equal (I 26) Hence A AEG=AEOP 
or < ACB , ADS’-AF 

207 If ABC be an isosceles A» and CD be diawn ± to 
AD , the sum of the squares on the ihiee sides=AD^-k- 2 BD^^r 
3CD‘‘ 

Now AB2+BC2=2 CB»=2 CDH2 BD* , and ^CS = CD* 
+AD® , . ABs+BC=+AC*=3 CD*+ aBDs+AD*. 

208 On the sides of any A ABC, equilateral As 
BGM, CAN and ABP are described, all externally or /<?- 
wards A Show that AM =BN= OP 

fn As PBC and ABAI , PB, BC = AB, BM, and L PBC = 
LABC +5 rt L = L ABM, PC = AM (I 4) Similarly 
A ACM = ABCN, an = BM, . AM -= BN = PC 

209 If from any point P within a A ABO, J.s PQ, 
PR and PS are drawn to the sides BO, CA, AB 
respectively , show that AS* ^ + BQ® + OR® = AR* + 
OQ*+BS* 

(1) AS®+SP*=AP®=AR®+RP»(I 47) 

(2) BQ*+QP 2 = BP 2 = BS® + SP' (I 47 ) 

(3) CRs + RP* = CP® = CQ»+PQ®(I 47) 

Adding (1), (2) and (3), we have Ab® + SP® + BQ® + QP® + 
CR®+RP® = AR® +RPs+ BS® + SPs+ CQ®+ PQ® , Z AS®1- 
BQa+CR®=AR®+BSS + CQ® 

*2to To find the locus of the vertices of all t^s, that have the 
same base and equal altitudes 

Let MN be the given base, and A the given altitude of a A . 
to find the locus of its verte\ Draw MP J. to MN, and make 
it=A and through P, draw PQ ||l to MN , then PQ is the required 
locus. For m PQ take -any point V, join MV and NV ; then J. 
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from V on MN, would be =« MP = A (I 34, Cor ) , and •" hence 
whate\ er point V is taken m PQ, A thus formed has the given 
base and the given altitude „ PQ is the required loats of the 
%ertices 

‘^21 r To find the locus oj the vcfhccs of aU the that have 

the same base and equal areas. 

Let JiC be the given base, and the area of a A ABC the given 
area; to find the locus of the vertices of As that ha\e the same 
base and area Through A draw EF Ijl to BC, and it is the re- 
quired loms For in EF take any point D and join BD, CD , 
then the area of A BCD=areaof A ABC, and it has also the 
given base BC , since the same be proved whcrevei the verte\ 
1) IS taken in the line EF ; .% it is the requiicd loais. 

B If the gi\en area is that of any rectilineal iiguie, it can 
be reduced to a cum by (I. 43) and om thus found can be applied 
XQhalftd the gnen base by (I. 44) , and then anv A ABC being 
constructed on BC, having an altiiude=to that of cum, will be= 
gi\enarea(I 41). 

212 ABO IS a A , required tp draw a str line BP 
111 to the base BG, aud meeting the other sides in B and 
P,so that BP may be = BP + CP 

Bisect Ls ABC, ACB by BD and CD meeting at D. Now 
L DBC+ L DCB are < 2 rt /.s (I 17) Through D draw 
EDFIII to BC (I 30 , /. L EDB= l DBC (I 29) and L DBC=» 
L DBE (const ) ; . L DBE= ^EDB (A\. I ), /. EB=ED (I 6). 
So it may be showp that DFs=FC, EB + FC = ED + DF=EF 

213. Draw a hne |tl to the base BO of any A ABO 
meeting the other sides in D and B, so that DB may be 
= the difference of BD and OB 

Produce BC to M , bisect Z.s ABC and ACM by BP and CP 
meeting at P Through R draw PED HI to BC (I 3O meeting 
AC m E and AB m D Now /.DPB= L PBC (I 29) and L PBC = 
LPBD; ‘./.DPIS^ Z.DBP, '.DP-DB , LEPC= iLPCF (I.29) . 
and L PCF= l PCE (const ), Z.EPC- L PCE, ‘ EP=EC, 
BD— CE=.DP— PE=DE 

214 If the three sides of one A be respectively j.8 
to those of another A, the As are eqmangular. 

Let the sides of the A DEF be Ls to the sides of A ABC , 

It IS requited to prove that As DEF, ABC are equiangular Since 

Ls Che, EGC are rt L% , L HCG+ L HEG =3 rt. Z.s (I 32 

Cor band L HED-h L HEG=2 rt. Ls Take away the commoa 

L HEG, And we have L HCG= L DEF, i c' L ACB = 

L DEF, So / BAC = L EFD, and L ABC = L EDF ' 

« * 
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215 ‘ If through an z. of a am, any str. hne is drawn, ^ 
iihe ± drawn to it from the opposite /L, is — the 

or diffetetiLc of the ±s drawn to it, from the two remain- 
ing L 6, according as the given str hne falls without the 
•am, or mtei sects it 

Case I When the given hne falls without the am 

Let A BCD be a Through A draw any st hne MAN and 

let CE, BN and DM be ±s on this hne Through C draw any 
str line RCS Hi to MN meeting NB produced m S, and MD pro- 
duced m R Produce SR to meet AD produced Q , in the As 
ADM and BSC, L AMD= Z.BSC=a rt L and Z.MAD=Z.AQC 
(I 29)= lBCS, and AD=BC, . A ADM is idenucaUy«= ABSC, 
.BS-MD, • DM+ BN«:BN+BS = NS,but NS=CE(I. 34), 
.•.DM + BN = CE 

Case II When the given st line intei sects a side of the 

Let ABCD be a CDm , and let AE be drawn from LA to 
intersect CD Draw CE JL to AE from L C (the L opposite to 
L A) , BH and CL ±s from B and D to AE, are also drawn It 
IS required to prove that CE=BH — DL Through C draw C^M ||l 
to AE, meeting DL produced at G, and BH at K In the two-As 
ABHandDCG, Z.AHB= LDGC(bemgrt Ls), LDCG=LCMB 
«/.BAH(I 29), andAB=DC, . BH = DG (I 26),butHK=r 
LG {I 34), the remainders BK=DL, BH-BK=HK= 
<5L=CE or BH-DL==CE 

216 From the angular pts of a CJm, ±b are drawn 
to any str hne which is without’ the C7m Show that 
-the sum of the ±s drawn from one pair of opposite 
Ls, is=the sum of those, drawn from the other pair 

Let ABCD be a ZZ7m, and let PQ be any st hne without it 
Let the diagonals AC and BD intersect each other at O Let 
AM and CN be ±s to PQ, from one pan of opposite Ls, and BP 
and DQ ±s on PQ from the other pair of opposite Ls, and OE 
be the ± from O to PQ AM + CN=2 OE (E\ i9!)=BP + D"Q 

227 AB is given st hne bisected at O , and AX, 
BY are JLs drawn from A and B on any other st hne • 
show that OX<=^OY 

Through O draw OMP ||l to AX or BY cutting XB at M In 
the A ABX, O is the middle point of AB and OM is ||1 to AX, 

'M IS the middle point of BX (Ex i P g6, Text) Again in 
AXBY, •. M IS the middle pt of XB and MP is ||l to BY^ P is 
the middle pt * of XY, (Ex. 1 P 96, 1 ext ) , XP==PY In As 
•OXP and OYP, XP=Py, and OP is common to both, LXPO=i 
L.YPO, for 1AXP+ lOPX« 2 rt Ls (L 29), and LAXP=a rtL, 
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L, A L XPO=att,£., L OPY=a rt L (I T3), .% OX=OY 
(I. 4) < , . 

218 From the extremities of the base of a A, J-S 
are drawn to the opposite sides (produced if necessary).;i 
show that the str. lines which join the middle point of 
the base to the feet of the i.s, are equal. > 

Let ABC be a A> BE and CD are ±s to AC and AB , F is 
the middle point of the base BC. In A BEC, L BEC is a rt 
L F IS the middle point of the hypotenuse, FE is of BC , 
similarly from A DBC, DF is ^ of BC, (Ex 107), FE=DF. , 

219 If in a diagonal of a om, any two points 
eqmdistant from ite extremities, be joined to the oppo- 
site L s, t^he figure thus formed, will also be a om 

In the As ADF and CBE, AD==BC, DF =BE (hyp ), /.ADF = 

L CBE, these 2 As are equal in all respects (I 4), AF = EC, 

L AFE= L FAD+ A ADF (I 32), Z.CEF= /.CBE+ Z-BCE, 

(I 32) But /.FAD-t* Z.ADF=/. CBE-*- lBCE, L AFE= 

L CEF , and they are alternate L s, ' AF is ||1 to EC , but it has 
been shown that, these two sides are equal, the fig AECF is a 
□m (I 33) 

220 ABC is a given equilateral A, and m the sides / 
BO, CA, AB, the pts X, Y, Z, are taken respectively, 
so that BX=0Y=AZ ; AX, BY, OZare drawn,, inter- 
secting m P, Q, E Prove that the APQE is equilateral 

In the As, ABX and BCY, AB = BC, BX=CY and Z.ABX= 
iLBCY,.*.AX=rBYand A ABX is identically = A BCY (I 4) So, 
it may be shown that AX=BY=CZ From As ABX and BCY, 

It may be shown that Z.BAX=£.CBY, and from As ABX 
and CAZ, it may be shown that / AXB=aCZA, Now in the 
AsAZPandBXQ, BAX=Z.CBY, /_ AXB= aCZA, andAZ=BX 
*. AP=XQ(I 26), similarly BQ = RY and ZP=RC From 
the equals, AX, BY and CZ take away the equals, PQ = QR= 
PR A PQR is equilateral 

’^221 Construct a A, having given its three medians. 

Let M, N, Q, be the three medians 1 ake of each of the 
str lines M, N, Q, and with these construct the A BGH so 
thatBG, GH, HB are respectively =5^ of M,N,Q, (I. 221 Draw 
GC ||1 to BH and HC ||I to BG meeting GC at C Join BC cutting 
GHatD. Produce HG to A, making GA=HG Join BA, CA 
Then ABC is the A required Produce BG to meet AC at E, 
and CG to meet AB at F Now, since BGCH is a cam (const J, 
and since the diagonals of a am bisect each other, , D is the 
middle pt. of BC Agaip, since GF passes through the middle 
pt of AH and is ||1 to HB, F is the middle point of AB. So 
E is the middle poifit of AC. (Ex I. p. 96, Text) Thus, AD, 
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BE, CF 'are the bisectors of the sides* of the A, and •*. 

4 and Cor, P 105, Text) AG=ji AD, BE, CF, 

But AG=GH=?^ of N, BG=5^ of M, and CG=BH^?^ of 
Q , AD, BE, CF are respective!y=the str. lines M,N, Q, Thus 
A ABC has the bisectors of its sides=the given str fines, and is 
the A required " ‘ 

A pi 2s taken luiilnn a'sguafe^ andsif lines drenvn 
from it to the angular points of the square^ and l.sto the sides j 
the squares on the fiist^ aie double the sum of the squares on the 
last Shew that these sums are least, when the point is in the 
centre of the square 

Let E be the pt in the square ABCD, and EA, EB, EC, ED 
be drawn to the angular points, and EG, EH, EK, EL be drawn 
Xs to the sides, of ivhich two and two will be in one and the same 
straight line Then BE- = LE^+BL^ « LEs+FG^ Similarly 
expressing EC^ ED^ EA- in terms of GE®, HE®, KE®, LE®, the 
required result is obtained When (F, the intersection of the 
diagonals AC, BD) is the pt taken, draw PFQ X to AD or BC« 
Join AO, (O being the intersection of BD, LH) Then it is evi- 
dent that LAFB is a rt and L LBO and L BOL are each=« 
a rt L , •. A 0 >AF, and LO = LB or EG Thus EG®+ 
EK® or LO®+LA® = AO®, that is > AF® or > (FP®+FQ®) 
Hence these sums are leasts when F is the point taken 

*22j Inscribe a rhombus within a given so that^ one of 
the anzulai points of the ihombusy may be at a given point in a side 
of the am 

Let ABCD be a om, and P a given point in the side AB 
Join BD, AC , and through O their pt of intersection, draw POQ, 
cutting CD at Q Also, through the same pt draw bOR at rt 
Ls to POQ, meetuig the sides, pioduced if necessary, at S, R. 
Join SP, PR, RQ, QS , then PRQb shall be the rhombus required. 
For in As POB and DOQ , LPBO— Z-ODQ (I 29), and 
LP 0 B= L DOQ (I 15) also OB~OD (Ex 128), hence OP^OQ. 
(I 26) So It may be proved that, SO=OR Now since PO and 
SR bisect each other at rt Ls, SP«PR = RQ = QS (Ex 8), and 
SPQR is a rhombus 

224 If two As of equal area are on opposite sides 
of the same base, the joining st line of their vertices is 
bisected by the base , and conversely 

Let As ABC, DBC be of equal area and on opposite sides of 
the same base BC Draw BP, CP ||ls to CD, BD respectivelv, and 
on the same base of BC as A ABC Join AP Then BPCD is a 
am , A BPC« A DBC:= A ABC ; AP is ||l to' BC Also, 
Y being the intersection of diagonals BC, PD of aift, DY=YP. 
And since XY is ||1 to AP, X is mid pt of AD ' ^ 

I 
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For the Converse, the same construction being' -made as 
before. Y is m>ddle point of DP ? if X is middle point of, AD, 
then XY is HI to AP, hence A ABC* A PBC* A DBC 

225 Construct a A = to the sum or difference of 
two given AS 

Let M and N b6 the two given As If they are not on equal 
bases, construct a A ^BC=N, having the base AB==baseof M 
2, P. nr, Te-^l). From A draw AL J_ to AB From AL cut 
-off AD=altitude of the A ABC, and cut off AF = altitude of A 
M, and from FL cut ofFFG=AD Join GB, FB and DB Draw 
TEand DC HI to AB Join AE and EB A AFB+AFGB or 
A AGB= A EAB J- A DAB* A EAB+ A ABC* A M+ AN 

226 In a rt z. d A , four times the sum of the squares 
on the medians, which bisect the sides contaimng the 
xt ,L *6 times 'the square on the hypotenuse. 

Let ABC be a A, rt. £.d. at.A., and let BE and CD be the 
medians from B and C. 4BE3=4 (AB^ + AES) (I 47 ); 4DC2* 
4 (ADS+AC-); 4 (BE2 + DC2)=4(AB’'->-AC2+AD*+AE2)* 
4 (BCs+DE2)=4 BC* + BC 3 (for 2 DE = BC)=5 BC^. 

22y. Three f tines the square on a side of an equilateral A = 
four times the squat e on the \.dt awn from any vertex to the 
opposite side 

Let ABC be an equilateral Ai AD the J. on BC , e\idently 
AD bisects BC AB==AD2 + BD^ (1 47 ),AD 2 +X BC2=AD3 
+ X AB* ,• ^ AB2*AD3 or 3 ABs=4AD2. 

^ 228 ' The equilateral A described on the hypotenuse of any rl^ 
Ld A, IS— the sum of the equilaietal ^s described on thesides^ 

Let BAC be a rt Ld A» having L A*a rt L and BDC, CEA, 
AFB are the equilateral As on its sides It is required to prove 
that A BDC* A CEA + A AFB Draw FG i to AB, then 
evidemlv G is the middle pt of AB, and FG HI to AC ; .*. A FGC 
* A FGA (I 37) =i A AFB , A FGC+ A FGB* A AFB 
Adding to each of these equals A B(JC, the whole A FBC* 
AAFB+ ABGC* a AFB+^ a ABC (v G IS the middle point of 

AB) (i) Now draw AH, DK is to BC join AK, AD, 

HD Then V AH is HI to DK, A AHD= A AHK (I 37) Hence 
AABD=A BHD+ A ABK*A BHD+i A ABC ( . K is the 
middle point of BC) .. (2) But A FBC* A ABD , since FB= 
BA,BC=BD, and L FBC* L ABD. Hence from (i) and (i); 
A AFB* A BHD. Similarly” it may be shown that A AEC* 
A CHD, A AFB + AAEC = whole A BDC 

229 A A is = to the sum of difference of two As on 
the same base (or on equal bases), if the "altitude of 
the former is*to the sum or difference of the altitudes 
of the latter. 
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]Let BAC and BDC be two As on the same base BC , A BAC 
having the greater altitude Draw BM ± to BC Through A 
and D draw AE and DF ||1 BC meeting BM at E and F. 
From EM cut off EN=FB , and join NC, EC and FC NB is 
the sum of the altitudes of As BAC, BDC And since EN=FB; 

A nec*=afbc(i 38), •. abac+abdc=abec+ 

A FBC= A BEC+ A NEC= A NBC 

If through N a line be drawn HI to BC, and if B and C be 
joined to any pomt in the ||1 line so drawn, then each new formed 
A = A NBC,, having NB for their altitude ANEC= A FBC*= 
A BDC (I 38 and 37), and A EBC= AABC (1 37), *• ANBC 
= A EBC or A ABC= ANEC= A FBC= ABDC Thus A'BDC- 
is the differenre of two As NBC and ABC The altitude of 
ADBC=the difference of the altitutes of As NBC and ABC 
230 ABO IS a rt A , AD (the J. from A uporr 
the hypotenuse BC) is produced in the direction DA 
till it meets a side produced of the square on AC m O 
Prove that (1) it will meet a side phbduced of the 
square on AB in the same pt O, (2) that AO shall 
he=BC, (3) and that if O be joined with B, and A with 
B, (the e^remity of the side BE of the square on 
BC), the fig OAEB shall be a com = in area to AB- 
(Ca/ £1 Pap 1871) 

Let AFGC and AKHB be the sqs on AC and AB Join OK , 
^ABC+ A ACB=a rt LBAD+ Z.ABD (I 32),.*. Z.BAD 
= L ACB, also L B\D=Z. 0 AF (I 15), . L 0 AF= A ACB , 

(Ax I) also aBAC= aOFA, a rt L , and AC=AF, OA=BC 
(1 26) and OF = AB=AK Since As KAF and AFO are rt As; 
*. AK 111 to OF (I 28), OK=and ||1 to AF (I 33) and L AKO 
IS a rt A (I 29) , also L AKH is a rt A, HK is in the same 
straight line with KO (I 14), wherefore HK produced, will pass 
thiough the point O Again i.ODB— /.DBE— art A, .. OD 

III to BE (I 27) , also AO =BC=BE , BO=and IP to EA (I 33) , 
OAEB IS a CDm , and CDm OAEB=2 A ABO (I 34)= 
c: 7 m ABHK, (I 4i)=the square on AB 

*331 OKBM and OLDN are C 7 ms about tJie diagonal of a 
C:7m A BCD In AIN, ivJnch ts 1 |^ to BA, take any pt P and 
piove that, if PC, pioducedif necessary, meet KL in'Q, BP lotll 
be\\lfoDQ (Cam Ez. Pap 1868) 

Through Q diaw RQS Hi to NM Then ABQD = A 0 DQ + 
AOQB=iC 7 NQ+iaOS tl 4 i)=ii=i NRSM And A PQD= 
APDC-' A QD.C=Jir!NC -\ciiRC (1 4i)=toNRSM, 

A BQD-KaPQD, .VPBisllltoQD (I 39) '* • * 
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23s, If two st' lines AB and BC be cndi of them divided 
into any number of parts AD, DK, EB and BF, FG, GC, the 
rect under two lines is =in atea to the sum of all rects under 
all the parts of the one, talai separately with all the parts of Fie 
other, 

BF=BF AD+BF DE + BF EB , AB FG =FG AD + 
EG DF+FG EB, AB GC*GC AD +GC DE +GC EB, but AB BC 
'=AB.BF+AB FG+ABGC *. it is equal in area to the sum of 
all the rects. under all the parts of the one, taken separately with 
all the parts of the other 

283 The square on a straight line, is —foui times 
the square on half the line 

On AB describe a sq ABCD (I 46) Bisect AB, AD in the 
points E and F (I 10) Draw Et* ||l to AD, and FH ||I to AB. 
Then the sq ABCD is divided into four squares, each of which is 
=AES, ♦ AB2=4 AEs 

Si34 If four points are m or/fifr on the same 

st hue, then prove AO BD = AB CD +BO AD (Euler ) 

Applying (II 1 ) repeatedly, w e have AC BD = (AB + BC) BD = 
AB BD+BC BD=AB (CD + BU+BC BD = AB CD+BC AB 
+ BC BD=AB. CD + BC (AB + BD)=AB CD + BC AD 

235 In a A, whose vertical L is art l, a straight 
line is drawn from the vertex JL to the base Show 
that the rectangle contained by the segments of the 
base=the square on the ±r ( Bombay F x Pap , i8j6 ) 

Let ABC be the A, and BAC thert L> Draw AD X to BC 
Then BDs + CD! +21)0 DC=BC= (II 4)=BA2+CA2=(BD'' 
DA 2 ) +(DA= + CD=), 2BD DC^aDA^ rect BD CD 

=DA». ~ ' 

236 If a X CD be dt awn ft om the vet tex of a scalene ^ABC, 
the difference of the squares on the sides AC and CB ~ in at ea to 
twice the tect utidet the base AB and the dt stance DE of its 
middle ft from the X (Cf Ex 8, p Jfy, Text), 

'237, In art. Ad A, if a X be drawn from the rt 
L to the h3rpotenuse the 'square on either side forming 
rt / ® the rect contained oy the hypotenuse and the 
segment of it adjacent that side ' 
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Let ABC be a rt Ld A, to prove AB*=CB BD, or 
BC CD From A draw a X to BC. Now CB BD=BD*+BD,DC 
<11 3 )=BD 2 +AD- for BD DC=AD" (Ex 235), *. CBBD = 

BD 2 +AD 3 =AB 2 , so shall CA^^BC CD 

238 Prove II 9 from II 4, II 5 and Bx 233 

See fig (II. 9). AB®=AQ=+QB2+2AQQB (II 4) But 
AP=iAB or 2AP=AB, . AB“= 4 AP 3 AndAQQB=APS- 
PQ= '(II 5 Cor), 4 AP==AQ= + QB3+2AP-2PQ=, or AQ^ 
+ BQ®=2AP2 + 2PQ2 J 

239 If from one of the base Lsof an isosceles A, 
ax IS drawn to the opp side, then twice the rectangle 
contained by that side and the segment adjacent to 
the base=the square on the base 

Let ABC be an isosceles A, BE is the X drawn from B one of 
the base Ls, to the opposite side AC To prove 2AC CE=BC® 

Z. ACB is=an flfwfeL, AB®=BC®+AC® — 2AC CE (II 13) 

or AB®+2 ACCE=BC®+ACs, butAB=AC, ABs=AC=, 
^ACCE=BC® 


240 A straight line is divided into two parts , show 
that if twice the rect of the parts is = the sum of 
the squares described on the parts, the st Ime is 
bisected 


Let the st line AB be divided at C so that 2 AC CB = 
AC®+BC® Then C shall be the mid pt of AB If not, let 
D be the mid pt , then V ABS=AC2+CBS+2AC CB (II 4) 
=4AC CB (Hyp ), and AB® =4BD® (Ex 233) ; hence AC CB = 
BD-, which IS* absurd (II S), .. D is not the mid pt of AB 
So It may be proved that no other point but C can be the mid 
pt of AB Hence C is the mid pt of AB 

241 Divide a given sit line into two parts, such that the lect, 
contained by them shall be the greatest possible (Bombay Bx. 
Pap 18'74, Oal Bx. Pap 1872) 

, Let AB be the give str line Bisect it m C, and in it take 
any other pt D Then AC CB shall be > AD DB For AD DB 
+CD®=CB® (II 5)=ACCB,*^ the rect AC.CB > AL.DB by 
CD® So AC CB may be proved to boany other rectangle Hence 
AC CB IS gieateat 


242 Divide a given st line into twoparts, such that the sum 0/^ 
the squares on the two parts may be the least possible (Bombav 
Bx. Pap 1869 , Cal Bx Pap 1882). 


Let AB be the given straight line. Bisect it in C, ahd in it 
take any other point D Then AC® + CB® shall be <: AD®+DB®. 
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For AD2+DB»=3AC»+2CD2 (II 9)=AC2+CB3+2CD=, te 
AC^ + CB^-cAD^+DB- by 2CD®. So Jt raay be proved that 
AC®+CB®<c the squares on any two parts into which AB may be 
•divided Hence AC-+,CB® is the least ‘ 

243 . Any rectangle is i of the rect contamed by 
iihe diagonals of the square's on its two sides 

Let XPQY be a rectangle Describe squares ( external ^ PNSQ 
and PMRX on PQ and PX respectively (I 46) , join PS'and 
PR It IS required to prove that XPQY=^ RP PS Since RP 
IS a diagonal of the square on PX, RP 2 = 2 RX® bo PS®= 
2 PQ2=2XY2 ; and /.RPX=i a rt Z. = Z.QPS. and lXPQ = 
a rt L, .. RP and PS are in one st line (I 14) , and in ARYS, 
V'LYRR=i art. /.= lYSP. RY=bY, •.RS-=2RYS No\v 
{i)Rb2=RP^+PS-!+2RPPS (II 4), and (2) RY 2 =RX 2 +XY* 
+2RXXY (II 4) From (i) and (2), we have RS 2 = 2 RY*= 
.?^A"2+.2*Yy2+4RXXY=A’/’2+/"52 + 2RPPS (Rejecting the 
equals) we have, 4RX XY=2RP PS, RP PS=2RX XY=2PX XY 
=2XPQY , rect XPQY=iRP PS 

244 If a st hne CD be drawn from the vertex of 
an isosceles A ABO, to anypomttn the base or the base p/oeiuced, 
the rect under the segments of the base AD and DB, 
is=in area to the difference between the square on this 
line OD and the square on either side AD or BO of the 
HiASO. (Bo/nbay JSx Pap i88s) 

Bisect the base AB in E (I 10), and draw CE a X on AB 

When D IS in AB, — see the proof in («) , when D is without 
AB,— see the proof in {b") 

(a) AD, DB + DE 2 =AE 2 (II 5) , AD DB=AES-DE 2 
= (ACS - CES) - (CDS - CES) = AC® - CD® 

(b) 'AD.DB+AES=EDS (II* 6) , AD DB = EDS- AE 2 = 
<CD»- CES) _ (ACS - CES) = CDS _aC 2 

^ 245 . In any A, if a line be drawn from the vertex 
bisectmg the base , the sum of the squares on two sides 
of the A, IS double the sum of the squares on the bisec- 
ting line and on half the base. {Bombay Ex Pap 1863 : Cal, 
Ex Pap. 1868) 

From the vertex A of the A ABC, let AD be drawn to 
the pt of bisection of the base, ABs+ AC® shall be=2ADs+ 
2pBs. From A draw AE X to BC , then ABS=ADS+DBS+ 
2BDDE (II 12), and ACs=AD2+DCS-2CD DE‘ (II 13) = 
AD 2 +DBS- 2 BD DE, hence ABsh- AC s=2.ADs+2DB2 (This 
Exercise is very important) {See Text, Ex. 24, p. 147 ) 

9 
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346 Apollonius’s theorem. If ABC oe any and D 
any ft the base BC so that in BD^n DC, then sheto that 
m AB-Jrit AO=ilniJrti) AD'-'^ni BD-^rn DO 

Draw AP ± to BC, then (i) ABS^AD^+DB'+sBD DP 
(II 12), AC-=AD 2 +DC 5 - 2 CD DP (II 13), (2) Multiply the 
jprst equation bv nt and the second b\ n and add, thus w e jfet 
m AB'*+« VL* =(»«+«) AlDs+z// DlB+z; DC-, since BD DP 
>=311 CD DP (H> p ) {Lx 34J, ts a sfectal case of 346) 

247 In an isosceles A , if a j. be drawn from one of 
the /.B at the base to the opp side, show that the 
square on the x = twice the rect obtained by the seg- 
ments of that side together with the squaie on the 
segment adjacent to the base • 

Let ABC be in isosceles A, haMny its\ertc\at A Draw 
BD X to AC Now ACS = ADs + CD*-f 2 AD DC (II 4). 
AB»=AC 2 , AlP or (Air + BD 2 )=AD--hCD 2 + 2AD DC 

(from .iboie) , BD*-=CD* + 2AD DC 

348 {In II ii) Shorn that the squares on the rvhole Une and 
one of the fails, «/•£•= thrice the square on the other fait 

4 BJ-l-BHS= 2 ABIjH+AHs (II 7 )-= 24 H 2 + AH 2 « 3 AH= for 
ABBH=A 1 D(II II) 

249 In the fig of Euo (II 11), if CH be produced 
to meet BP at L , show that OL is x to BP 

The two As FAB, HAC are equal in all respects (I 4) Hence 
/.ACH=«iI<BA Inthetwo AsAHC.LHB, LACh = z.LBH 
and also iAHC— LLHB, . the rciriaininy z.HAC=sAHLB 
(1 32), hence Z.HLB=a rt L , i e CL is X to FB 

250 In the fig II 11, prove that the st lines GB,. 

DP, AE are I'l *; 

Join FK, AD Then A AFK==}AH® (1 41), and for the s.aine 
reason A ADK = i the rectangle HD But sq on AH = 
rect HD, A^FK=A^DK Hence FD is |il AK (I 39) Join 
AG, BK , A AGK = i rect FK .and A ABK=»XAD® (L 41). 
But the rect FC=AD-’ , *. AAGK=AABK Hence GB is ill AK 
(1 39) Thus GB IS 111 FD (I 30), GB, I-D, AK are l|l to 
one another 


251. The sum of the squares on the sides of CDm, 
is=the sum of the squares on the diagonals. {Cat Ex, 
Paft iSyq, Bom Ex Pap 1S66 ) 

Let ABCD be c:7m To prove that AC-+BDs=:AD5+AB- + 
BC-+CD* Draw CE HI to BD, Produce AD to meet CE in E ; 
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AD=BC (I 34 )=DE. Hence AC=+BD 2 *AC*+‘CE 2 = 2 AD= 
+ 2 DC 2 (Ex. 245 ) = (AD*+BC2) + (AB®+CD=). 

252 Ifast line be drawn through one of the Ls 
of an equilateral A, to meet the opp' side produced, so 
that the rectangle contained by the segments of the 
base iss=to the square on the side of the A i show that 
the square on the st hue so drawn is double of the 
square on a side of the A- 

Let ABC be an equilateral A Throug^h A C a si line CD 
is drann to meet the o|}p side AB produced at D, and it is gi\en 
that ret AD DB=CB 2 , to prove CD== 2 CB« 

ADDB + EB==ED=(n 6 ), adding CE^ to each; AD DB-^ 
(EB2+CE2)=ED2+CE= or AD DB + BC2=-CD2 (I 47), ? ^ 
BC 2 +BC 2 =CD= (hj-p) , 2 BC 2 =CD 2 

Pi odttcc n given straight Itnc so that ihe iccf contained 
by the vJtolc line thus produced and thepai i of it produced, shall 
Ic—n^ivensqnate (Oal Ex Pap 1865) 

Let AB be the given straight line Bisect it in the point C 
f I. lol At B draw BD JL .AB and=a side of the gnen square 
Join CD Produce AB to E making CE 5 =CD Then E is the 
pt required, •. AE EB4.CBS = CE- (II 6)=CD2=CB2+BD2 
(I. 47 ) , *. AE EB = BD®=the gnen square 

254. If two sides of a trapezium be l|l to each other, 
the squares on its diagonals ai e together = to the squares 
on its two sides which not (.1 and twice the rectangle 
contained by its ifl sides 

Let the sides AB, DC of the trapezium ABCD be parallel 
draw the diagonals AC, BD. Then shall ACS+BDs be=:AD2+ 
BC 2 + 2 AB DC Let fall the J.s CE, DF. Then DB2=DA=+AB" 
+ 2 ABAF (II 12 ), and AC-'=CB2+AB2+2AB BE, (II 12 ), 
hence AC2 + DB2=»AD2+CB=-«-2AB= + 2 AB BE+ 2 AB AI« Now 
ABFE-ABFA+AB AB+ABBE, (II i) , ACs+DB^^AD® 
+ CB2+2ABDC. 

255 In any A, if a J. be drawn from the vertical l 
to the base, the sum of the squares oh the sides form- 
ing that L, together with twice the rect contained by 
the segments of the base, is - to the square on the base, 
together with twice the square on the JL, 

Let ABC be any A, AD the JL from the vertical LA to the base. 
To prove ABS+AC^+aBD DC=BC2+2AD2 Now- AC^^ADS 
. +DC2(I '47k ABS»AD*+BD2 (I 47), ' A AC*+AB2-2AD2 
+(DC2+BDi), and BC^^BDa + CD^ + 2 BD DC (II. 4 ), * 
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BD® + CDS =BCS— 2BD DC, AC* + AB*=2AD* + (BC*— 
2BD DC), *. AC2 + AB9+2BD DC=BC*+2AD* 

266 Divide a given st line into two parts, so that 
the rectangle contained by them, shall be “to the square 
on a given st hne, which is less than % the hne to be 
divided {Cal Ex Pap JrS 6 ^) ' ' 

Let AB be the given st line to be divided Draw AD 
at rt Ls to AB, and=a side of the given square Describes 
semi O upon AB as dianieter From D draw DE ||I AB, cutting 
the semi O in E From E draw EF i, AB Then F is the re- 
quired point of division Let C be the centre, and join CE Since 
AF FB + CF* = CB* (II 5) = CE* = CF* + EF* (1 47) . - 
AF FB = EF* = AD* = the guen square 

257 If a st Ime AB be divided m medial section at H, 
and if M be the mid pt of the greater segment AJE , 
prove that the A whose sides are AH, MH, BM respec- 
tively, must be rt id or AH* + MH*=BM-‘ 

Since M is the mid pt of AH, and AH is produced to B, 
rect AB. BH -1-MH* = BM* (II 6), but AB BH=AH* (hyp ) , 
AH*-1-MH*=BMS 


3 SS In a A APB^ AP- < PE^ by a constant quantity. 
Prove that P must be on a cat am stiaisht hne (Cal Ex 
Pap 1872) 

From P draw PD JL AB Then PB*=AP*+AB*-2AB, AD 
(II 13) Take AP* from both these equals , PB* — APS=AB* 

— 2AB AD Let Q be some other position of P If QR be drawn 
J. AB, then we can pro\e that QB* — AQS=AB* — 2ABAR, 
AB* — 2ABAD=AB* — 2 AB AR, being each of them —a constant 
quantity then AD = AR, * QR and PD will coincide Hence 
the position of P will always remain on the st line drawn from 
D JL AB 

259 The sum of the squares on the sides of a 
quadrilateral, is greater than the sum of the squares on 
Its diagonals by four times the square on the st hne 
which joins the mid points of the diagonals (Cam Ex, 
Pop iSjo,) 


Let ABCD be a quadrilateral, and let O and P be the mid 
points of Its diagonals BD and AC. Tom OP, BP, DP To prove 
AB* + BC* + CD* + AD*=AC* -f BD* + 4OP* 

In A ABC , AB* + BC* = 2BP* + 2CP* (Ex 245). V AP= 
CP=AAC In A ADC ? CD*+DA*=2DP®4-2CP® Addin? we 
get; AB* + BC* + CD*\-h DA*=4CP* + 2BP* + 2DPs=4CP? + 
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2 (BP 2 +DP 2 ) ; but in A BPD, V O is the middle point of BD, 
. BPs + DP 2 = 2BO2 + zOP® (Ex 245), 2(BD2 + DP 2 ) 

=4CB02+0P2), AB8+BC2+CD2+DA2 =4CP2+2(BP2+PD2) 
=4{Cp2+(B02+OPa)}«4CP2+4B02+40P2«4(iA.C)2+4(|BD)2 

+ 40 P 2 =ACS+BDS + 40 P 2 

260 In any quadrilateral, the squares on the diago- 
nals are together = to twice the sum of the squares 
on the st. Imes joinmg the mid points of opposite sides 
(Cam Ex Pap, TSjg) 

Let ABCD be a quadrilateral j and E, F, G, H the mid. pts of 
Its sides Then , £F joins the mid pts of BA, BC, .*. it is ||1 
AC (Text, p 96, Ex 2) , and .A.C=2EF (Text, p 97, Ex 3) So 
HG IS 111 AC, and EH, FG are |ll BD , EFGH is a CJm 
AC* = 4EFS (Ex. 233), BD* = 4FG* (Ex 233) Adding AC* 
+BDS=4 EF-i + 4 FG*=2 ( 2 EF* + 2 FG* )=2 { (EF» + GH*} 
+( FG* + EH* ) }=2 { ( EF* + FG* ) + ( GH-* + EH* ) }= 
2 { ( 2 EO* + 2 OF* ) + ( 2 EO* + 2 OH* ) } (Ex 245)* 
2(4 EO* + ( 2OF* + 2 OH* ) } ( the diagonals of a CUtn 
bisect one anothei, *. EO = AEG, and HO=OF=iHF) , .*. AC* 
+ BD*=2{4 (i EG)* + 4‘0H2 }={ 2 EG* + 4 ( i HF)*}= 
2 { EG*+HF* } (Ex. 233) 

261. If an L of a A be=s of a rt zi, then, the 
square on the side opposite to it, is=to the sum of the 
squares on the sides contaimng it, diminished by the 
rectangle contained by them {Ca/ Ex Pap 1874 . ) 

Let ABD be the A» in which LABD— §of a n Then 
It is required to prove that AD*=AB* + BD*-AB BD Draw 
AE JL BD From ED or ED produced, cut off EC=BE Join 
AC V BE=EC, AE com , and /.AEB=Z.AEC, (Ax ii), 

AB«AC, Z.ABE=Z.ACE (I 4). /. *.ACE-|ofart L, 
therem Z, BAC of A ABC = 5^ of art 1(1 32),,*. ABAC 
= L 4 .CB (I 6) , hence AB = BC = 2 BE Now AD* = AB* 
+ BD*-(2 BEj BD (II i3l=AB*+BD*-AB BD 

262 In a rt A d Ai the sum of the squares on the st 
hues drawn from the rt L to the pts of trisection of ike 
kypo/efitese is = to five times the square on the st hne 
between the pts of trisection 


Let ABC be a rt A d Aj rt A d at C The hypotenuse AB 
IS trisected at E and D Join CE and CD To prove CD*+CE 2 
= 5 L>E* (a) In A CEA , CA* + CE* =» 2 AD* + 2 CD* (Ex. 
245) ik) In A CBD , CD* +CB*= 2 DE* +2 CE* (Ex 245) 
Adding («) and (^), we get, (CA*+CB*)+ (CD* + CE*)»C2 AD* 
+ 2 DE*)+2 (CD*+CE*) (f) , and V A ACB is a rt' A, CA* 
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+CB 2 =ABS, and** AD=rDE (Hyp) .*. 2AD*+2DE®=4DE3 , 
.*. ABS = 4 DE 3 + (CDS + cEO But AB® = 9(iAB)*=9DES, 

9 DE-’=r 4 DEs+(CD* + CES), .*. 5DES=CD* + CES 

263 If from any pt within a rent st lines are 
drawn to the angular pts , the sum of the squares on 
one pair of the st hnes drawn to opposite /.s, is=the 
sum of the squaies on the other pair 

Let ABCD be a lect , let the diagonals AC and BD intersect 
at P Now the diagonals of a reel are equal and bisect each 
other, * AP = BP = CP = DP, and O is anv pt within the fig , 
OA, OB, OC, OD are joined To prove AOs+OCs=OBS + ODS 
Join OP (rt) In A AOC AO»+OCS=2APS + 20 PS (E\ 245) 
{b) In A OBD , OB® + OD* = 2DP* + 2OP* (Ex 245) Now 

AP = DP, 2AP-’=2DP- , . 2AP2 + 2OP* = 2DP* + 20P*, 

AO* + OC*=OB* + OD* from («) and {.b) 

264 Ihtee times the sum of the squares on the 
sides of a A, IS times the sum of the squares on 
the medians 

Let ABC be a A , D, E, F, the mid pts of BC, AC, AB To 
prove 3(AB*+AC* + BC*)=4(AD* + CFs + BE*) (i) AB*+AC* 
= 2AD* + 2BD* (Ex 245) , (2) AC* + BC* = 2CF* + aBF* 
(Ex 245); (3) CB* + AB*-2BE*+2AE* (Ex 245,. adding (i), 

(2) and (3) 2(AB*+BC* + AC*)=2(AD* + CF* + BE*) + 2(BD* 
BF* + AE*) or doubles oi equals, are equal 4(AB*+BC*+AC*) 
=4 (ADs + CF* + BES)+4(BD»+BF*+AE*) , but4(BD*+BF* 
+AE*) - BC* + AB* + AC* (Ex 233) , 4(AB* + BC* + AC*) 

=4(AD* + CF*+BE*)+(ABS+BC*+AC*), A 3(AB*+BC*+AC*) 
=4(ADs + CF 2 +BE*) 

adj In the Jig of II u, show that four othei st hnes besides 
the amen st line AB, are divided in medial section (Cam 
Ex Pap 1849) 

(See fig 1 1 11,1 ext-book, p 138 ) 

( 1) From the figure it is evident, that rect CD DK=CK*, for 
AB BH=AH* and CD=AB, DK=BH and CK=AH 

(2) CF FA=AC*, for AC»=AB 

(3) KG GH = HK*, for KG = CF, KH = AC = AB,and G H = AF 

(4) If O be the pt of intersection of BE and HK, it is 
evident that As BHO and ABE are equiangular and hence 
similai , and it can be proved by (Euc Bk VI 10), that AB and 
BE are similarly divided in H and O 

266. If ABO be a A m which O is a rt f , and DB 
he drawn from a pt D in AO at rt s to AB , prove that 
reot AB AB=rect. AO AD. YCa»z Ex Pap j86t ) 
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nDJ=BA 5 +AD’- 2 ]JA AE . mV =- BA^ -f AD® ~ zAD AC 
(II 13) } 2 BA. A1:=2 ad \C ; * iiA.AE=AD.AC 

:?6/. //} TI Ji, shirt',* lhat the fit of section If^ ties between the 
■ctireniities of the st line A li (C£Lra ISx. Pap 1869 ). 

nntl'cdingr.im of 11 ii,Tc':t )EF«nB, and ' EF-cEA+AB; 
/. AFcAB , AII<AB , % H lies between A and B 

* 26S In any trafiezinm, if two opposite iides be bisected j 
the sum of the squat cs on the two othei sides, toi^ether with the 
squires on the dias^oi.als iS‘=to the sum of the squntes on the bisec- 
ted sides to^ithcr with foul* times the squares on the st line joining 
those fits, of bisettion 

,Lcl \B, DC, two opp sides of the tnpc/iuni ABCD. be bisect- 
ed in E. and F Join EF and draw ibc dmjronals AC, IJD To 
.pro^c ADS+BC»-f-ACs+UD»-AB* + DC2+4EFS Join AF, BF 
Since AF bisects DC the base of AADC, AD"+ \C“=a2DF® 
+ 2 FA 5 (E\ 245I; also BC» +BD=-2 DFs-4'2FB2 (Ev 24;); 
aadinii. AD'*+BCS+AC= + Bn’ --4 DF2+2 FA^ + a FB^ « DC^ 
*^2 FA2 +2F1F--DC* 4 2 iFA? + rB2) = DC *+4 \E2 + 4 EF^* 

DC* 4 -AB 2+4 eh 

260 ‘ From n cruet, point in t/u <^tc of a scitit-^, to draw a 
si, line meetinc the diametei, so that the dtlferittcc betsoeen the 
squares Oil this st line and A to the diavu tei fioin the point of infei- 
scction, may 1 c^a jttven rectani*le 

Let A be the gnen pt. in the Qcc of the scmi-'*^ ; from it draw 
AD JL to the diameter Take O the centre, and divide DO in B, 
■so that rccr a OB BD may bc«=ihc given rctt.angle Join AB, 
and draw BC i BD ; AB, BC arc the st lines required. For OA® 
= \B* + B 02420 B BD (II 12) ; AlF+aOB BD = 0 V=OB= 
«OC®«OB*-= BC®, BCS--=AB*=r20B BD re -the given 
reel angle 

2yo To describe a ; cctaintular CDiii, sohich shall be = to a cis'cn 
square, and har.>e its adjacent sides togetherssto a j*i7*en st line 

Let AliMthc given st line Upon it describe a rr/w-O ADB 
From A draw AC JL to AB, .nnd-^a side of the given squ.are 
Through C dr.nv CD |il to AB, and let fall the ± DE Then 
AEEJi will be the rccunglc reqd ^ Foi AE EB«ED* (II 14) 
=AC®»ihe given squtirc , and AB is the sum of the adjacent 
sides AE, EB. 

, 271 If one L of a A, IS of 2 rfc,' £.8 , sliow that 
the square on the opp side, xs>>the squares on the sides 
forming that l, by the rectangle contained by the sides 
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Let ABC be a A , L C=?^rd of 2 rt Ls, it is required to 
prove that, AB*=ACs+CBa+AC CB Draw CD ± BC produc- 
ed Since Z.ACD = 5^ of art Ls , *• Z.ACD = ^ of art Ls, 

being supplementary L , CD=i AC (See Ex 261) Now, AB* 
=AC®+ CB* -fa CBCD (II 12) But (2 CB CD=2 CB ) (| AC) 
=CBAC, *. AB*=AC2 + CB* + ACCB 

272 In a A ABO, the as B and O are acute if BE; 
OE be ±B to AO, AB respectively , show that BO*=AB 
BP+ AOOE 

AB*+2AC CE=AC*+BC* (II 13), and AC* + 2AB BF=AB® 

+ BC*(II 13), by addition, (AB* +AC*) + 2 (AC CE + 
ABBF) = (AC* + AB*) +2BCa Hencea (AC CE+AB BF)=2BC*, , 
ACCE+ABBF = BC* ' 

273 Prove II 10, by II *7, II 6, and Ex 233 

Let AB be a st line divided equally at P and produced to 
Q NowAQ* + BQ*=2AQ QB + AB* (II 7)= 2AQ QB + 

4 APa (Ex. 233) = (2AQ QB+2PB*) + 2AP2=2 (AQQB+PB2) + 
2AP2=2PQ2+2AP*, for AQ QB+ PB2 = PQ* (II 6) 

274 ABC IS an isosceles A , m which AB = AO , AB is 
produced beyond the base to D, so that BD = AB , show 
that CD*=AB*+2 BO* 

B IS the niid pt of the base AD of A ACD , . AC* + CD® 

=2 AB* + 2 BC* (Ex 24 s)=AB 2 + 2AB2 + BC* =.AC* + AB* + 
aBC*, for AC=AB , * CD*=AB2 + 2 BC* 

275 If MN be drawn 111 to the base BC of an isosceles 
A ABC, prove that BN*-ON2=BO MN 

Draw ND 1|1 AB , join BN , from N draw NX JL to CD It 
IS evident, that the fig MBDN IS a om , hence MN = BD Also 
It IS evident, that NDC .s an isosceles A Hence X is the 
mid pt of CD, te, CXt=DX Now BN2 = BX* + XN* and CN* 
=CX2 + XN2 (1 45) . •• BN2-CN*=(BX* + XN*)-(CX*+XN2) 
=.BX*— CX2=(BX + CX) (BX-CX),(1I 5 Cor)-BC (BX— DX) 

= BC BD = BC MN , foi CX = DX (proved above), andBD = 
MN(I 34) 

276 If the base of a A be given, both in magni- 

tude and position, and the sum of the squares on the 
sides in magnitude, the locus of the vertex is a C'^ (Cf 
Text p J48, Ex so) X- . y 

Let BC be the given base of a A ABC, and AB* +AC*=a 
given square It is required to find the locus of the vertex A. 
Bisect BC in D, join AD Now AB2+AC*=2BD» + 2AD* (Ex 
24S) I but AB2+AC2 lb friveu {hyp) , ’ 2BD2+2DA»is ^iZfcn, 
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and 2 BD- 5 s given.^ since BD is half of the gi\en base BC ; A 
aDB® IS snvm\ A DA is jt/tw/, and the pt D is ztven. Hence 
the hats of A is C> having U as centre, and DA as radius 

277. ABC is a A, and'O the pt of intersection of its 
medtans , shew that AB= +BC= +0A= =3 (OA= +OB*- +OC-) 

Let D, E, F be the raid pts of BC, CA, AB respectively ; *. AD, 
BE and CF are the medians InAOBC, OB- + OC==20D--^ 
2BD= (Ex 245>, and doubles of equal things are equal, A (i) 2OB- 
+2 0 C 2=4 0 D 2 + 4 BD==A 02 + BC 2 v OD = i AO (Cor. Av 4, 
P IQS 7 V?r/) and BD = i BC (Ex 233) So (2), aOA^ +20B2 = 
AB=+OC^ So (3h 2 OC= +2 OA= = AC- + OB= Adding (i), (2), 
and (3), we see, 3 fOA= + OB= + OC 2 )+(OA- + OB' + OC-)={AB- 
J-BC 2 + AC 2 ) + (OA=+OB= + OC-). AB- + BC- + AC=« 
3{OA2 + OB=j-OC-) 

278 In the fig of II 11, if BE and OH meet at 
O, shew that AO is X to OH 

*. EF » EB, L EFB = L EBF Now /. ECO is the com- 
plcment of L EFL or >. EFB in A I' CL (E\ 249) , L FLC 
= 1 rt Z., and L EOC=Z. LOB (I 15) =-■ the coraplcmeni of 
/.EBF, *, Z.ECO=rompleracnt of ( Z. EFB or Z.EBF)= Z.EOC, 
•, EO==EC(I d) EO = E\ m A AOC since EO is the 
median dividing \OC into two isosceles As, L AOC=(Z. ACO + 
LCAO)=a rt L (I 32), AO is Jl CL 

57 p. Jf AB he dtviaed in medial section at C, prove that 
[AB-¥BC)'^=SAC- 


(AB + BC)==4 AB BC + AC 2 (II 8), but AB BC = AC= (Hyp ) 
Henre(AB + BC)2=5 AC^ 

280 If a straight line be divided equally and une- 
qmaJly, the squares on the two unequal segments =2ce 
the rectangle contained by these segment =4 times the 
square on the st. hne between the pts of section 

Let AB be the st line, divided equally at P, and unequally at Q 
It 5 s required to prove AQ2+BQ®=2AQ QB + 4 PO- Now AQ- 
4-BQ2=2 AP=+2PQ2, (II 9)«2 (AQQB+PQ*) + 2 PQS, ■{ for 
AQ QB + PQ 2 s= PB 2 or AP® (II 5) AQS + BQS = 

2AQ QB + 4PQ2 


281 Construct a rectangle® the difference of two 
given squares 

Let AC=a side of the smaller square , produce AC t6 D 
making CD ®a side of the greater square and from CD cut oft 
CB = CA. Then AD DB + CB 2 ®CD= (II 6) , AD AB® 
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CB2--CD*— AC* == difference of the two "iven squares. 
Thus the required rectangle is found ^ , 

282^ Find the side of a square^ to a qzven equilateral A 

Let ABC be the equil A Draw BD x to AC, and BE, CE l|l 
^C, BD respectivelv Then rect DE and A ABC being each 
double of A BDC, are equal Then find out the required side 
CG as in (II 14). 

* 283 If on the 7 adius AO of a a re;/z -0 be described^ and 
a X CDE to the coviinon diameter ADO oe diawn^ ( the square on 
thechoidof the qi eateri^^ between the extremity of the diameter 
and the point of section of the ±) i e AE^ will bc^2ce fhe 'sq on 
the corresponding chord of the lesset Qfie ^2 A 9 * (Of. Col Bx. 
Pap 1860 , Q 5 ^rBx 3 ) 

Let ADO be the semi~\^ desenbed on AO , from any pt C in 
AO or AB draw CDE at rt As to AB cutting the O 

nn D and the la7Fer(f in E Join AE, BE, EO, AD, DO Bisect 
AO at X , join DX Now L BOE = 2 /: OEA , and L AOE = 

2 L OEB (I 32) , L BOE + / A0E«2 ls (OEA + OEB)*= 

2 L AEB , but L BOE + L AOE = art Ls (1 13) , 2 L 

AEB— 2 rt / , \ L AEB — a rt L , so L ADO ran be proved 
“'a rt L , A AEB and L ADO are rt ^d As From AAEB, 
wehave AE*=AB AC(Ex 237),but AB=2A0 , AE*^ 2 A 0 AC, 
and from A ADO, we ha\e AD''=AO AC (Ex 237) , /. AE*^ 

2 (A0AC):-2AD2 

N B — In the Q 3 07 Er 3 of Q and C correspond 

to C, Dy E and O here 

284. Comtruct aiectangle—io a given iqttare^ when the sum 
of the two adjacent sides of the rectangle^ is^ a given quantity 

Let the st line AB be the j//;;/ of two adjacent sides of the 
rectangle , let CD represent the difference of two sides Then 
AB IS inown and it is reqd to find CD 

AB*^CD*=(A+B) (A'^B) , z e =4 times the rect which is 
required , i e =4 times the given square , / ^ =a known quantity* 
But AB* IS known , thus CD* is known and / CD is known. 
Bence, the sides of the required rect are found , for one side is 
=4 (AB + CD), and the other is=i (AB-CD) 

^283 If from the extremities of any chord in a st lines be 
drawn to any pt in the aiametei to which it is , the sum of their 
squaies^the sum of the squaies upon the segments of the diameter * 

Let AOB the diam , CD the chord, E the point in OB, and CF, 
DG Xs to AB , O the cenlie , join OCand OD , then CE*=OC*+ 
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0E5+20E0F(n. 12)*, r>E2«0D"-+0E«-20E OG (II. 13),= 
OCs + OES-2 OE or,.*. CE=+DEs«20A2 + 20E8=AE2 + 
Eli* (II 9). 

2S6 Comtruct a tccians^lc^^a f^tvcn sottatcwhcn Ihc^tffcrcnce 
of iwo adjacent sidc’t of the rcttangle^a given quantity 

(Us'nji the notation of E\ 284) we have AIJ®~'CD®=4 times 
the given square But CD is known , and AB- is known , 
hence, the sides of the required rectangle are found 

‘f'sSy Produce one side of a given A» ^0 that the rectangle con- 
tained by this side and the fnoduced pait, may be=^thc diffcicncc of 
the squares on the other two sides 

Let ABC be the given A, BC the side to be produced. Let 
CA be nof2> BA From A dr.aw’ AD _L BC, or BC produced. 
Produce CD to E, so that DE ."nay be=DC Then CA-~'BA®s= 
CD 2 ~BD*-, (I. 47) , rect (CD + BD) (CD^-BD) , (II 5 Cor) 
If the J,falls withmihe A ABC, CD + BD « BC, and CD~BD 
= BE , .and if the X falls without the A ABC, then CD + BD = 
BE, and CCD~BD) = BC In each case, CDS-BD^^BC BE. 
Thus BE IS pi odiiced pai t requited 

2S8 Find a squaic which shall bc^ to the sum of two given 
rectilineal figures. 

Describe the reels AB, CD =sthe given rectilineal figures (I 45). 
Apply the rect EF*:CU, to the line BE (I 44}, and describe a 
square=rect AF (II. 14), which shall be— the given rectilineal 
figures 

sBg If the aiea of a itctangle be given^ its perimeter is a 
minimum, when it is a equate 

Let ABCD be a squat e and AEGPI, a rect. of equal area. 
To prove that the peiimeler of ABCD is < than that of AEGH. 
Now ABCD a= AEGH (Hyp) Reject the common part AEFB, 
and \vc have EDCF = BFGH , hence these must be the 
cbmplcments about the diagonal of a CJm , if DC, AF, HG be 
produced, they meet at the same point. Let them meet in K Now 
DK is>DA, .*. LDAK^LDKAie. /. CFK> a CKF, .*. CK> 
CF, .and .*. CK2>DE To each add CD+EA, and we bate 
(KD+EA) or (GE+E.A) >■ (CD + DA) Hence the penmefet of 
the rectangle is'^ than that of the square 

zgo If two pts he taken in the dtamefet of a (f, equally 
distant from the ceniie, the sum of the squat es on two st lines 
draivn from these pts to any point in the (j ce^ will be constant 
Let C, D be two points in the diameter AOB’, then E being m 
the f cc, CE’*+DE®«=2 OC^+2 OE® (Ex 245), which' is constant. 

^ 9 ^ Given a A ABCj find the locus of the points^ the 
difference of the squares of whose distances from B and ( the ends 
t>f the base) is=sto the dtjffeiencc of the equates on the sides AB, AC 
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V A ABC IS given, its sides AB, AC are gnen^ /. AB-^^AC®^ 
IS given Find X, so that X-ssAB-'^AC^ (L 47) 

*2g2 Produce a given st ////r, so that ihc sum of ihe squares on 
the given st line and on the part produced^ may be^ 2 C€ the feet 
contained by the vbhole st line thus pi oduced and ihe part produced 
Let AB be the given straight line. From B draw BC at rt Ls to 
AB, making BC= AB Join AC, and produce AB making AD =» AC 
Then AB2+BD« shall be=2AD BD For AD^+BD^^sAD 
DB + AB* (II 7), and AD^c^ACs (const )==ABS + BC= (U 47)= 
2 AB5 (constr), hence 2AB2-t-BD2=2 AD DB + AB®, taking 

away AB® from these equals, we have AB®=BD®=2AD DB 

^ 9 S Of the A ABC^ the base BC is given^ and the diffhence 
of ihe sides AB^ AC, find ihe\ocsKy& of ihe point wheiethc i. 
from C to A fueets ihe bisector of the interior vertical L at A 
Of all As v\hose base is the given base BC, and the 
differences of whose sides is given, let A ABC be one , and 
let CD be drawn ± AC meet the bisector of the mtenor vertical L 
at D From D draw DE JL AB or AB produced, and join BD 
Now A ACD = A AED (I 26), \C=AE, and DC«DE , 
•. BE=AB“ AC or AC-AB, and IS given But BE® = BD®— 
DE®==BD2-DC®, (I 47 Cor), BD^-DC® is given , • the 
loons of D 15 a stfai^ht line 

2g4 The least square which can he inscribed in a efiven square^ 
IS that which IS half of the given square 

Let ABCD be the given sq and E, F, G, H the middle pts of 
Its sides The fig EFGH is a sq Then sq EFGH shall be= 
^ABCD andc any other sq KLMN inscribed in sq ABCD Join 
EG, FH, LN , then v EB, CG are = and IP, , . BC, EG are = 
and IP (I 33) , and A EFG=i tziEBCG (I 41) So A EHG 
□ EADG (I 41) Hence the sq EFGH=i sq ABCD And 
//OF 15 <: OL (E\ 58) and OH is <: ON (Ex 58) hence (OF + 
OH) or HF IS <: (OL+ON) or NL and thesq EFGHis-<cthe 
sq KLMN So, it may be shewn that thesq EFGH is<l any 
other sq inscnbed in the giv en sq ABCD Hence the sq EFGH 
IS the least 

^95 Of the A ABC^ ihe base BC is s^ven^ and ihe sum of 
the sides AB^ AC j find the locus of ihe pt where ihe ^ from 
C to AC meets ihe bisecioi of the extenor vertical L at A 

Of all the As whose base \s the given base BC and the sum 
of whose sides is given, let A ABC be one , and let CD drawn 
J. AC meet the bisector of the vertical L at D From 

D draw DE J. BA produced, and join BD Then A ACD« 
AAED (I 26) , / AC*=AE, and DC =DE , /. BE == BA+AC, 
and IS g’ven Now BE^^BD^-DE® (I 47 Cor )=BD2-DC® , 

. BD®-DC® IS given , /. the locus of D is a stf night line 
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2g6 If tn the fi^ Euc / 4^7, the angulai pts be joined, the 
sum of the squares on 'the sides of the figui e so formed, ts= 

6ig'ht times the square on the hypotenuse 
> Draw FN, KL, AM ±s to DB produced, EC produced, and 
BC respectively ; ' A AGH *= A ABC, BC «= GH In As 
BFN and ABM , (i) A BPN + L FBN = a rt L (since they 
are complementary A s) = A FBN + A NBA ; and since it is 
evident that DBN and AM are (jl, * A NBA = its alteinate 
' A BVM (2)5 V from (i) and (2), A BFN «= A BAM, and ' at 
N = art A *= 'A at M , also BF =AB (being sides of the square 
FA), .•« A FBN = A ABM (I 26), *. BN = BM. Again, in As 
KCL and ACM , EOL + A LKC = a rt A (since thev are 
complementary Ls) = A LKC + A ACM, *. A KCL = 
A ACM, and A at L = Aat M (being rt As), also CA = CK , 
(being sides of the square AK) , * A KCL *= A ACM (I 26) , 

- 'CL=CM. 

In the obtuse A d A EBD, FD® = DB^ + BF^- + 2 DB BN 
>XU i 2)=BC2+^52+2BOBM(3) In the obtuse Ad a KCE, 
KE 2 = BO® + CK-'+2 bo CLiU 12) - BC^+AC^+2BG CM 
' (4) Hence from (3) and (4), FDa+KE® = a BC® + (AB® + AC®) 
■ + 2 BC (BM + CM)=2 BC® + BC® + 2 BC BC = 5 BC® (5) , 

(FD*+KE®) + DE® + (HK* + GF®) + GH® = 5 BC® + BC® + 
(AC®J-ABS)+BC® =5 BC® + BC2+ BC® +BC® = 8 BC® 

*2Q'J AJBOD IS a quadrilateral, and X the middle 
pt of the st Ime joining the bisections of the diago- 
nals , with X as centre any C > described, and P is 
any pt upon this O, shew that PA®+PB®+PO® + PD® 
= XA®+XB®+X0®+XD®+4XP® 


F, G are the mid pts of the diagonals AC and BD X and 
P are joined to the angular pts A, B, C, D In A APC , PA® + 

, PC® =» 2 AF® + 2 PF® (I), (Ek 245) In A PBD , PB2+ PD®= 
• 2.PG® + 2GB8 (2), (Ex 245) Adding (i) and (2), (PA2 + PC®) + 
(PB® + PD®) = (2 AF® + 2 PF®) + (2 PG®+BG®) = (2 AF® + 
2,BG®) +2 (PF® + PG®) In A PFG , PF® + PG® = 2 PX® + 
2 FX® (Ex 245) or 2 (PF®+ PG®) = 4'PXs + 4 FX®, foi doubles 
of< equal things are equal, PA®+PB®+ PO®+PD* — ( 2 AF® 
+ 2 BG®) + (4 PX®+4FX®) = (2AP® + 2PX®) + (2BG® + 
2PX®) + 4 PX® (3) In A AXC , XA® + XC® = 2 AF® + 
2 FX® In A BXD , XB® + XD® = 2 BG® + 2 GX® = 2 BG® 
+ 2FX®(4 )(Ex 245) from (3) and (4), PA2 + PB8+ PC® 
+ PD® = XA® + XB® + XC* + XD® + 4XP® 


2 g8 Two leetangles have equal areas and equal perimeters 
Show that they are = in all respects 

Let the rectangles ABCD, EFGH have equal perimeters and 
«quala««j Therect. ABCD shall be =rect EFGH, in all res- 

I 
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pects Pn?dcce BA c-r* AK « AD* FE nntil EL EH- 
B’sect BK at ?i and FL at Iv (L to ) : KM j=LX each bein^ }S 
of :be penireterof therect* K^F= L^v-. But KM“^=BAAK 
^ AVA ilL^\ and LX^ - FE. EL-s-EX= tiL BA. .AK * 

AM 5 = FE.’EL - EXA Bl: BA « BA.vCi? -= FE- 
FE-AZlHj-p); .A AM^^EXA and .A?I==EX- Ard A .A^^ «EX 
and LM ="FX ‘ herce AB =? EF. Be- BK ^ FL : hence AK c- 
AD — EL O’^ EH • \ tne rects. are ecua^ in ?il respects. 

2^; 7 ASLD zs iz r'^/sr^/ F is r fezri sucH // i*t PA 
= PB^PD : S^SZi^ £l *rS Cf P CC^sistS Cf .*/. i:^7S 

/xVrvr^ if £ loiIti cf iJt r/. *cr:^i£ \ P zis sjc^s 

Le. O be t^e am*rs tp tre rect- S nee PA -=- PC =»* ?B — PD, 
. PA- ^ PC- - n P.A.PC « rr- ?Di - n PB PD (IL Pi 
Bat PA*--Pa = c FO- - eAO- 'Ex. aar) ; PI>= ^ PD- -= 2 PC^ 
-2 BO- (E w 2 j: 5) • so that PA^ - PC^ *= PB- - PDA Hence 
P.APC=sPBPD Trns tn^c - *o rects. Gn\e cecal and 

ecca!/'r-,*-'jrVrjr . arc ' o* (E\ 2oS^ must be=in ali respects. 
Hence PA Tinst be^e’taer *o o' PD If v-e nlte P.\=PD^ 
the p“. P fai.5 on the st re ^C’cn is 1 to BC and nasses ^hmjcb 
the c£rJr^ of the ’^ectrrg^te 'cre craLe PA ==PD. tee pc"nt P f?!<s 

on the sn Lre r-c cn i to AE. and passes tc*T0.:2htberrr/rirQf 
tee ^c;?-’cle. 

jee zrc d*f£rcr.£ cf irt €^f /a. /trjfi; ^if 

ir , *' / t* £ s* j 

Let aline DC ce tc^L-ia {II r •) wncse sjnn-e—tne giten d'S 
of scs. anc o-' it let a reci CE be const'-nc eG=gr ea rect. (I 25) 
O’^ccnceCD to A. so th-** CAAD sh?Ii ne = DE' (Ex. 255) 
Fro— A t^/Sl/.AB^DE on t^e i. Dh, nnc dm*^ BC t tne *re- 
cc rec lines ^tll teen be RD ari LC. For V A 5 *=CAJVD : the 
C ABC rs a rt- c : AB DC=^B*^J BC- BotAB=DE A tne rect. 
CEr=BD.I>C; ard CE«= lb e ^’^en -ecn ; IlD--^CC?*=DCA vrhicb 
13 — theg*^e^ c'rerence o** squares. 

jrr Firzttff c* Pr£^sv''£ ih^i the szii-z cf (iu 

scu zr£S cr iKS lims /r£»r- ct zr f V. A’ irai fc:r:% shzul C£ tl £ 
least /c::«ri V (Csi Em Pap. 1891) 

Let AB be tne given st. ^ine^ and C n^d D the g: ven nts. Jo^n 
CD. B'sect CD nt E (L re) Froni E crop EF A AB 
tnee'mn AB at F. Tber F the renn ^d pomt, Jo n CF and 
DF. Take anv other po nt G xS AB. jchi CG* EG ard DG 
No- EG>EF {Ex. 5$)-/. EG-^EPi; A CE^--EGSr>CE 2 
-EF^,*-. 2 CEi-2EG=>2CE^-2EFi; but 2 
-CG^-DG- CEx. 225>, and 2 CEF-2 £F=-CF^-i-DE^ (Ex. 245), 
A DG-2>CF-— S»tn'!adv. of anv other pt. *2 AI 5 . 
Hence DF^ is the least. 
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If thiee pis A^B and C afc not tn the same *si hne^ a O 
may be desorbed whose ^ce shall pass ihrott^h them 

Join AB and BC , bisect AB by the ± DE (I lo and ii), ' 
and BC by the X FE ( I lo and ii > The lines DE and FE- 
will meet , for join DF, then ( Z. FDE+ LDFE) <(Z-BDE + 
lBFE) or an Ls (constr ), and ^ they amII meet in some point 
E(A.x 12), then every O which passes through the points A and 
B, has Its centre in X DE (III i Cor), and every Q which 
passes through the points B and C, has its centre in the X FE 
(III I Cor) , the Cce of the O whose centie is E, passes 
through the three pts A, B and C 

Describe a Q ^ith a ^iven centie cutting a given O 
extremities of a diameter 

Let ABD be a given O, and O the centie of the O to he 
described Find C the centre of the given (J (III i), and join 
OC Draw the diameter AB at rt Ls to OC, and join OA, OB 
The •") described from the centre O and at the distance AO, will 
cut the given Q at the e\tiemities of the diameter AB For, in 
the As ACO and BCO , AC=«BC, CO is common, and Ls at C 
are rt Ls, hence AO = BO (I 4), and the O described fiom 
the centre O, and at the distance of an^ of them, will pass thiough 
the extremity of the other 

304 Show that the st line drawn at it Ls to the side of a 
fuada lateral insciibed tn a Qj from their middle pom ts^ inlet - 
sect at a fixed point 

Let EO, FO, GO, HO bisect Xly the sides of the quadrilateral 
ABCD, inscribed in the (*' ABC Then, O the intersection of 
these lines, shall be a fixed point For EO bisects AB Xly,, the 
centre of cj) lies in this line HII 1 Cor ) Sd, the centre of the 
C ; lies in each of the lines EO, FO, GO, HO (III i Cor ) .Hence, 
the pt. where they intersect, is the centre of the 0> I* a h'ied 
point. ’ . 

* i 

fSog If a St line drawn from the ceniteof a Q, bisect or he 

to a chords zt will bisect and be 'x to all chords that at ejll to 
the former ‘ 

Let the st line CG, drawn from the centre C of the O ADEB, 
bisect the chord AB or be^L to it, then it shall bisect and be 
X to any other chord, as D, which is Hi to AB For, if CF 
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bisects AB, It cuts It also at rt Ls (111 3)1 hence, Z.AFC is^a 
' rt and /.AFC=tbe interior L CGD (1 29) , hence CG is 
J.toDE, and it also bisects DE (111 3) -^gain if CF be 
JL to AB, It can be proved as befoie, that it is also' JL to DE, 
and consequently, it also bisects DE 

306. If two C s cut each other, the st line joining 
the points of intersection, is bisedted ±ly by the st 
line joining their centres 

Let LMN, LMR, intersect in L and M, and let P and Q 
be their centres, then PQ shall bisect LM ±ly in O For draw 
the radii PL, PM, QL, and QM , then in the two As PLQ, 
PMQ , PL=PM, LQ = MQ, and PQ is common, and by 
(I 8) the As are equal in every respect, and /• ALPQ^ 
LMPQ. In the two As PLO, PMO , LP, PO are respectively = 
MP, PO* and lLPO— LMPO, the As are equal m every 
lespect (I 4), LO = OM, and LPOL« Z POM, and they are 
rt Ls (Def 7) , hence LM is bisected J,ly by PO 

307 IftwoCs cut one another, and from one of 
the pomts of intersection, a diameter be drawn through 
each of the Cb, the other point of intersection and the 
other two e 2 :tremities of the diameters, will be m one 
st line 

Let LMN, LMR (See fig to Ex 306) be two Cs, intersect- 
ing in L and M , and let LN, LR, be two diameters , then N, M, 
and R, shall be m one st line For join NM and MR , then Ls 
LMN rind LMR are Ls in semi O 1 they are rt Ls (III 31), 
and their sum»2 rt Ls , . the st lines NM,(MR, are in one st 

line (I 14) 

joS A line that bisects two HI chords m a 0 > also JL to them. 

Let the line FG bisect the ||l chords AB, DE, then it shall be 
X to them For, if CF is a line joining the centre "of the O and 
F the mid pt of AB, it is X to AB, and if CF be produced, it 
will bisect DE Xly m C (Ex 305) , hence this line must coincide 
with the line FG, joining the middle points F and G , and hence 
FCis X to the two chords \ 

30Q Jf from any pi in the dtamcief ofaQ^ si lines are 
dtawn to the extiemities ofa\^ chords the squares on these si lines 
are together ^ the squares on the se^ments^ into which the diameUr 
ts divided 

Let CD be drawn ||l to AB, the diameter of the O ABC , and 
from any point E in AB, let EC, ED be drawn Then EC®+ ' 
ED2 shall bes=AE®+EB® From O the centre of a Qy draw OM 
Xto CD; and X to AB. Join OG, EM, then CD is' 



[ 145 ) 


bisected at M (III 3 % CE2+ED!=2CM2+2J/ff*, (En 245 ) = 
2CU^H30JP + sOE^), (1 47)=2(CM*+0M9) + 20E2=20C2+ 
20 E 2 (I 47 )= 2 A 0 »+ 20 E*=AEs+EB 2 (II 9 ) 


For the other proof, see E\ 285. 

*310 A and B are two fixed pts without a Q PQB , 
it IS required to find a point P in the Ci!ce, so that the 
sum of the squares described on AP and BP, may he 
the least possible. 


Join . 4 B, and from its mid pt D, draw DC passing through 
the centre of the Oi cutting its ^'ce at P Take Q, anv other 
point on the > ce, and join AQ, BQ then AP^+BP^ shall be 
<:AQ® + BQ 5 ' Join DQ , then 2AD5 + 2 DP®=AP 5 + Bps 
{E\ 245) . and 2AD» + 2DQ2=AQs + BQ* (Ek 245) But 
2AD* + 2DP2 <: 2AD* + 2DQ*, for DP < DQ (III 8), 
hence AP* + BP* <: than the squares on the lines joining any 
other point to A, B Hence AP* + BP* is the least 

311 Two concentric v. s intercept between them, 
two equal portions of a st line, cutting them both. 


Let PQN, RTS be two concentric i^s, and MN a line cutting 
them bpth , then the intercepted portions AIR, NS, shall be equal 
For, from the common centre O, draw OV J. to MN , then AIN 
and RS are bisected in V (III 3) , hence AIV=VN and RV=VS, 
and.*. AIV--RV=VN-VS,zc AIR = NS 


312 Tf a chord to the eater of two concentric he a tan- 
(^ent to the less, — it is bisected in the point of contact 

Let AIPN, RTS (fig. to the E\ 31 1) be two concentric Cs, and 
PQ a chord to the gi eater* touching the less 0 in T, then PT 
shall be=TQ For, if OT be drawn, it will be JL to PQ ( 111 , 18), 
and since O is the centre of Q AIPN, and OT X to chord PQ, OT 
bisects PQ (III 3) ; .*. PT=TQ 


*313 Perpendiatlars from the exireinities of a diametei of a 
O ttpon any chord, — cut ojf equal segments 

Let .ABDC be a Q, AB a diameter, CD a chord, and AE, BF 
Xs on the chord CD , then segment CE shall be=DF Draw GH 
through the centre 0 ,|il CD (1 31), and 01 a X to EF. Then*.* 
.AE, 01 , are Xs to EF, they are HI (I 28) , and El, GO, are ||I by 
(constr ) ; GI is a am, and it is rectangular (I 46, Cor ) , So it 
may be shown that, IH is a rectangle ; GO=EI, and OH = IF' 
Now, in As AOG, BOH, the vertical Z.s at O are equal (I 15) 
the alternate Ls at A and B, are equal (I 29) ; and .AO=OB, 
the As are equal in everv respect (I 26) ; hence GO=OH : hence 
EI = IF, and CI-ID (III 3) , CE=DF (.As 3). 


10 
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314 Through a given pt either xvtihoui oi within a 
given to draw a st line, the part of which intercep- 
ted by the C> shall be = to a given st hne, not greater 
than the diameter of the (_ 

Let P be the gi\en point without O ABC, whose centre is O 
In theCiPls'ce a st line AB=gi\en st line, bisect AB in E 
(I lo) , and join OE With the centre O and radius OE, describe 
a O , this will touch AB in E, since Ls at E are rl ^.s (III 3) 
from P draw' PCD touching the i^;in F (III 17) ; then PCD is the 
line reqd Join OF Now OF being==OE, CD w'lll be=AB (III 14), 
r saihegnen st line 

315 If any number of equal st hues be placed m a 

, to determine the locus of their points of bisection 

Let there be anv number of equal st lines AB, CD, placed in 
the * whose centre is O, and let them be bisected in E and F 
(I 10), join OE, OF , then OE — OF (III 14) , and the locus 
will be a O whose centie is O, and radius =the distance of the pts 
of bisection from O 

316 If from a pt without a C. ,two st hues be drawn 

to the concave^ioxtot the Coe, making equal ls with the 
hne, joining the same pt and the centre, the parts of 
the hues, which are intercepted within the equal 

From the pt P xvitkoui the C ABC, let two lines PB, PD be 
drawn, making equal L% with PO, the line joining P and the cen- 
tre then AB shall be=CD Let fall the J.s OE, OF, from O on 
PB and PD , then since L at E== L at F = a it L, and lEPO = 
L FPO, and the side PO, opposite to one of the equal Ls m each, 
IS common, OE=OF (I 26), and AB-ssCD (III 14) 

To draw a st hne which shall touch two given 
Cs “-•(1) If the (^s be equal ^ 

Let A and B be the centres, join AB , and from A and B, draw 
AC, BD at rt Ls to AB , join CD , then AC being 1)1 and— DB 
(I 28 and hyp ) CD is HI to AB (I 33) , . CABD is a rectangu- 

lar enj and L s at C and D being rt L s, CD is a tangent to both 

the Cs (III 16) 

(2) IftheCs be unequal, and the line be reqd to 
touch them— on the same side of the hhe joining the 
centres ^ 

Let A and B be the centres, join AB , and with the centre B 
and distance=sthe difference of the given radii, describe a Oj 
from A^ draw AE touching it (III 17) Join BE, and produce it to 
D through A, draw' AC ||l to BD (I 31), and join CD Then AC 
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being 111 and=DE, CD island HI to AE (I 33) e A-CDE is a o , 
and Z.AEB being a rt i. (Ill i8), >LAED is art. L. Hence 
L C and L D are rt. Is , and * CD touches both Qs (HI lo ) 

(3) If the line reqd to touch them— on opposite sides 
of the Ime joming the centres 

With the centre B and iadius=the sum of the given radii 
describe a 0> to which, from A draw a tangent AE (III 17) Join 

BE, and let it cut the given P in D Through A draw AC |jl BE 
(I 31), join CD Then AC being=and ]|I ED, ACDE is a nn 
(I 33) , and the Z. AED being an / , the /Ls at C and D are rt 

Z. S, and CD touches both (^s (III 16) 

318 Of all st hues which can be drawn from two 
given pomts to meet on the convex (^ce of a given C — 
the sum of those two will be the leasts which make equal 
Z.S with the tangent at the point of concourse. 

Let A and B be two gi\ en pts , CE a tangent to the O at C, 
where the lines AC, BC make equal Ls with it , and let lines AD, 
BD be drawn from A and B to any other point D on the convex 
(Jce , then AC + CB shall becAD + BD Let AD meet tne tangent 
in E, Join EB, then AC + CBcAE + EB (Ex 3, p 243 Text) , but 
AE+EBcAD+DB (I 21), AC + CB <AD+DB And, the 
same may be proved of st lines drawn to everv other point m the 
convex Cce 

319 If a O be described on the radius of another 
O , any st line drawn from the pt where they meet to 
the outer Co©» is bisected by the intenoi one 

Let ADB be a I , described on the radius AB of the P ACE 
Draw any st line AC meeting the ABD in D , then AD shall ' 
be=DC Join DB Then lADB being in a semi-p, is a rt L 
(III 31) , and BD, being drawn fi’om the centre B of the Q 
ACE, bisects AC (HI 3) 

320 If a st hne be 'drawn to touch a p and be 1|1 to 
a chord , the point of contact, will be the mid pt of the 
arc, cut off by that chord 

Let CD be drawn touching the C ABE in the point E, and jjl 
to the chord AB , then E shall be the mid pt of the arc AEB 
Join AE, EB, now L BAE= alternate LCE A, (I 29) and =to 
LEBA m the alternate segment (III. 32), hence, AE=EB (III. 28), 
and arc AE=arc EB 

321. Parallel st ,hnes placed m a’ C . cut off equal 
arcs (2) The two st hues in a p, which join the e^re- 
imties of two ||1 chords, are equal to one^another ' 
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CO If FG be 111 AB Join AF , L FAB * L AFG (I 29), .•.arc 
BF=rarcAG(llI 26) 

(2) From (i), arc BFe=arc AG, chord BF=chord AG 
(in 29) ^ 

J22 From two s[vvcn pts on th^ same side of a st line of 
given position^ to draw two st lines^ which shall contain a given 
and be terminated in that st line 

Let A and B be the given pts , and CD be the given st line 
Join AB, and on AB describe a segment of a Q containing an 
given L (HI 33), and (if the problem be possible), meeting CD m 
P , then P shall be the point reqd Join PA, PB , lAPB being in 
the segment = the given L 

323 If two chords of a given C\ intersect each 
other, the l of their inclination, isr>Jthe L at the cen- 
tre, which stands on an arc=the sum or difference of the 
arcs intercepted between them, accordmg as they meet 
Within or without the C 

Let AB, CD each cut one other in the point E , (i) within 
the ) ABC, then L of inclination shall be the L at the 
centie, standing on anarc«CA + DB Through D, draw DF |]l 
to BA Find O the centre of the Q (III i), join CO, FO 
Then AB being \\\ to ED (Ex 320), AF=-BD, and L CEA 
= LCDF (I 29), lCOF (III 20), which stands on the arc 
CF=rCA+BD 

(2) Next, let AB, CD intersect in E, without the O The same 
construction being made, L CEA« L CDF (1 29) L COF 
(III 20) — i the L standing on CF, which is the difference between 
CA and AF, or CA and BD 

"^324. If the Q,ceof a semtff)^ he divided into an odd number 
of equal partSy and through the pis which are equally distant 
from the diameter ^ st lines be drawn, the ses^mehts of these st iine^y 
intercepted between radii drawn to the extremities of the most 
remote^ will together be^to a radius of the (^ 

Let the Qce of the semi-OADBbe divided into any odd 
number of equal parts, e g fivcy (the proof being the same for 
any odd number) m the points C, D, E, F Join DE, CF which 
are ([I , join CE , DE, CF intercept equal arcs CD, EF, ^ . 
LDEC« lECF (III 27), and these are alternate 4s , DE 15 111 
CF Join OD, OE , then DE + LM shall be=the radius of the O 
Complete the Ci and divide the opposite semi-Q m the same 
manner, join AC, DG, EH which will be ||1 to one another , CH 
will also be ||1 to DL Hence DE«OK, and OK is also«each of 
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thetwo, PM, CL (I 34), .*• PM=CL, hence, taking away the 
common PL from both, LM=CP, which =AK, since CF is 111 to 
AB, and DE + LM=KO+AK=AO, the radius of C 

325 If two equal OSf other, and ftom 

either pt of intersection, a O be described cutting 
them , the pt where this Q cuts them and the other 
pt of intersection of the equal Qs, are in the same 
st hne 

Let the two equal Qs cut each other m A and B, and « ith the 
centre A and any distance AC, describe a Q FCD cutting their 
Qces in C and D , then C, D, B shall be in a st line Join CB, 
and let it meet the Qce ADB in E Join AE, AC Since LABC 
is an £.in each of the /ti/o equal Os < arc AC=arc AE (III 26) , 

- AC=AE (III. 29), and *. E is the point in O and 
being (by const.) in Qce ADB, it must coincide with D , CB 
passes through D , or C , D, B are in a st. line 

326 If two equal Qif cut each other, and from either point of 
intersection, a st, line be dranun meeting the 0cgs , the part of it 
intercepted between the 0«r, will be bisected by the Q, whose 
diameter is the common chord of the equal 05. 

Let the equal Qs ADB, ACB cut each other in A and B , 
join AB, and on AB as diameter, let a O AEB be described, and 
from A draw any line ADC meeting the Qces in D and C , then DC 
shall be bisected in E Join BD, BE, BC Since L CAB is in 
each of the two equa' Os, arc BD=arc BC (III 26), and . 
chord BD = chord BC and LBDE = L BCE (I 5), and 
L BED in a semi-Q is a rt L (III 31) and = L BEC, and BE is 
common to the two As, BED, BEC , DE = EC (I 26) 

32y If two O-r touch each other externally or internally 
any st line drawn through the pt of contact, will cut off similar 
set;ments 

Let the Qs ADC, BCE touch each other in the point C, and 
let any st line ACB be drawn through the pt of contact, it will * 
cut off similar segments. Let the 0 s ADC, BCE toucli each 
other in the point C, and let any line ACB be diawn through the 
pt of contact , it shall cut off similar segments Draw the 
diameters CD, CE, and join AD, BE Then DCE being a st line 
(III I2)-Z. ACD=£.BCE (I. 15), and/.DAC= ^CBE=a rt. 
L, each being m a semi-Q, (III 31) , hence L ADC= L CEB 
(I 32, Cor ), and the segments ADC, CEB are similar , and the 
segments AC and CB are also similar 

If Imo circles touch each other externally or mter- 
nally, two st lines drawn through the pt of contact, will inter- 
cept arcs, the chords of which are |11. / 
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Let two v^s \CD, ECB touch each other m C, and let ABC, 
DEC be any two st lines drawn through the point of contact 
Draw the tangent FCG (III 17), and }om A.E, EB Now^lADC — 
IFC^CIII 32)=LBEC, ad is ill to be (I 2S) 

If ft am the pi of contact of tuto C *iohtck touch each 
other internally, numbet of st lines be drawn ^ andthtou^h 
the pi where these zntet sect the (i tes ^t hnts be drawn from any 
other pt tn each Oar, and piodiutd to meet , the Ls formed by 
these st Itnes^ will be equal 

Let the two s ABC, DEC touch each other internally m C, 
from which, let an> lines CA, CB be drawn , and taking any two 
pts G and F draw GEI, FBI through E and B , and through D 
and draw GDH, F\H , if those st lines meet, the at I shall 
be ^ i. atH For l CBF = v. CAF (III 21), standing on the 
same arc CF, • L IBE=^HAD, since they ate supplementary 
to equal Ls Also L CEG= L CDG (III 21), standing on the 
same arc CG , ana L lEB— l HD A (I 15I , A As lEB, 
HDA hate two Ls in each equal, and the remaining Ls are 
equal, ee L E 1 B= L DHA (I 32, Cor) 

jjo In the dtameiet produced of a — to deiermttte a pointy 
from which a tangent dtawn to the Qce shall be— to the dtameiet 

From A the e\tremitv of the diameter AB, draw» AD at rt Ls 
and:^to AB (I 1 1, 2) Find O thecentie (III i) , join OD cutting 
the m C , and from C draw CE at it. Ls to OD (1 ii)meeung 
BA produced in E Then / l OAD = L OCE, each being a 
rt. L (const ), and the L at O, is common to two As OAD, OCE, 
and OA = OC=a radius , AD = CE (I 26) But AD was made 
=AB, CE = AB and CbEis a tangent at C (III 16), *. E is 
the point required 

331 Given two equal chords AB, AO of a O BAG 
shew that AD, which bisects the L BAG, passes through 
^the centre 

Join BC Let AD meet BC at E In As ABE, ACE, AB 
- AC, LABE == L ACE, L BAE L CAE (Hyp), . BE «= 
EC (1 26), and L AEB = L AEG, but these are adjacent Ls, 
\thevarert Ls , • AD bisects BC, a chord, at rt Ls, /. it 
must pass through the centre (III 3) 

332 Find the locus of the centres of Cs, which pass 
through two given pts 

Let A and B be two given points Join AB, and bisect it 
at C ‘Through C, draw CD at rt Ls to AB The unhmited line 
CD will be the reqd locus On CD, take am point E, and join 
EAandEB Now AC =CB (const) CE is com and L ACE 



r ui ■] 


= L BCE = a rt L, \ AE=BE (I. 4 ), jf with centre E 
and distance=EA, a v_ be described, it shall pass through B 
The same can be shewn for any other point on CD, or CD 
produced , the unlimited st line CD which bisects AB 
at rt Ls, IS the louii^ of centres of all Qs passing through 
A and B 


N B — Here, evidentlv AB is a chord, and CD bisects AB 
at rt i.s, the centres of .Js he on CD (III 3) 

333 Two chords AB, CD are given in position and 
magnitude , find the centre of the (See Notes 
on III 1) 

334 . Describe a v > that shall pass through two given 
points, and have a given radius 

Let A, B be the two gi\en points, and C the given radius It 
IS required to describe a th.it shall pass through A and B, and 
ha\e a radius =C With A as centre and radius =C, describe 
a ^ , and with B as centre and radius =C, describe another 
\ ) 1 let these Cs intersect one another at D , then evidently 
DA — L - DB , now, if with D as centre, and radius=C, a 

be described, then this is the reqd, , foi it passes 
through the given pts, A and B, and its radius (FA 01 FB)=C, 
the given radius 

335 Through a given pomt within draw a chord, 
which shall be bisected at that point. 

Find the centre E (III i) Join EA. Through A draw AD 
at rt. £.s to £.\ (I n), and produce DA to B, to meet the (_,ce at 
B Then BD shall be the reqd chord, EA passing through the 
centre, cuts the chord BU at rt Ls, it bisects the chord (III 3) , 
*. BD is drawn, bisected at A 


336 Find the locus of the middle points of a system 
of parallel chords drawn m a O 

Let AB be a chord in a ABC To find the locus of 
•middle points of all chords parallel to AB Bisect AB at D 
•(I 10) Find E the center (III 1) Join ED Produce DE to 
F and G to meet the T hen FG shall be the reqd locus Draw 
CK any chord HI to .AB, cutting FG at H, Now L KHD + 
L HDA=2 rt Ls (I 29; , ED passing through the centie, bisects 
AB, L EDA or L /IDA = irt L (III 3),/. LKHEor 
LKHD = irt L,but LEHK+ /.EHC=2 rt Ls , LEHC= 
I rt L , KC IS bisected at H (III 3). So, It may be shewn 
that the middle point of any chord HI to AB, lies on FG , /. FG 
IS the required locus 
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337. Two C s which intersect at one point, must also 
intersect at another 

Let Qs ABC and DBG intersect at B Find the centres E 
and F , and join EF From B dratv BH at rt Ls to EF ; 
and produce BH to meet O ABC at C Join EB, EC,FB and 
FC Since BC is a chord of t.' ABC, and EH is diawn through 
E the center of O ABC at rt Ls to BC, BC is bisected at H 
(III 3) Now, in As FHB, FHC , BH=CH (proved), FH is 
common, £.BHF= i.CHF=a rt L, BF-=CF , but BF is a 
radius of DBC, FC is also radius of Q DBC , hence C, 
w’hich IS on the (^ce of C'' ABC, is also a pt of the (_^ DBC ; 

the (_s also intersect at C 

338 If two Cs, whose centres are A and B, touch 
one another (1) externally or (2) internally at C, and 
a st hne be drawn through their point of contact, 
cutting the Cce at P and Q,— show that AP and BQ. 
are ||I 

t.i) Join AB , AB shall pass through C the pt of contact 
(III 12) , L APC = L ACP, AP = AC (radii) , L BCQ = 
L BQC, V BC = BQ (radii), L ACP= /.BCQ (I 15), 
GAPC or L APQ = L BQC or L BQP and these are alientaie 
Ls, AP IS 111 to BQ (I 28) 

(2) Join AB , and produce it AB passes through C the 
pt of contract (III ii) , L APC=G ACP, * AC=AP (radii) , 
L BCQ = L BQC, *. BC = BQ (radii) But Z.BCQ or L ACP 
= L APC, L APC = L BQC, and these coi t espondi 7 t^ 

Ls, AP IS ||l to BQ (I 28) 

339 Find the lonts of the centres of all s, which 
touch a given (j ABC, at a given point B 

Find O the centre of O ABC (III i), join OB The unlvintcd 
line OB IS the required locus, because it is the st line that joins the 
centre of any ( j to that of ABC, for it passes through the point 
of contact (III ir and 12) 

340 Describe a O to pass through two given points 
A, B and have its centre on a griven st hne CD 
When IS this impossible ? 

Join AB, and bisect it at E (I jo) Through E draw EF at 
rt Ls to AB (I II), meeting CD at F .then F shall be the 
centre of the required C Join AF, BF , AE = BE, EF is 
common, and L AEF= lBEF, . AAEF = A BEF (I 4) , .% if 
with centre F, and distance AF a be described, it shall pass 
through B, * AF =BF, being the bases of As AEF, BEF 
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N B — It »s impossible to describe such a Ci "hen EF does 
not meet CD t e, EF is III CD 

* J4T. Of the j&ve cottdtttons-^( / ) of passtncc thtough the 
centre of a (2) bisecting a choid^ {$) being X to a chotd, (4) 
bisecting the subtended L at the centre, {5) bisecting the subtendca 
arc of the chord — if a sf line fulfil any two, it will also fulfil the 
othei three 

Let AMB be a 0 % AB a chord, and CF a st. line bisecting AB, 
or cutting It at rt Ls, or bisecting the arc AMB 
i. If CF bisect AB, It cuts AB Xl> (III 3 )* 

2 If CF cut AB Xly, bisects AB (III 3J 

3 If CF bisect AB Xl', it passes through the centre 
(III 3, Cor) 

4 If CF bisect AB, or cut A B at it L s, it will bisect C ACB, 
and also the arc AMB For the As ACF, BCF, are every \\a> 
equal (III 3) in both these cases, and hence £.ACM=sZ.BCM , 
and /. the arc AM= arc MB (III 26) 

5. If CM bisect Z.ACB, or the .iic ACB, it will also bisect 
AB, and cut It at rt Ls For, if L ACF= i.BCF, then since v 
AC=CB, and CF common to the As ACF, BCF — the A ACF 
= A BCF (I 4) and AF=rB, and cAFC= aBI'C, and 
they are rt. 4.s Also, when A ACB is bisected, the arc AM 
=arcMB, for they subtend equal Z.s at the centre (III 27) 
Again, if CM bisects the arc AMB, /lACM= £. BCM, V thev 
stand on equal arcs, and . it can be proved, as above, that CM 
also bisects AB, and is X to it 

6 If the St. line FM bisect the arc AMB, and als6 AB, it will 
cut AB at rt Z.s , it W'lll pass through the centre C, and will bisect 
4 .ACB For, it has been proved that a st line CM, drawn fiom 
the centre to M, (the mid. pt of the arc) bisects AB , hence the line 
MF drawn from M to F, must coincide with the former, and 
hence, will pass through the centre, will also cut AB at it Z.s, and' 
bisect ‘iAGB 

7 If the st line MF bisect the arc AMB, and cut AB at rt 
As, It W'lll bisect AB, will pass through the centre, and will bisect 
A ACB 

This case can be proved c'cactly in the same mannci as the- 
preceding 

^ y bisect the arc AMB, 'and also A ACB, it will bisect 
AB, and be X to AB, and will evidently pass through the centre C 
Since the st line must in this case, pass through C, and as it also 
bisects A ACB, this case is thus reduced to the/? <?/■ /'//c 
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fifth case above The fomth case above properly contains tvfo cases 
and so does the fifth , there are thus, m all, ten cases 

342 If two chords tn a tnterseci each othef the 

sum of the squares on the fotn segments ts « the square on the 
diameter 

Let ABDC be a and AB, CE two ± chords in n , then the 
sum of the squares on the segments AF, FC, EF, FB iss=the square 
on the diameter Draw the diameter ED, and join CD, AC, DB, 
and EB Then Z-ECDisait L (III 31), and *. = A.EFB 
hence CD is ||1 to AB (I 29), and , arc AC— arcDB> 
chord AC=chord DB (III 26) Also /. EBD in a semi-O, is a rt L 
(III 31) Now AF2J-FC2=AC2 (L 47)==DB2, and EF®+FB2= 
EB2(I 47), also EB^ + DRs^DE® (I 47), adding equals to 
•equals, AFs + FC^ + EFS + FB^^DE^ 

343, Cs are described on the sides of a quadri- 
lateral as diameters, show that the common chord 
of any adjacent two, is .|1 to the com chord of the 
other two 

Let (7 s ABQ, BPC, CPD, DQA be described on the sides of 
a quadrilateral ABCD, as diameters Then AQ, CP shall be l|l 
Join BP, PQ, DQ , then '.BPC« LCPD= is a rt^ L (III 3i\ 

. P is in the St line BD It may be shown that, Q is in the st 
line BD (I 14) Hence AQ, CP are |ll (I 27), for Ls AQP, QPC 
arert ^s (III 31) So the com chords of the othei pair of 
adjacent ^s, may be shown to be ||l 

"^344 Through a given pt 7Vtthout a given Cs ^ 

line to cut the O, so that the two drawn from the points of 
intersectioUj to that diameter which passes thi ough the given pt 
may together be ^ a given st line not > than the diameter of the O 

Let P be the given point without the O ABC, whose centre 
IS O, and AB the diameter which passes through P On PO 
describe a semi Q From P, draw PD at rt z.s to PB (I ii) 
and=i the given line through D draw DE ||1 to PB (I 31), 
meeting the semi Ct \n E , join PE, and produce it to C then 
PC is the st line reqd For, draw FG, EH, Cl J.s to AB (I 12) 
Join OE , then L PEO is a it L, and L OEC = a rt (III 3^1 1 
and EF=EC(1II 3), hence FG + Cl =2EH (E\ I92)=2PD 
(I 34) —the given st line 

*S4S fimn each ex ti entity of any number of equal ad- 
jacent aics tn the Qce of a CJ, st lines be drawn through two given 
points m the opposite Q^te^ and pi oduced till they mectj the Ls 
foi med by these st linesy will be equal 
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Let AB, BC, be equal arcs , and F, E, two pts in the opposite 
\ 3 ce, through which let the lines AFI, BEl, BFH, iCEH be 
drawn, so as to meet, then Ls at I and H, will be equal From 
E diaw EK, EL, respectively |ll to FA, FB, (I 31) Since 
EK is 111 to FA, LKEB= /. at I , and L LEC= L at H (I 29) 
But since arc AB = arc BC, and AK = BL, being each — EF 
(Er 320\ KB = LC and L KEB = LLEC (III 27), also 
/.s at I and Hare equal The same may be proved,' whatever 
be the number of equal arcs AB, BC 

346 If from any pt without a Ci st. hues be drawn 
1;ouching it , the L contained by the tangents, is twice 
the L contained by the hne joining the pts of contact 
and the diameter drawn through one of them. 

From pt E without the C ABC, — let EA, ECD be drawn 
touching The 0 in A and C (III 17), and let ED meet the 
diameter AB, drawn from A in the pt I) Join AC , lAEC 
=2Z.CAB Thiough C draw the diameter COF, then LFCD 
is a rt L (HI 18), and *. = /.EAD, and ED is common to the 
A EDA, COD , /. LBOD- Z.AED But LCOB is=s 3 LCAD, 
.*, lAECis=2 lCAD 

347, If from the extremities of the diameter of a tangents 
be drawn and produced to intersect a tangent to any point of the 
Q teethe St lines joining the points of intersection and the centi c 
of the (J, form art L 

From A and B the extremities of the diameter AB, let tangents 
AD, BE be drawn, meeting a tangent to any other point C of 
the Cce, in D and E , and let O be the centre Join DO, EO , 
then L DOE shall be a rt L , join CO Now V CE=EB, CO = 
OB (III 17, Cor), and Z. at C = L at B, (being rt Z.s), 
ZCEO = zOEB and lCEB is bisected by EO So 
ZADC IS bisected by DO And *. ZCEB+ ZCDA=3'rt 
Z.S, . Z.CDO+ /.CEO = one rt Z., zDOE is a it; L 

(I 32) 

*348 Two^ Qs being given in magnitude and position, to find 
a, point in tJu (jce of one of them, to which, if a tangent be drawn 
cutting the ^ce of the other, the part of it intercepted between the 
two l^ies, may be~a given st Lne 

Let O and C be the centres of the two given Qs To any 
pt Ain the Qce of one of them,, let a tangent, AB be drawn, 
and make AB=the given st line With the centre C and distance 
CB, describe a Q EBD cutting the other in the pt D , and from 
p diaw DE touching the former given Q (III 17) ; then E shall 
be the point required Join CA, CB, CD, CE , . CA = CE 
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and CBs=CD, and at A and E are rt Z.S, DE=BA, 7 e ^ 
to the given st line 

NB —If the O OBD neither cuts nor touches DD, the problem 
will be impossible 

*34g To draw a st line aithng two concetitric Qj, so that 
the part of tt winch ts intercepted by the \^C€ of the greater, may 
be double the part intercepted by the {Jce of the less 

Let O be the centre of the two t^s Draw any radius 
OA of the lesser Q, and produce it to B, making AB=AO 
On AB descnbe a semi-OACB, cutting the greater ^ce in C 
Join AC, and produce it to E Then C£ is the st line required 
Join CB , and let fall ± OD Then ^ADO being artZ. 
(const )« Z-ACB (III 31), and the vertically opp Ls at A are 
equal (1 15), and OA*= \B, * AC=AD and DC=2AD , but 
DC =4 EC, and = i AF, \ EC«2AI' * 

NB — The same construction will apply uhate\er be the rela- 
tion required between the two chords 

V ^ semi-(^ be described on the side of a quadrant,. 
and from any point in the quadrautal arc, a radius be dra7on, 
the pari of this ladius intercepted between the quadrant and 
semi-^^ IS— the A, let fall from the same point on their common 
tangent 

On AB the side of a quadrant^ let the semi- O ^EB be 
described, and from ^my pt C, draw the radius CB, and CD JL to 
AD (a tangent at A), then EC shall be = CD Join AE, ^C , 
then L AEB being in a semi-(_, its adjacent /_ AEC is a rt L 
(III 31), and = L ADC, and L BCA= L BAC = L ACD, the 
alternate L (I 29) , .. two AEC, ACD ha\e two Z.s in each 
equal, and one side AC is common, * EC — CD (I 26) 

Cor Any chord of the semi-'J, draw n from the centre of the 
quadrant^ the _L drawn to other side from the point in which the 
chord produced meets the guadrantal arc Produce DC to F , 
then CE bemg=CD, the lemainder BE=iemainder CF 

^35^ ff the chord of a quadrant^ be made the dtameiei of 
a from its extremities two st lines be drawn to anv 

pt in the (^ce of the the segment of the greater line 

intercepted between the two shall be the less of the two 
si lines 

Let O be the centie of the quadrant A.DB Join AB and 
on AB, let the semi-(J) ACB be described , from any pt C 
let st lines CA, CB be drawn to A and B, of which CB is the 
greater^ then CD shall be = CA Join AD and complete the 
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QABE, take an> pt E, and joinEA, EB Since ADBE is a 
quadrilateral figure inscribed m a Ci £.AEB+Z.ADB = 
tuo rt. Ls (III. 22), and •. = LADB + ^ADC, hence 
£.AEB=Z.ADC But /.AEB=i LAOB (III 20), which is a 
rt L, . Z.ADC=| art L, and lACD or lACB being art 
Z. (Ill 31), Z.C\D=J a rt and .* = Z.CDA ; CA= 
CD (I- 5) 

^352 If two 3s cut each other, so that the Qce of 
one passes through the centre of the other, and from 
either pomt of intersection a st line be drawn cutting 
bothi^ces, the part intercepted between the two 
f ,ces, will be = the chord drawn from the other point of 
intersection, to the pomt where it meets the inner (Jc© 
Through O the centre of the ^ ABC, let * AOB, be described 
cutting the O “^BC in A and B If any st line AED be drawn 
from A, and BE joined , then DE will be^ EB Draw the 
diameter AOC , join BC, BD , z.AOB= L AEB (III. 20), 

L COB= L DEB ( they s.tc supplemeniaty to equal is) Also 
1 OCB= lEDB (III. 21) , ^s OCB, EDB are equiangular^ 
and OB=OC, 1 OCB = lOBC, hence L EDB =z.EBD, and 
ED=EB(I 6) 

J5J. If a i)t be taken •without a 3 , and from it tangents be 
■drawn to the Q, and a 2nd pt be taken in the C between the 
two tanoents^ and a tangent be drawn to it , the sum of the sides of 
the A thus formea,^ is— the sum of the two tangents 

From a given pt D, let two tangents DA, DB be drawn ; 
and to C any pt- in the (^,ce betn een them, let a tangent ECF 
be drawn Then the sum of the sides of the A, shall be=the 
sum of two tangents t c =DA + DB Since AE = EC, and FC=FB 
(III 17, Cor), DE + EF + FD = AD + DB, if through any 
■other pt in the arc .-X-CB, a tangent be drawn, it will be = the two 
segments of DA, DB intercepted between it, and thept of contact 
A and B , and the three sides of the A formed, w'ill be =s 
D.A + DB 

354. Of all A-t on the same base^ and between the same 
patallelsj the isosceles has the greatest vertical L 

Let ABC be an isosceles A> on the base AC and betw een the 
ils AC, BD It has a* greater vertical 1 than any other AADC 
on the same base and between the samej|s Through A, B, C 
describe a ( ^ .\BC (E\- 302) ; . chord -AB =chord CB, being 

sides of an isosceles A, aicAB^=arc CB (III 2S) , and since 
B IS the mid. pt. of the arc, and BD is ||I AC BD is a tangent 
•at B Let the arc cut AD in E ; join EC Then Z..ABC= Z. AEC 
<III 21), and .* IS greater than Z..ADC. ~ 
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yVi?— Of all As on the same base and having the same 
vertical L ^ twsceics is ifie greatest For the A AEG has the 
same vertical L '\ith AABC, '»nd AABC==AADC, ‘'on the 
same base and between the same l|s (I 37), but AADC > 
A AEG, AABG >AAEaC 

Given one L , a side opposite to liy ana the sum of the' 
othei two sides ^ to construct the A 

Let A B be the gi\en sFde Upon AB describe a segment of 
a ^containing an the given L (III 33), and from A 

diaw AC « given sum of the two sides , join BG , and make 
^GBD = '.BGD, then AB1> is the A reqd Since LDGB« 
£.DBG, DB = DC, . AD -f DB»=gnen sum, and lADB^ 
LDBC+LDGB (1 32), i e ^7, lDGB, and = the 

given L 

256 If two chords of a ^ wfeisect at rt LSy the portion of 
the ^ cc taken altei nately^ ate together ^ to ^ of the {^ce 

(O U Pap 1895, II q 3) 

Let the chords X\ and NM intei-sect m R and at rt Lsto 
each other Find Q the centre (III i) Join MQ, and produce 
MQ to meet the ce at P , join PN, XN and YN Then 
/.PNMisart L (III 31), PN||IXY(I 28), hence L PNX = 

L NXY (1 29), the arc XP«the arc YN (III 26) Add to 
each of the equals, the arc PN + MY , then the arc XN +MYs=the 
arc PNM, which is =4 of the whole ( ce 


SS 7 If two i^s cut one another^ find apt ftom which the st 
lines dtawn to touch the two Qs shall be equal to one anothei 
(0 U. Pap 1859, II q 4) 

Let two C s cut each other m P and Q The st lines drawn 
from anv point in QP produced, to touch the tw»o ( s are = 
one another Let X be an> pt in QI^ produced Draw XY 
and XZ tangents to the two v. s PQY and PQZ (III 17), . 
YX2=PXXQ(III 36), and ZXS^PXXQ (III 36\ 

ZX«, YX=/X 


358 If on the radius AO of a a semi- be des- 
cribed, and from any point N in AO the diameter of 
the semi-Oi a A NPQ be drawn to meet the Cs in P 
and Q, then if the common extremity A of their diar 
meters be joined with these points , AQ 2 « 2 AP* 

(O U Pap 1860, q 3) 

Join QB , \ /, AQB is a rt. L (III 31) , AB2«AQ® + 
BQs (I 47)«AN2 + NB2 + 2NQ® , also AB"* = AN* + NB*+ 
2AN.NB (II 4), 2 NQ8=2AN NB or N(3«t=AN.NB Add to 
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each of these equals AN", then AN- + NQ-«=AN- + AN Nil 
But AN® + NQ®— AQ® (I 47) , and AN® + AN NB»=AB AN 
(11 3); AQS=AB AN=2A0 AN 

If PO be joined, It can be pro\cd that. AP®=AOAN Hence 
AQ®=2AP® (Cf Ex 283) 

j>5p Given a chord AJ 3 0/ a , and a pt. C in li I'lnd in 
the\^^ce,apt D^su^i that^ the st line DC shaU bisect the vet (teal 
L of the A ABD (Cal U Pap 1862, q 4) 

Bisect the arc A B in E (111 30) , join EC and produce EC 
to meet the i. ce in D Join AD, DB , arc AE=aic EB 
(cons), lADE^ lBDE (IIIv 26) , D is the required pi 
so that, L ADB is bisected by CD 

j(5o A tan (rent rr drawn |ll to a chord Show t/iat the inici 
copied arc ts bisected at the pt of contact (Oal U Pap 
1863, q 6 and 1887, q 2) 

Let QR be a chord and MP\ a tangent |ilQR Let X be the 
centre Join QP, RP .md P\ cutting QR in O. Then t.OP\ 
IS a rt i. (Ill iS), £. PUR IS a ri L (I 29) Hence QO=5 
OR (111 3), and OP is common QP = RP (I 4), *. arc 
QP=arc RP (III 28) 

jdc To describe a Q that dial! touch a given st line and also 
touch agtveni.^ (Oal U Pap 1866, Of Ex. 9, p 238 
Text) 

Let XY be the gi\en st line and PM N be thegiienO l’>nd 
O the centre of the PMX (III i) Draw 0/i X X\ Produce 
ZO to meet the ce of PMN in P. Bisect PZ in b With 
centre S and radius SZ describe a C PQ7- *.* ASZY is a rt 

theOPQJ' tenches XY (III 16), and (], PQZ touches the 
13 PMX (III It) 

j 63 , Shoic, by assuming the L in a scint Qtobe a it Z. , how 
III /y, may be' mote simply effected (OaJ U Pap 1888, 
q 4 ; Vide Text p. 202 ) 

Let X be the centre of the and Y be a pt without the © 
Join XY On XY describe a seml-!;_'XO^ cutting the ©ce at O 
Join XO, OY. Then ^XOY is a rt A (III 31), touches the 
O (III t6) 

I 

363 Two Qs have the same centre , show that allchoidsof 
the outer f _) which touch the tnneiC 0 aie equal. (Oal ij 
Pap 1868, q 6 b). V ^ v 

Let XY and AIX be the chords of the outei Q which touch 
the inner Q in the points Q and P. Let O be the common centre , 
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torn OQs OP Then OQ and OP arei,s to XY and MX respectively 
(III iS) , but OQs=OP, being radn of the inner C> XV=MN 
(III 14) 

J64 If two C s tnfascct one another^ their tommon chord 
when pt odticed^ bisects their common tangent (Cal U. Pap 
1869, q 2.) 

Let XY be the common chord, and X and Y be the points of 
intersection of the i\\o C's , and let MN be the common tangent 
Produce YX to cut MN in Z, MZ^^XZ ZV«ZN2 (III 36), 

7M = ZN 

jdj Two si lines OA^ OB^ beine c-fTW/, tnitrsechng tn O 
and a pt € being eivcn in OA, describe a touching OA tn 
C and also touching OB (Oal U Pap 3870, q 2) 

Bisect /.A.OB b\ OX (I 9) From C draw CX JL OA 
<1 ii), and cutting OX in X From X draw XY J. OB (L ii) 
In As OCX, and OYX , L OYX « L OCX, being n Ls, and L YOX 
= lCOX (cons ), and OX is common, XY=XC (I 26) , A the 
Cj described nith centre X and radius XC, will pass through the 
point Y Again OY and OC are JLs to YX and XC, * OY and 
•OC touch the at Y and C (III 16) 

^366 If the pafts of two choids at it *.s one another be 
givcn^ explain how the length of the radius of the O may 
be calculated (Cal U Pap 1872, q 3) 

Let I^IN and XY be two chords at rt L% to each other meeting 
in S Bisect MN, XY at Q and R(1 10) Find P the centre of 
thei .(III I) Join PQ, PR, PM and PX , PQ and P are Xs 
to MN and XY respectively (III 3) Ihen PRSQ is a rect, 
PQ«RS and PR = QS Now MSs+SNS^aMQs + sQS^ (II o) , 
and XS2+SY2=2XR2 + 2RS5 (II 92), /. MS® + SN®+XS« 
+ S^®*«2MQ®+2QS®+2XR® 4 3ES®=2MQH2PR® +2XR®4 
2PQ®«2 (MQ® + PQ®) + 2 (PR2 + XR®)=2MP2+2PX®=r4MPs 
( AIPr=PX=a radius)^4 (radius)®, (radius)®= (MS® 4- 
SN2+XS®+SY®) 

364 AB IS a choid of aQf C a point in the Qce of the 
smaller segment^ tind a point D in the (^ce of the larger segment 
so that A B shall bisect the L DBC (Cal U Pap 18 t 3, q 3) 

I Join AC With A as centre, and radiuss=AC describe a O 
cutting the 1st C ^ ]o\n AD Then D is the pt reqd. Join 
DB, BC , /. AC=AD (being radii of the constructed 0)i arc 
AC=arc AD , lDBA=s £.CBA (IIL 27) , l DBC is bisec- 
ted by AB 
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*368 Tf fiom any pt totlhout a C\ si lines be dratjn touching 
it, the L contained by the tangcnts =3 L contained by the si line 
lotninci the tioinU of lontait and the diametei ilnoucth either of 
them (Oal U. Pap , 1873 q 3). 

Let XYZ be the , O a pt without it , OX, OY are the 
tangents , join XY Find P the centre of the i), jomXP 

and YP Pioduce YP to meet the i ce at Z Now, a’l the interior 
/.s of the quad. XPYO=r4rt Ls (I 32, Cm ) , and Ls PXO and 
PYO are rt Ls (III 18), Ls (XYP + XOY) =2it Zs. 13ut 
/.sCPX'S +XPY+PYX)=3rt Ls (I 32),.*. Ls(XPY + XOY) 
= Z.S (PXY + XPY + PYX) , or L XOY = Ls (PXY + PYX). 
But L PX^ = L PYP (I 5), since PX=PY , L XOY *= 
2 L PYX 

In two ds which touch each othei ©xtemaUy, tzjo 
~ lil diameters ate di awn Sheno that one cxieimtiy of each diametei 
and the Point of contact, he in the same sh line (Cal U Pap , 
1879. q. 1 ) 


Let the tw’o < 's touch each other at X, and let PYQ and MZN 
be the jj di.imetcrs , Y and Z being their centres join QX, XM 
Then QX shall be in the same st line with XM The st line 
joining Y and Z shall pass through X (111 12) In YQX 
and ZMX, V ' QYX== ' XZM (1 29) , ♦. lYQX + Z.YXQ = 
L /XM ilZMX (I 32) , (fl) But L YQX-^ L XQV for X\ ^ 
YQ So L ZXiM'=/ ZMX , hence from (a) above, 2 L \XQ = 
2 L ZXM , L YXQ= L ZXM Add to these equals L QX/. 

LYXQ-!- lQ-XZ=LQXZ+ IZXM But lXQ\ + LQXZ= 
2rt Ls (1 13),.*. lQXZ+ / ZXM-= 2 rt /.s ; QX is in the 
same st lincwithXM(l 14) 


3/0 AO'Z and UQD are txoo Aj, hainna L. AOC— L BQD, 
and LACO=i lDBQ , shoio that the leUantilc AO QB — the 
icciatiqle CO 0,0 (Cal U Pap , 1880 q 2 ) 


Produce AO, CO to Y, X rcspectivelv, making Oys=BQ, and 
OX=QD ,join XA, XY, V A0XY= ADQB (I 4), i.XYO = 
/ QBD , but / QBD= L ACO , L XYO- A AGO , * a C’ 

described about A ACX, shall pass through Y (III, 21, coiiverse ) , 
AO OY=CO OX (III 3S) , AO QB^CO.QD 


If irvQ st Itne^ AB,CD tn aQ) inteiscct in E, the Lsub~ 
iaidcd by AC and BD at the centet, are tos;efhcr=!^z LA EC (Cal 
tr. Pap., 1882 , Cam. U. Pap., 1843 , Bom. U Pap , 1363 ) 

Find X the centre, (III t) { join AX, BX, CX, DX and AD, 
.% AAXC=2 AADCand ABXD*=2 / BAD (III 20), AAXC + 
ABXp=2 aADC+2 aBAD But AADC+aBAD = AAEC 
<1 32)./. A.AXC+/.BXD=2 AAEC 


It 
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372 AO, BO are 7 adit of a at rt Ls to each oilm , A CD 
zs a si Ime vtccttzis[ OB in C, and the O D Then the 
rcc/an^te AC AD is^2 OB^ (CaL U Pap, 1882 q 5) ^ 

Produce BO to meet the O ^ 1 now XC.OB + OC==^BO^^ 
(II 5) andXCCB^ACCD (III 35), . AC CD + 002 = 1302 

But 0C2=AC2^A02 (1 47)- \C"~B02 , . AC CD + AC^-BO^ 

= B02, 01 AC CD + AC2=20BS A^jam V AD AC « AC Cl) 

+ AC2 (111. 3), . . AD AC=:2B02 

^J7J Thious[h one c\ti entity of the common choid of i^oo 
intersecting^ s, t'ioo st lines aie diawn terminated oy these {^s 
Prove that the st lines jointne^ the other extrenniy of the common 
chord and the two terminal points of the two st lines on each , 
together with the st lines joining these terminal points, foim two 
equiangular ^s (Cal u Pap, 1883 q 2) 

Let the two vj s cut eich other in X and and join XY 
Through Y, draw anv two st lines P YQ, MYN meeting the of 
each, "in the pts P, AI and Q, N Join XVI, XP, XX and XQ 
Then A XMN shall be equiangular to A XPQ . L = 

/ XPY(III 21), and L XQY « aXNY (III 21), the rem 
AMNX«reni ZPXQ(I 32) Hence AXMV is equiangular to 
A XPQ 

^J74 AB IS a diameter of a AC a tangent at A ^ AB ^ 
CB ts joined, cutting the ^ J in D ^ prove that CB is bisected in D, 
andAD^SCB (Cal U Pap, 1885) 

Since LADB—art L (III 31), LDAB + /. UBA=a rt, L 
(I 32) But/LBAC^art Z. (HI 16, Cor ) , • LDAB+/.DBA 
— L BAG Take aw^ay the com L DAB, L DBA« L DAC 
But L DBA« L ACD, for AB=AC (hyp ), • L ACD= L BnC , 
hence CD=ADiI 6) Again £.13AC»art L {III 16, Cor), 
LACB+/.ABC(I 32), and Z. DAC ACD (proved), \ LDAB 
*/.ABC, AD-DB (I 6) Hence CD =AD«DB , •. CB is 
bisected at D, and AD ^ }i CB 

S 7 S Di III //, show that any chord of the e xtci tor Q di awn 
from the pi of contact, is bisected by the intei tor , if that Q passes 
through the centre of theexieiiorQ, (Oal TJ Pap, 1886 q, 3) 

Let the two Qs touch each other internally at the pt X, and 
the J passes through the center Y of the Q From 

X draw any chord XPQ to the outer O, cutting the inner at P 
Then XQ shall be bisected at P Join PY, XY , Z.XPY=a rt L 
(III 31), % XQ IS bisected at P (III 3) 

376 Two equal Qs iniefscci m A and B Let CD and EF 
be chords of the Qs, each^to the chord AB, and so placed on 
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opposite sides of AB.^ that all the tliiee ihotds DC, BA, FE meet in 
// riun Aft bisects the LCHE rOa-l 1886 q 6) 

Let X and Y be the centres of the ©s A 13 D and ABE rcspec- 
tivciv Join XY cuitinu AB at 7 . Draw XP and YQ JLs to CD 
and EF respectivelv Join HX, HY, XB YB, XA and YA In 
Jis XC-\, VB^ , Xr>«YB and B-\ is common, XA=YA, /. 
iLXB\« LYBA (I 8) In AsXHZ and YHZ, /XB=\Band 
BZ IS common, and £.XBZ=lYBZ, XZ=ZS’' (I. 4) , the Lb 
at Z are n L In As XZH and\ZH, ** \Z=YZ and ZH is 
common and £.XZH=lYZH, iZHX^ lZHV (I 4) Now . 
XPs+PHi=XH= (I 47')=XZ= + ZH2 But XP=XZ (III 14), 

PH=ZH Hence lPH\= iZHX (I S) or lPHZ=^2 lZHX 
himilarh lZHQ= 2 LZHY But lXHZ>=/LYHZ (proved),/. 
ZPHZ« LQHZ or AH bisects the LCHE 

J77 AB, AC arc tani^tiits to a sttvcnyf), BC the chord of 
i.oniatt From the mid fit D of Bl, st line EPF is drawn JL 
BC cuttinst the F'lC of the s[ivcn at E and F Pio^c that E, 
Fare the centres of two s oiu of suhtih toncln s the three sides, and 
the other touches one side and two sides fit odutcd, of the A ABC 
(Cal TJ Pap, 1887 q 4 ) 

(a) Since BC is a chord of the given and EDF is drawn at 
ri Is to BC through its mid pt D, /. EDF is .1 diameter of 
the given (j Join EB and BF bincc EDF is a diameter, . 
lEBF is an L m .1 scmi-^ , hence lEBF is a rt L (III 31) 
Xow' in the rt /.d As EBP, and EBD , Z.EBC>= L BDE— .1 rt 
L, lE IS common, Lr=LEBDiI 32, Cor ), but lF= lEBA 
(III 32), *. L E BA- LF-. /.EBD, hence, EB bisects L ABC So, 
It can be proved that, EC bisects L VCB , E is the centre of 
the inscribed © 


W) Produce AB to G Now lFBO-LE (III 32) , also 
in the rt Ld As EBF and DBF, LEBF = a rt l-LBDF, 
and lF IS common, /.FBDs=lE (I. 32 J, hence lFBG«lE 
= _FBD, ‘.IB bisects the intenoi L at B So it can be proved 
that FC bisects the exterior L at C Hence F is centre of the 
t 'touching one side BC of the AABC, and the other two sides 
A B, AC produced (jCf Text fis ) 


37S tf from a fit , two st lines he d> aion to touch a 0> these 
St lines are equal J HI 17, Coi fi. 303 , Text, oi see Notes on 
III 17) (Oal U. Pap, 1888 q. 3). 

37g 7 he three X.S dropfied from the vertices on the ofifiosite sides 

(-S’" P ^06, Ex. 6, andfi. 334 
Ex If) (Oal. U. Pap , 1889 q 5 and 1895 q. 9 j 
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jSo If tivo opposite sides of a qiiadrilateial inscribed in a \j 
ate equal, prove that the oihei two sides are\^ ('Oal U Pap^ 
1890 q 5) 

Let ABCD be a quadrilateral inscribed in a LJ , and it is gi\en 
that AB = CD , then shall AD be |ll to BC Join AC bince 
chord AB^chord CD \ arc AB-arc CD (HI aSJ, hence 
/:ACB~LCAD 0 ^^ 27J, and these are alternate i.s , AP 
IS 111 to BC 

5<?/ P IS a pt in aic APB^ of a Q, the tangent at P 
meets the chords AB produced in R, and meets AQ( the JL to AB) 
in O If QR IS bisected in P , prove lABP^2 LBAP (Oai 
U 'Pap., 1890 q 6) 

Join AP, PB , •. AQAR is a rt ^d A, and P is the mid pt of 
ns hypotenuse, PA = PR {Ex 107), L/M/?=^PRA(I 5), 
but lBPR=cP/?^ (Ill 32), z,PRA«lBPR, for each = 
lVARoc lPAB. /lPRA+ /.BPR-2 lVAB , also lABP 
LPRA+LBPRO 32, Case II), Z.ABP = 2Z.PAB 

jS2 Draw a common tangent to two ^ s, and shew that 
in general, four common tangents may be drawn to two ^ivcn [^s 
(Textps 218-219, Ex 17) (Oal U Pap, 1891 q 3) 

jSj Describe aQ)to touJi a given C also to touch a 
given st line at a given pt (Text Ex 39, p 221 (Oal U 
Pap , 1892 q 4) 


^84 Of all As of given base and area, the isosceles is that 
which has the least perimetei (Cal U Pap , 1892 q 5) 

Let MN be the gi\en base, and A the vertex of all As having 
the base MN, and aiea given Now if the base and area of one 
of these As ABC be gi\en, the vertex A must be on a st line XV 
III to the given base MN Since MN the base is given, the 
perimeter of the A is when (AM+AN) \% least Now from 
(Note to Ex s,p 343 Text), we know that (AM + ^N) is least, when 
AM, and AN are equally inclined to XY i e when /lXAM = 
Z.YAN , but since XY is |ll to MN and AM, AN meets them, 
lXAM^ LAMN, and L YAN^ LANM , but lXAM« LYAN , 
/.AMN= Z.ANM, \Ms= AK , A AMN is isosceles, which 
has the least perimeter 


383 Two Qs touch each othei externally at A, and a sL 
line touches them in B, C Pfove that LBAC^a it, L (Cal 
U Pap , 1893 q 3) 


Draw AO another common tangent to the Cs (Ex 
OB=OA (III 17, Cor), .. LOBA«^ OAB , and 


382) 
* OC 


• • 
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= 0 A, (III 17, Cor), ' 0 CA=£. 0 AC, /. Z. B + Z. C = Z. BAC 
4 c (one L of aA = sum of the other two Z-s), Z.BAC=a rt Z., 

(I 32^ 

jS 6 Gwen the base and vcrtital L of a A» find the locus 
of the centre of the inscribed C') (This is the same as Bx 
36, p 228, 'Text) (Cal U Pap, 1893 q 4). 

jSj Describe a Q, passing tnroiigh tiuo s[iven pts , and touch- 
ins a ^wenst line (Text p 235, Bx 21), (Cal U Pap, 
1894. q 9) 

3SS Being given two intci sectins st lines and a point O, you 
aie requited to draw tht oush 0, a si line meeting the given st lines 
in P and Q, so that the red OP OQ may be given i e given 
rectangle, (Cal IT. Pap, 1895 q 10) 

Let AB and AC be the given intersecting st lines meeting in A 
Two cases may arise The pt O maybe (within) the ZBAC, 
or (outside) It 

(rt) Case r Fti st, take O within the L BAG. 

Join AO, and produce AO to E, so that rect AOOE = the 
given rectangle On OE, describe a segment of a containing 
an L = Z. BAO (III 33) ; let this segment cut AC in Q Join 
■QO, and produce it to meet AB in B , then PQ, is tne st. line teqd. 
For L PAE or L BAO= L PQE (const ) , . points P, A, Q, E 

WC& concyclic {\\\ 21, Con) Hence rect OP OQ— rect AO OE 
(III 35) = the given rectangle 

(^) Case //, when O is without the L BAC 

Join AO, and on AO, take E so that AO OE=the rutZ- 
angle, and on OE, describe a segment of a O containing an L 
— L OAB (III 33), let this segment of the < ’cut AC in Q 
Join QO meeting AB in P Then OPQ is the reqd st line For 
leap ox L OAB= L EQP (const ), .. points E A, Q, P are 
■concycltc {III 21, ), hence rect OPOQ=rect OAOEdll 36) 

=the given rectangle 

ySg Two Qj intersect in the pts P and Q Show that the 
st line joining the centres of the two {fjs cuts PQ at it L s 
(Bom U Pap", 1859) {See Ex 23,01 Ex 306) 

3Q0 (Old No, 3^8 ) Upon a given base, describe an isosceles 
A, whose vertical L shall be=h of the vertical L of a given 
isosceles A, upon the same base (Bom U Pap , 1863) 

Let XYZ be .in isosceles A standing on the base YZ , it is 
Teqd to draw another isosceles A on the same base YZ, having 
Its vertical L =\ of the vertical L YXZ From the centre X at 



the distance XY oi XZ, describe a Q which will pass throufjh 
Y, Z From X draw XO ± to YZ (I 12) Produce OX to meet 
the Cce m P , join PY and PZ Then PYZ is the requited A 
Now A XYO«AXZO (I 26), and ^ 0 «Z 0 (III 3) Again-- 
YO=ZO and OP is common and L YOP= L ZOP (rt L s') , 
YP=ZP , A PYZ is isosceles Again the \ertical L \ PZ 
= J L YXZ (III 20) . AYPZ isdescribcd on the base YZ, hriving 

the L YPY L YXZ 


391 [Old No jyp) Draw two concentric Qs suck 
that those chords of the outer O which touch the innei, 
may "be ==to its diameter [IJom U Pap , 1863^ 

Take a st line XY , at Y make an L XYZ =4 ait ^ (I 23) 

P rom the centre Y at the distance YX, desciibe a XPQ cutting 
\ZinP, through X draw a tangent RXZ (III 17) metting YP* 
prod in Z , from the centre Y with the radius \Z, describe a C 
RZS , then RXZ shall be = the diameter of the inner « ' XPQ 
Z YXZ = a rt L (III iS), and L X\Z=*iart Z (Cons ), 

L XZY-i a rt L [I 32) , XZ=X\ (I 6) But XZ = A RZ, for 

YX bisects RZ (III 3) and X\ =4 of the diameter of the inner 

• the chord RZ=the diameter of the inner 

392 ( Old No jSo) In the diameter of a C ^ produced, 

determine a pt so that the tangent drawn from it to 
the ce, shall be of given length (Bom U Pap , ) 

Let XYZ be a , whose centre is O , and the diameter X\ is 
produced to P Fiom the centre O, draw' OQ at rt L s to XP, 

meeting the at Q Join OP cutting the { ce at Z, join OZ 

and at Z draw ZR at rt '.s to OZ (I ii), intersecting \P at R 
RZ is evidentl\ a tangent to the > (III 16) Then R will be 
the leq pt For in the A OQP, since L QOP is a rt L 
L OQP+LOPQ— art l(I 32) AlsoLOZR=art Z, ZOZQ4- 
ARZP=a rt 6 , /. OZQ + LRZP=/. OQP or L OQZ+ ‘ 

L OPQ ButOZ=OQ, l 0 QZ=/. 0 ZQ, lRZP=/. OPZ 
RP = RZ (I 6 ), * R is the pt reqd from which tangent RZ 
drawn to the length RP 

393 (Old No 381) AB is a diameter of a C . C anv 
point in its L-Ce , AO, BO produced meet the tangents 
at B and A,— in D and B , and the tangent at O meets 
the same tangents in P, (J , show that PG=i (BD + AB) 
(Bom U Pap , 187S) 


Since FC=FB (in 17, Cor), L FCB= L FBC (I 5), but 
LFCB- l FCG[l TS), and/ FBC« lC£C?(I 29), %lECG = 
LCEG, GE=GC{I 6),also GC = GA (III 17, Cor), GC== 
ME , so CF« J BD , . FG=i (BD +AE) 
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(Olit No 3S2} Two equal Qs /ouch each at/ter QT.t&v- 
naily /hnuts^h /he pi of con/ar/f cho7ds arc drawn one /o 

eacn v at tt> i.s io each other j piovc that the d line jotninc the 
other exit cmiites of these e/iotds, ts-attd\\\ to the st, hncjotmnt' 
the centres of the 'I.s (Bom U Pap., 1880 , and Cam U 
Pap. 1859) 

Let the two equal '' s XYZ, PXQ having their centres O and 
S rcspectnclv, touch each other externally m X, and let the two 
chords Xl’/X\ be .at rt /.s to each other , then YP shall be = 
and I}1 to Ob Join OS, ^ O, PS , then . Z.yXP>->.i rt <. fhyp ) , 

Z.XVP+ Z.XPY « a It L (I 32) So lYXO + iPXb-art 
L (I. 32) nut L OXY= lOYX and LSXP - LSPX (I 5), 

( iO'\X+ lXP,S) + (LXVP+ ^.XP^ )«2 n Ls , hence OY, SP 
are II to one another (I 28), also OY — SP, for the\ are radii of 
equal < s ; OY, SP are both=and || st lines , and the> arc joined 
by YP and OS, YP, OS arc both = and 1| (1 33) 

393 (OldjVfljSj) If AD, CE he drawn X.to the sides BC, 
AB of the A ABC, and DE be joined , prove that lADE — 
LACE tBom XJ Pap, i881) 

IJisect AC at \ (1 10), and join EX, DX , since EX, OX .ire 
drawn from the rt is .it E .ind O to the middle pt. of the hvpo- 
lenusc AC of the As \EC ACD, --each of them, {j'lz CX, DX)= 
4 AC , AX-»CX = EX — DX From the centre X with any one 
of the four si lines as ladius, dcsciibe a , ACDE , then i ADE=» 
CACIi, for thej stand upon the same arc AE (HI 21) 

3^6, ( Old No 384.) In a ■ , the exlrenttlies of two tadtt at tl 
Ls to each pthci, are joined. Ptos/e that the L in the seement so 
foiined,is^Yi rt L (Bom U. Pap, 1882). 

In the C XYZQ, the centre of which is P, if XP, PZ be two 
radii at rt Cs to each other, the i ZQX in the segment XQ7 for- 
med by joining ZX, sh.ill be «= a rt i -{■ i a rt u Produce XP to 
meet ‘the <^ce at Y , XY is a diimetcr , join QY , then *. L at 
P IS a n. i, L PXZ -f* L PZX«a it L (1 32), and these is 
are equal fl 5)} iZXP«iail L Put iZXY or £ ZXP=: 
i,ZQY(ni 21)... £ZQVr=fait. L And since iXQY^arti. 
(in 31), •. iZQX«=ari L a rt. L 

307 (Old No 383) Two tanctents ate drawn to a at the 
opposite extremities of the diameter, and cutoff f tom the thud 
tangent a pot t ion AB , if C he the icnhe of the i— show that 
LACBisart L (Bom. U Pap, 1883) 

Let YCZ be the diameter of the (f', and let the two tangents 
YAj ZB cut off from a third tangent a portion AB, then iACIi 
shall be a rt i . Join the pt. of contact O of the 31 d tangent with 
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the centre C Since AOs=s \Y (III 17, Cor), ind AC is corn 
and CO-CY, . L YAC^ lOAC (1 8), and Z.VCA«/.OCA, 
So Z. OCB=-/.ZCB (I S) But iL OCY + / OCZ==(Z.YCA 
+ Z.ACO)+ (Z. 0 CH+/.BCZ )=:3 Z.ACO + 2 ^.0CB=2 (Z.ACO 
+ Z. 0 CB )=2 Z-ACB«K2ri /Ls, . » ^ ACBcs-one rt L 

3g8 ( Old No 3S6) Vtow that oil equal si hues ;// a C, w/// 

/^e touched by another v. (Cam U Pap , 1848) 

Lei \Y, PQ be an> two equal chords m a O Then they arc 
equidistant from S the centre (III 15) Draw SN, SM to 
XY, PQ Then a » described with the centre S and distance SM 
will touch each of the equal chords 

jpp {Old No ySj) A i^iven hue is dtawnat ri Ls to 
the St line jotntnsi the centtes of two ^/7/f// r, firozfc that the 
dtffcfcncc bctwctn the squares on two ton (cents thawn^ one to each 
O feom anv hotnt on tin ^iven U hne^ is constant (Cam 
U Pap , 1865) 

Let XV be J-to PQ the st line joining the centres P and Q of 
two given* s Draw \0, \Z tingenisto the sdll 17), join 
PO,Xl%XQ, QZ Now X02-PX" = P03(I 47) /XZ^^XQ^-QZ^ 
(I 47)1 OX-^~ZX- = (PX®-P(n -C\Q=- QZ*) «(PN?-Qx") 
+ (QZ2-P02) Now PV-QV«PY3-QY2 (I 47)«a constant 
And QZ* — PO-«a constant , \ OX^ — Z\^ is a constant 

400 (Old No jSS) Describe rt* , which shall touch a tetven 
tf line at a ^tsien fit ^ and bisect the ^ic of a tcivcn (Cam 
U Pap , 1858 ) 

Let O be the centre of the given v, , X the given pt in the st 
line YZ Draw -\P ± to YZ.jom XO and produce it to Q, so 
that rcct XO OQ*=Jp on radius of (ciznn Then Q is known, 
and It i» a pt. in the cc of the , which has to be described 
Bisect XQ at S and draw SR JL to XQ, meeting XP in R Then 
R will be the centre of the ' passing through Q and touching 
YZ in X Since the lect XOOQ^jp on ladius of oncpnal , 
the common chord of the two \ s will evidently pass through O, 
and the new w»ill therefore bisect the original Q 

40T (Old No ySg) If the opposite sides XY^AS, and XS^ 
YZ of a quadnlaleial XYZS tnsciibcd tna\^ , be pioduccd to 
meet in P, ( 7 , fcspcctively ^ and about the i^s XSP and SZQ so 
formed^ Witliout the quaditlateral^^\ffs be descitbed mcctimc 
a^atn in Rj shew that P, P, Q will be in one st hue (Cam U 
Pap, 1854). 

Let the ©s desciibed about XSP, SZQ meet m R Then 
^PRS«supplement of ^PXS(III 22 )^= l YXS (I 13) And 
L QRb= supplement of L QZS (III 22)= L YZSll 13.) Now 
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LYXS= L YZS = 2rt /s(in 22); *. Z.PRS+ ^QRS=2 rt 
Z.S PRQ IS a St line (I 14) 

*402 (Old No sgo) Prove that the sum of the Ls tn the 
four segments of the (J', extenof to the quai dilateral inscribed in 
a ^'^=tos\.'s.rf Ls ( 0 am U. Pap, 18571 

Let XYRP be a quadi ilateral, and take O, Z, Q, S pts in the 
four sej^mcnis exicnoi to the quadril loin OX, OY , SX, SP ; 
OP, QR ZY ZR Then L XOY+ LYZX=2rt i.s (III 22), 
ond L XZP+ lXSP-= 2 rt Ls (III 22I, alsoL PZR + lPQR= 
2 rt Ls (III 22) , ' XOY + L YZX + lXZP + lXSP + 

L PZR + L PQR)= L XOY + ( L YZX + l XZP L PZR) + L PQR 
+ LPSY,- lXOY +YZR L PQR+ LPSX=sixit Ls 

403 (Old No SQi) If the chords, which bisect two Ls of 
rt A inscribed in a ( , be equal , prove that either one pair of its 
Ls art. equal, or its third L,is—to the L of an equilateral A 
(Cam U Pap, 1867 ) 

Case I If the bisectors pass through the centre 

Let PQ, X Y be equal chords passine throuqh the centre of the 
C, bisect u\o LS of the A PXZ inscribed in it Now L QXP = 
LYQX subtended bv equal chords (III 27-28), L YQX + 

QXP = 2rt Ls(III 31), • YQislllPXfl 28) . lQPX= 

LYQP(I 29)= L VXPdll 21), and •. lZPX= 2LQPX = 
2 L YXP= iZXP 

Case II If the bisectors be on opposite sides of the 
centre 

L YPX = L PZQ fa) (subtended by equal chords) But 
lYPX= / ZPX-l- L VPZ= + lZPX-^ L VXZ (III 21)== / ZPX 
-1-i / ZXP (hyp \ L YPX= lZPX -1- iLZXP ( 1 ). And 
L PZQ= / PZX+ LXZQ-= LFZX+ lXPQ (HI 21)= /_PZX + 
i L ZPX, (hyp ) •. L PZQ= L PZX +iL ZPX ( 2 ) From (a), 

(iland (2), we have i. PZX + i L ZPX= L ZPX+i lZXP 
(Principal Equation) ; * taking ^ L ZPX from both sides, we 
have L PZX =i ZPX -t- 4 LZXP=HL ZPX-i- LZXP)or 2LPZX 
= LZPX+ LZXP (3) , adding L PZX to both we have, 3 LPZX 
= lYPX- 1- L ZXP-f LPZX=3 Ls of theAZPX=2 rt Ls (I 32) , 
hence L PZX=;^ of 2 rt Ls= 5 ^rt L = Lof an equilateral A. 

404 . (OldNo sgs) If any number of As, upon the 
same base BO, and on the same side of it, have their 
vertical L s equal, and Xs meeting in D be drawn from 
B, O upon the opposite sides— find the locus of D, and 
shew that all the st Imes which bisect the lBDO, pass 
through the same point (Cam U Pap , 1833) 

Let BOC be any one of the As on the base BC , draw BDX 
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Construct an equilateral j^XYZ^.ind draw XP x to Y7* (I 12) 
Then Y\P=;iof 2 ri Ls Draw MON a tangent to thcQ 
:‘QOS(lII 17) Make L ^ON=/. YXPCI 23)«j^^of2 rt Ls , 
\ L SOM Uupp of L SON) = |l of 2 ri in segment 

SRO /TMts L in segment SQO (III 32) 

4 T 2 , {Old No 4 O 0 ) Through a p( ^Otlhtn a dra 7 i/ a 
chotd^ ^ttth that the 7 €Ct cqntamcd hy the ^okole JtOf d aiid one hart 
uiaj bc^a ^s7/cn squat e Detcrmvtc fhc necessary limits to the 
ntai^mUtdes of this square (Cam U Pap , 1868} ^ 

Let O be the point within the given { , whose centr'^wrr same 
YXY' us diameter through O, and let AB be the sid^ YZ ate in 
square By (Ex i64\ wc can make a squaie tv//// // ic 

Let J/A2-=XY2-XO^ But A 1 2"XO==fV/.r bast, piodiued if 
(11 5 , Cor)«(XY'+\0} positious (Cam IT 

AQ=»MN, on \B as dianifv* 

centre ind AQ as \\7w/,.;;,/ /mv been 

A^!^ A?>» 'ncl Y7'. Let the two oo-^.Uons of the 

F Join XP Then ^.XZ'F^ supplement 


. 'Til ti^ifii equally inclined to AD to meet the * ^ in P P\ 
that PP" n^Qiy (0am U Pap, 1872) 

B draw XB^ meeting the (^s in \, Y loin P'\ P'B, 
'l^)\\^V\l Then L B« supplement ot L BAP' (111 22) 
^ ^BAP f I ^ Q^AB^ ( PAP' and QAQ' are cquall) in- 

V"«io ABk. I>'B«Q'B (111 28, 29) So PU=rQB, also 

PAQ (HI 2 i)«'P'AQ(I i 5)«/.P'HQ' (III 2i)» 

Jmg f OBP' to each, we ha\L L PBP'*=^ f 01>Q" Hence in 
JgT PHP' QHQ't PB-QB Jind P B=Q'B and :.PBP':= 
^eQBQ', . PP«QQ'(1 4) 

./07 {Old No ygs) Phtou^^h a i^ivenft 7oiihoui dtuTK 
a thord smh that the mfpertiue of thcLs in the l:ofl sciynrnt^^ 
mto7ohi*h if deludes the , nut} be ^ to a jri7 cn l (Cam U 
Pap, 1863) 


I el P he the given pi , XY/ he the , 2.v the /ucn L Diaw 
1*XN n tangent to the*, at X (111 17), and make L PXYssa 

n L - r 'I hen L m the segment XZ\ «-a ri L (III 32) , 
tlifievcnce of the Ls in the segments XM\, \ 7 ,\ ^2v Then 
if m ^^X\/,a conccnint * be described touching XY, and a 
tan4cnt m the inner O d^iwii fro-n P« the pin of the tangent 
intercepted bv will cut off the reqd segmenu 
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V /.ABC= LAXC (III 21),.*. iLAEP =lAXC, but ^AXC-f 
/ CXP= lAEP or L CEP+ L CXP , . a <^) mav be described 

about C,E,P,Z icon - of 1 1 1 22 ) , / XCE + L XPE =2 1 1 1 s 

(III 22 ), and /.XCEisart since AX is a diametei (III 3U . 
LXPE is a It L , *. AO or AP is J. to DE 
415 (Old Nb 403) Ifftoni a i^iven pt A,-<vithoiit a s^iven 
C^, any two st lines APQ, ARS be diawn, nmktns: equal L f with 
the dininete7^ which pn^es ihiough and tutting the Q 

a.c-d R, S lespectively, then PS QR shall cut one anothei m a 

of (Oam U Pap, 1864) 

+ lXED + centre of the C‘ > XO\ its diametei It is evident 
_^pEA) (I j"-orsect on some pt Z in AY Join OR, OP and 

P, Z, O, Q can be 


AZAO=rect AP AQ 
, Z IS a fixed pt 


” ^ ^ 

/.DE A. IS common, . «V^/!.PQR(III 20), 

+ Z.DAB)=complement ot 1, ,ect 
/.DAF =complement of Z. C VF {in f- (^or ) 

(a) and (b) , XE = XF , V must . 
of the St e , on AB piodiued 

Cate JI When AEF biseiti the cxieiiot l -v 

DA, the proof ,s similar ^ ^ tlie ba 5 

‘*40g ( Old No 39^) If four s be dtawu (Apply III 3 ) 
tluouqh thee out of four i'tven points^ the L bet . 

gents at the mtenectwn of two of the i, ts~io . i 
the tanoents, at the tntei section of the othei Aw C'j*'’ v . “ 3 ^ 

Pap 1866 ) ^’nejoin- 


Let XQ, XQ be tangents to the passing thiough ^ 
XYP Then L QXP=z. XYP (III 32), and Q'XZ= z.^ 

(III 32) , L QXP + z.Q'\Z= Z.XYP+ /_XYZ , to each, 
aZXP , /_ Q'XQaht iZXP + (Z.XYP + /.XYZ)= Z.ZXP;^-“ 

/.ZYP , So the z. between the tangents to the s passing throu, ^ 
X,Z, P and 7 ., Y, P — L XZY + z. XPY =4 rt z. s diminished bv su ^ 
ofz.s ZXP„XYP , hence the acute /.s between them, are the sam^ 
in both cases 


410 (Old No 39S) AB^CD ate 1|1 diameters of two Cs, 
and AC cuts the ^ s tn P, Qj ptove that the tan gen fi to the C\s at 
P,Q—ate\^ (Cam U Pap, 1870) 

Let YP and XQ be the tangents of two C,s at P and Q , join 
PB, QD Then /.YPA= Z. ABP (III 32) = complement of Z.PAB 
(III 31)== complement of Z-QCD, (since AB, CD are 111 and AC 
meetithem)= Z. QDC (III 31)= Z-A'gP (III 32), YP is ||l 

411 ( Old No 399 ) Divide a Q, into two segment':, such that 
the L tn one of them, shall be five times the L in the other ^ 
(Oam U Pap , 1850"^ 



[ 1/2 ] 


Construct an equilateral A and draw XP x to Y7 (I 12) 

Then /. YXP = J^of2 rt Ls Draw MON a tangent to the O 
QOS (III 17) Make L SON=^ YXP Cl 23) = »4of2 rt Ls , 

' • L SOM (supp of L SON)^g of 2 rt Z.S , £. in segment 

SRO ft fitcs L in segment SQO (III 32) 

412^ {Old No 400) Through a ft wJhm a Ca dfaw a 
cliof d^ such that the tcct c<\nfai 7 icd by the zvhole chord and one hart 
tnay be^a given sqitate Determine the necessary limits to the 
magtntudes of this equate (0am U Pap, 1868} 

Let O be the point \\ ithin the given T , whose centr'c is X, and 
\XY' Its diameter through O, and let Ali be the side of the given 
square Bv (Ex 164), ue can make a squaf-a^—diff of nvo sq 
Let l/iY2=XY2-XO^ But + XO) (XY--XO) 

(II 5, Cor) = (XY' + XO) \Or^()y UV (j) From AB cut off 
on ^B as diam^-icr, describe a semK»\ with A as 
centre and AQ as radius, de^ciibe a cutting the semi< ^ at D , 
loin AD, BD Now ttie _ ADB in the semi- =a rt ^(III 31) , 
ABsLaDS + PD2 (I 47) Also ^Z?2 = MN2=XY3-X02« 
VO (2) WitTi centie O and radius BD describe a ( ; cutting 
le given oiigitml in S, join OS, produce SO to meet the 
^ of the Now OS = DB (being radii), 

Os\dB 2(3) Thenrect PS SO=OS^ + PO OS (II 3)=^OS2 
+ 0 1'^ oil 35J»DB* + AD“ = AB®=the given square 

The limits ^\e deducible from the fact, that DB must 
be:>th#^ 0\ andcihan OY’ 

{Old No 401) I torn a i^iven pi O as centte^ desciibc 
fcuttins^a given ^t line \ VA tn tzvo pis T, so that the lect 
fined by their distances ft om a fired point Xtn the given st line 
may be^a given square (Cam TT Pap 1853) 

)escribe a semi C on XO as diametei, and with X as centre, 
H radius side of the given squat e^ desenbe a cutting the 
^semi-vj in P Join XP, which is— side of given square With centre 
O and radius OP, desenbe another cutting the given st line m 
Y,Z This O touches XP (III 16) , • Z-XPO=art L(III 31) » 
lect XY XZ=XP* (III 36)= a given square 

414 {Old No 402) If tzuo chotds AB^ AC, be drazon from 
any pt A of and be pioditced to D and E, so that the rect 
AC AE^rect AB AD, then^if O be the untie of the — AO 
isl^to DE,{02irsi IT Pap, I860) 

.Join AO and produce it to meet DE in P, cutting the C m X 
Since AC AE=sAI3 AD, a ^ ) may be desenbed about C, B, D,E 
(III 36, Cor), . L ABC-^^ Z.CBD=2rt Ls (I I3)=5LCBD + 
LCEPor LAEP{\\1 23), LABC:= LAEP Join CX Then 
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V LABC^iAXC (III 21) LAKP - ( AXC , but Z-AXC-I* 
/ CXP« aAEP or L CEP+ L CXP * . . Ji mav be dcbcnbed 
about C,E,P,Z {Con of 11 1 22) , /. XCE + L XPE==2 u is 

(III 22), and iXCEisart 1, since AX is a diannetei (III 31) 
IXPE IS a rt 1 , AO or AP is ± to DE 

(Old Nb 403) If ftoni n ^tven f>l Aytotlhotti a ^ivcn 
o, any hoo st lines APQ. APS be dtaton, tnahnsr equal Ls loitb 
the dminetcit ‘iohteh ^a<ises thiou^h A and culitnz the v) tn P, Q 
and /?. h, lespccttvely , then PS. Qli dtall cut one aiiothei via 
stivcn point. (Cam, XT Pap, 1864) 

Let O be the centre of the , XO\ its diameici It is evident 
that PS, OR, intersect on some pt L in \.Y Join OR, OP and 
LPOA^-k lPOR(I S)=lPQR(III 20 ), /. P,Z, O, Qcanbe 
circumscribed by a C, (HI 21, I on ) lecl AZ AO=srccl AP \Q 
(III 36, Cor ) =rect. A\ \Y, (I H 36, Cor ) , *. Z is a fixed pt 


416 XYZ IS an isosceles A » and from the vertex X 
as centre, a c j is described cuttmg the base or the base 
produced, at P and Q , shew that YP «ZQ. {Apply 111 3 ) 

417 If two ( 8 cut one another, of all st lines 
drawn through a pt of section and terminated by the 
‘^ces, the greatest is that which is , 1 to the st hne pin- 
ing the centres 

Lei the two Cs whose centres aie P and Q cut at O, X Let 
AOU be the st line through O It to P(^ terniiiiatcd by the c ces, and 
let COO be anv other st line terminated b\ the ces Then AB 
shall be ’>■00 By drawing J.s PN and QN from P, and Q to 
AB, It IS seen that AB=s2MN (111 3)=2 PQ (I 34.) From P, Q 
draw PZ, QY J.s to CO , and from Q draw QE X to P7 Then 
CD=2ZY (III 3)=3EQ(I 34) But inthert Id A EPQ , 
PQ^EQ, (since hypotenuse to the gicatcst side), 2PQ ^aEQ 
or2ZY, A1J>CD 

418 Through a pt of section of two C's which cut 
one another, draw a st hne terminated by the c>oee, 
and bisected at the pt of section 

Let O, M be the pts of section of the CCs whose centres are 
X and,Y ; join XY and bisect XY at D Join 00 and draw ZOA 
JL to 00 and teiminatcd by the t^ces Then shall ZO be ^ AO , 
dtaw XB and YC ±s (o ZA Since XU, DO, YC are all III, and 
XD=sYO (cons ) , * BO=CO , hence ZO=AO (III. 3). 

419 Shew that the st lines drawn atrt. As to the 
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•sides of a quadrilateral inscribed in a Oi from their 
middle points— intersect at a fixed point 

Let MN, SN, RN, QN bisect ily the sides of the quadniateial 
XYZP inscribed in the O XYZ Then N the intersection of those 
lines, shall be a fixed pi Since QN bisects XP i.lv, the centre 
of the , lies m QN , so the centre of the (_ Hies in each of the 
5t lines RN, SN, MN (III i, Cor) Hence the pt N, where they 
niterspc-, is the centre of the and % a fixed pt 

420 If two r'B out one another, any two |11 st lines 
drawn through the pts of intersection and terminated 
by the t. ces,— are equal 

Let P, Q be the pts of intersection , O, S the centres of two 
Qs , draw HI st lines APB, CQD cutting the cc of the with 
centre O, at A, C , and the »_ce of the Q with centre S, at B, D 
Draw st lines XOY and MSN, through O and S (the centres), J.s to 
AB and CD, meeting AB at X, and M, and CD at Y and N Now, 
It IS obvious that, XYNM IS a rectangle ^ XM«YN (I 34) (/t) 
We know that PX^XA, and PM=*MB (III 3) , . AB«2XM (1) 
ho, it can be pio\ed that CF =2 YN (2) , " from (i), (2) and (a). 


421 If two ^ s cut one another, any two st hnes 
drawn through a pt of section, making equal l s with 
the common chord, and terminated by ces, are equal 
Let the two \ s intersect at P, Q , and let APB and CFD be 
two st hnes equally inclined to PQ and terminated by the C ces 
Through Q draw EQF HI AB (1 31) , since AB is ||l EF, and PQ 
meets them, LPQE= {I 29), but lQPB=Z.QPC 

(hyp), LPQE^^QPC (Ax. i), .arc PACE=arc CEQ 
III 26) , take awiY the common arc CE from both , rem arc 
PAC~rem aic QE , chord PCs=chord QE (ill 29) (1) So, 
can be proved that chord PD^chord QF (2) From (i) and {2), 
EF^CD, but £F^ AB (Er 420), . CD « AB 


422 Two equal V s touch one another externally ; 
•and through the pt of contact, two chords aie drawn, 
one ineachC', at rt z.sto each other, shew that the 
st Ime joining their other extremities, is « to the 
diameter of either 

Let P, Q be the centres of two equal C s, which touch one 
another exUutally at O, and from O, let chords OX, OY be drawn 
at rt Ls to each other Join PX, QY, Then PQ passes thiough 
O (111 la) , and L POX + L QOY = one rt L (I 13) , 
•{/.POX+Z.PXO) + (LQ0Y+/.QY0)=2rt Z.s, /.:^0 + 
L YQ 0=2 rt Z.S (I 33) , XP IS HI YQ and XP=YQ , (beingr 
radn of equal Qs) . XY ||l and=to PQ 
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423 All equal chords placed in a given circle, touch 
a fixed concentric C 

Let XY be a chord of fixed lengt/i M its mid pt, and Z the 
centre of the' Join ZM Then ZM is ± to XY (III 3), and 
IS of fixed leneih, ioT all positions ot XY (III 14) , since X\ is 
J. to the radius ZM (III 16) , the loan of ^I is a concentric 

which IS touched by XY at M 

424 If a quadrilateral XYZP be circumscribed 
about a (_,>,then prove that X Y + PZ =XP + YZ 

Let the pts of contact of the sides XY, YZ, ZP, being 
E, F, G, H, respectively Now -Y^ = XH , F^=YF , ZG— 7 .Y , 
/»G=PH (III 17, Cor) Adding, (XE+ YE) +(ZG + PG) = 

(XH + PH) (YF+ZF) }- orXY + PZ=XP4-YZ 

425 If the sum of one pan of opposite sides of a 
quadrilateral XYZP IS = to the sum of the other pair, 
1 e XY+PZ=PY+ZY, shew that a (j may be ins- 
•cribed in the figure 

Bisect L s XYZ and YZP by YA and ZAmeeingatA From A 
draw AE, AF, AG JLs to XY, YZ and ZP It is obvious that 
AF = AE=AG Now, if wuh A as centre and radius =AE. or AF, 
or AG a ( be desciibed, then that will touch XY, YZ 
and ZP m E, F, G Then shall XP touch also this Q For if 
not, from X draw XO touching the ^ (III ’17), and meeting PZ 
at O Now XY + PZ=XP + YZ (Hyp) (i) Also XY + ZO = 
YZ+XO (Ex 424), (2) * taking (2) from (i) PZ — ZO or PO — 
XP-XO , hence either XO-PO+XP, orXP = XO + PO, which 
IS impossible (I 20) 

426 St lines are drawn from a given external pt 
O, to the Oce of a Q , find the locus of their mid pts 

^ Let X be the centre of the (_, B be any' pt on the (_^ce Join 
OB, and let A be the mid pt of OB The ioai^ of A is reqd 
Join XO Bisect XO at P, and join PA Then P, A are the 
middle pts of OX, OB, AP=4 XB (the radius of the O), 
(Text E\ 2, p 96) , #. <? , PA is of constant length, and P is the 
fixed pt Hence the loctts of A, is a (j, whose radius =11 the ladius 
of the given (^ 

427 Pmd the locus of pts, such that the pairs of 

tangents drawn from them, to a given O “ contain a 
constant l - 

I^t XYjXZ be any pan of tanstents containing the given L 
Let O the centre of the given O , join OZ, OX Now XO bisects 
the L YXZ(III 17, Cor) Hence in the A OXZthe Ls OXZ, 
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OZX, and the side OZ are constant , OX ib constant , .*• the 
locus X IS a concentric O OX radius 

428 Two Cs whose centres are X and T, have ex- 
ternal contact at P, and a direct common tangent RS 
IS drawn to touch them at R and S. Shew that the 
bisectors of the l s RXP, S YP meet at rt lb in RS ; 
and if O be the point of intersection of the bisectors, 
shew that OP is also a common tangent to the C s 

Let the bisector of the L RXP meet RS at O Join OP 
Then ^XRO^^ XPO (I 4), • lOPX is a ri L Hence 
OP is the tangent to both s at P (III i6) 1 hus the bisector 

of the L RXP, meets RS at the pt at which it is cut by the 
tangent at P So the bisector of the L SYP meets RS at the 
same pt t e the bisectors intersect on RS and at rt Ls, for 
they are also the bisectors of the Ls ROP, SOP 


429 Through a given pt within a Ci draw tha 
shortest chord {Sec Genet al notes on III 7j) 

430 Through a given pt , draw a st Ime to cut 
aC I so that thepart intercepted by the \^ce, may be= 
to a given st hne 

Between what himts must the given st hne he, when 
the given point is (a) n/rthont the c , and (d) ^utthin it^ 

Let X be the given pi, P the centre of the given Q ana 
Y be the given st line In the given ( , take an> diameter 
SPMN , from it cut off SM=Y (I 3) With S as centre and 
SM as radius, describe a i, cutting the ist * at R Join SR 
With centre P and radius = the JL from P on SR desciibe a jrd 
C which will be touched by SR (III 16) From \ draw XZO 
to touch the inner C (111 17), and to cut the given {tc jsty 
at Z, O « then OZ = SR, being chords at equal distances from the 
centre of the given (Ill 18 and III 14) 

If X 15 without the , Y must not be > the diameter 
If X IS within the (_, Y must not be > the diametei, and not 
the chord drawn through X J. to PX 


431 If from an external pt two tangents aro 
drawn to a t \ the L contained by them, is twice the L 
contained by the chord of contact and the diameter 
drawn through one of the pts of contact 


Let OX, OY be two tangents drawn from an 0 

to a C» "hose centre is 2, and XZS the diameter through 
Z Then shall L XOY be = 2 L SXY Join ZO, cutting 
XY at R Then ZO bisects the L XOY (111 17, Cor), and 



[ 177 ] 


n bisects XY at rt. Z.s , also XS is X to XO (III i8) Hence 
from the rt i-d. As — XOZ, RXZ , /.XOZ = Z.K.XZ or Z.YXS , 
each being the complement of the Z.XZO, LXOY —2 /LXOZ 
=2 lYXS 


432 Two Cs touch one another extetnally and 
through the pt of contact, a st Ime is drawn terminat- 
ed by the Cce , shew that the tangents at its extremi- 
ties, are 

Let X be the pt of contact of the two Qs , YXZ the st line 
through X terminated by the t ces , and YS, ZR the tangents at’ 
Y, Z Then shall K 5 , ZR be ||1 Through X, draw SXR X to 
ihe line of centre , MN meeting YS, ZR^it S and R Then SXR 
touches both (_s at X (III i6) And V SY = SX and RX = RZ 
(III 17, Cor ) , . L SYX = L SXY = L RXZ = L RZX, t e 

/lSYX = /.RZX, YS||1ZR(I 27) 

433 If two Cs which intersect, are cut by a st 
Ime, 111 to the common chord , show that the parts of it 
intercepted between the cces, are equal 

Let XY be the common chord of two ( Js, whose centres are 
S and R , and let DPQC |11 to XY cut one 0 at D, C , and the 
other at P, Q Join SR, cutting DC at O Then SR is 
XtoXY, •. SR IS X to DC (I 29), OD = OC (III 3) 
andOP=OQ(III 3) , *. OD— OP =OC— OQ Hence DP = CQ 

434 Two Cs touch one another internally Shew 
that, of all chords of the outer v_, which touch the 
inner,— the greatest is that which is X to the st line 
jommg the centres 

Let X be the pt of contact, Y the centre of the znnet (T*, Z 
the centre of the outer Q. Then X, Y, Z are in the same st line 
(III ii) LetYZ produced, cut the inner Qce at P Let APB 
.'be the chord of the outer © which touches the tn 7 ier © at P, and 
/ IS . . X toXP (III 18) , draw DQ, any other chord touching the 
inner© at M (III 17) From Z, draw ZE X to DQ , then E 
’ IS the inner © Let ZE cut the inner O^ce at O Now 

ZO IS > ZP (III. 7), and *. ZE > ZO (Ax 9) , ZE >ZP , 

AB IS > DQ (III 15) 

435 . Draw a X to a given st Ime, a st. line to touch 
a given ©. 


Let ZMN be the given Q, and XY the given st line Draw’ 
the radius ZP ||1 XY, and ZQ X to XY Then ZQ shall be a 
tangent to the © For z.PZQ= lZQX (I. 29)= a rt L (constr ) ; 
.*. ZQ IS a tangent to the © (III. 16). 


' 12 
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436 Two Os have external contact at X , and a 
direct common tangent is drawn to touch them at B 
and O shew that a described on BC as diameter is 
touched at X by the st line which joins the centres 
of the Cs 

Let S, R be the centres of the two given Qs ^ tl’en SR passes 
through X (111 12) At X draw common ta 7 t^ 7 it 'K'i to meet 
BC at Y Then YB = YX and YC = YX (1 1 1 1 7, Cor ) *. a f J 

described on BC as diameter, passes through X, and touches SR , 
for XY IS ± to SR (111 i6) 

437 Two Cs intersect, and through one pt of 
section, any st line is drawn terminated by the ( oes , 
shew that the L between the tangents at its extremi- 
ties = the L between the tangents at the pt of section 

, Let X be the pt of section of the two C s , ZXO the st line 
through X terminated by the i^ces, and ZY, OY, the tangents at 
Z, O, and let the tangents at X meet ZY, OY at R, b Then 
shall L ZYO = t. RXS Now, RZ=RX and SO=bX (III l7^ 
Cor), * As RZX, SOX .ue isosceles , * > RZX= L RXZ, and 
LSXO = LSOX (111 17, Cor 1 , ' L RZX+ L bOX = lYZO 
+ L YOZ= LRXZ+ lSXO Hence LZY0= /.RXS (I 32, I 13) 

438 Shew that two paiallel tangents to a C» 
tercept on any third tangent, a segment which sub- 
tends a rt L at the centre 

Let two ||l tangents XY, PQ touch the O X, P, and cut 
off the segment YQ from a 3rd tangent whose pt of contact 
IS Z Find O the centre (111 i) Join OY, OQ Then shall 
L QOY be a rt L Join OP, OX, OZ Now OX, OP being 
J. (Ill 18) to l|l st lines, are in the same st line Also QO, YO 
bisect the Ls POZ and XOZ (III 17, Cor) Hence Z. QOY 
=Jof2rt Ls (I i3) = onert L 

439 In a rt Ld A, if a O ^0 described from the 
mid point of the hypotenuse as centre, and with a 
radius half the sum of the sides containing the 
rt L, it will touch the Cs described on these sides 
as diameters 

LetXYZbeart Li A, and P the mid pt of XY the hypotenuse 
On YZ as diameter, describe a Q . let O be its centre Join PO 
and produce it to meet the Cce at Q Then since PQ=PO +OQ, 
of which PO=J XZ (Ev 2-3, Text ps 96-97), and OQ = J YZ, 
t '•e PQ=i (YZ-PZX) , hence if a (J described with centre P 
and radius PQ, it will touch the O with YZ as'diameter at Q ^ 
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since the centres of the two ©s'nnd the pt. Q, are in .the 
same si line < 

N B — The same O " touch the O o*' 


440 If three ©6 touch one another two and two , 

prove that the tangents drawn to them, at the three pts 
of contact, are concur} ott a}td equal # 

Let Y, Z be the centres of the three Cs Then XY, YZ, XZ 
pass through B, C, A the pts of contact (III 12). Let the 
tangents at A and B meet at D Join CD Then CD shall 
touch the 0=> "hose centres are Y and Z, at C Join DX, DY, 
DZ Now Since Ls DBY and DAZ are rl Z.s (III iS), 
DY»=DBS + BY®and DZJ = DA2 + AZ2 (I 47) Since DA=DB 
(III 17, Cor), DY-*-nZS=YBJ— ZAS=YC2-CZ2, * CD is 

X to YZ, DC touches the s whose centres are Y and Z, 
DC=DA(III 17, Cor)=DB 

441 If two Cs touch one another jnfc}nally, and 
any third be described touchmg both Then the 
sum of the distances of the centres of the third Oj from 
the centre of the two given i^s,— is constant 

Let X, Z be the centres of the outet and r«//c; ©s, and Y be 
the centre of any 3id • ^ touching the outer © at S and the 
inner Q at O Then shall XY+YZ be constant Let P, 11, Q be 
the radii of the 3 C. s Then the pts X, Y, S and Z, O, Y are 
colltnear {III. 11 and 12) And XY + YZ = (P — Q) +(Q + R) 
= P+R 


443 If the dtat}teie7 X Y of a O, be produced to A, w that 
YA—theinduis, thioue^h Y draw the tafis^etit YPQ, attd fio})} 
A draw APO touclwtq the at O and mcettns^ the fm})ter tangent 
at P^j out XO and produce it to meet YPQ at Q, she^o that the 
A QPO will be equilateral 


Find S the centre (HI i) Join OS, OY NowLSOA=art 
L (III 18), and Y the mid pt of SA (hyp ) , *. OY=YS=SO , 
and A SOY is equilateral And V in the As XYQ, XYO, the 
rt L XYQ=rt lXOY (III 31), and X is common , hence L 
OQP=iLOYS(I 32) Again the rt. L YOQ=it /.SOA (HI. 18) , 
rejecting the L YOA which is common, L QOP = L YOS 
And V in the As PQO, YSO , L OQP= LOYS, and L OOP= 
A YOS , Z.OPQ=Z.OSY (I 32) The A QOP being equian- 
gular IS equilateral (I 6, Cor ). 

443-. If a 0 be described in one of the sides of a' 
rt A d A , then the tangent drawn to it at the pt where 
it cuts the hypotenuse bisects the other side. 
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LetXYZbethe rt Ld at X, and let the Q as 

diameter, meet YZ at Q. Then QP the t<angcnt at Q, shall bisect 
XZ at P Join XQ Since L YXZ is a rt Z., XZ is tanprent at X 
(III i6) , *. PX=PQ (111 17, Cor ) , Z.PX( 5 = Z.PQX ^nd . 

Z.XQZ=a rt L, being supplement of L XQY (a rt L) (HI 31)1 
• L PQZ= L PZQ, PQ= PZ, PX = PZ 

444 'if one side of quadrilateral inscribed Q, be 
produced, the exterior L is=to the opposite interior L 
(See Notes on III 22 ) 

445 Two cqua/ segments of C ^ are described on 
opposite sides of the same chord XY , and through 
A the mid pt of XY, any st hne BAG is drawn, inter- 
secting the arcs of the segments at B and C , shew that 
AB=AO 

Let P and Q be the centres of two Cs , Pj C and B, Q are 
on opposite sides of XY Join PQ , then PQ shall piss through 
A (Eic. 306 ) Join PC, BQ Then in As ABQ and PAC , PA = 

QA, PC = BQ, since the Cs are equal and L PAC= Z.QAB 
(1 IS), A PAC=A BAQ, for the As PAC, BAQ are obtuse 
As (^See Noles on I 26) , AB-=AC 

446 If two C s intersect, and any no of st hnes are 
drawn, one through each point of section terminated 
by the Gees , shew that the chords which loin them 
towards the same parts are ||1 

Let the two Gs intersect at X, Y, and let AXB, CYD be 
two st lines terminated by the Qces Join XY Now A CAX + 

A CYX=2rt is (III 22) and aCYX= A XBD (Ex 444) , 

A CAX+ A XBD=2 rt As , •. AC is Ijl BD, (I 28) 

44 *T XYZP IS a quadnl inscribed in a O , and the 
opp sides X Y, PZ are produced to meet at O , and ZY, 
PX, to meet at C , if the i,s circumscribed about the 
As OYZ, OYX intersect af S , shew that the pts O, S, O 
are colhnear, or in one st line 

Join OS, SC, SY Then OS, CS shall be in one st line For 
A OSY = suppt of AOZY (III 22), w'hicli is=sthe supph of 
A YXP (Ex 444)=suppt of A YSC (Ex 444) , O, S, C are 
collinear (I 14) 

^ 448 X, y are any two pts m the Q,ces of two segments, 

described on the same st line PQ, and on the same side of it, the 
Ls YPX, YQX are bisected by the st, hnes PS, QS, meeting at , 
S j shew that the A PSQ is constant. 
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For L PXQ js constant (III 2i) ; Z.XPQ4-Z.XQP is con- 
stant (I 32) So ^.YPQ+ £YQP is constant. Hence their difier- 
cnce, the sum of the is XPY, XQY is constant , and . iSPY + 
iSQY IS constant But u has been pro\cd that iYPQ+ iYQP 
is constant,.’. iSPQ + iSQP is constant, and i PSQ 
IS consunt (I 32) 

449 Find the lotus of the centres of all O' s of given 
radius, which touch a given O 

Let 7 . be the centre of the given (' , iX its radius , on ZX 
take XY=the gnen radius of the Cs which are to touch the 
given Now the O who<;e centre is Y and radius YX, will 
touch the given (,*at X. And ZY»/.X+\X or ZX — YX 
Hence the rcqmrc^ loeus is a t.,, with centre Y and radius= 
the sum or difference of (the radius of the given O •‘"d the given 
radius of the touching i^s). 

450 On YZ, ZX, XY the sides of a A XYZ, any no 
of pts A. B, C are taken , shew that the (0;8 described 
about the As XBO, YCA, ZAB meet m a pt 

Let the i^s about the Ai> YCA, Z\B intersect at O , join AO, 
CO, BO Then L AOC-« supplement of L Y (III 22), and iAOB 
>=>5upplcmcnt of i Z (III 22) And since the $ L s AOC, AOB, 
B0C=4rt is (I. i5,Cor J and iX iY-t- iZ«2rt. isvl 32), 

iC01J=s\ipplcmcnt of L X , .*. a about A CXB will pass 
through t the pt O (III z-", Conrvrse) 

451. X, Y. Z are the mid pts of the sides PQ, QB, 
BP of a A PQB aud A is the foot of the j. PA lot fall 
from one vertex P on the opposite side QB , shew that 
the points X, Y, Z, A are concyclu 

Join VX, XZ, ZA, ZV ThcnZA«ZR(Es 107); LZAR 
= iZRA (I 6)“ i YXZy for \ RZX is .1 tngrani (L\. 2 p. 96, fcM) ; 
.. iYXZ, .*. A, Y, Z, X are concyclic. (III. 21, Con ) 

^ 45 ^ ^ntefompis tnken tn ordo on the O'ce of n 

Oj sf lines PQ, SR piodiiteA tniasect ai Xj and QR^PH 
piodttced meet at K, shew that the st lines which respectively 
bisect the L s PXR, P YR are X to each other 

Let the st lines XO, YO bisect the is PXR, PVR respective- 
ly Then YO, XO shall be X to each other For the is PSR 
and PQR » 2 rt is (III, 22), their supplements L 1\SY + 
L RQX=2 rt i s(I 13) But iXOY«i (i XQY + i XSY), 
and .*. « a n i 

453. Find the locus of the mid. pts. of chords of a G 
drawn through* a fixed pt O. 
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Let O be the centre of the ( , and XCY any chord through C, 
meeting the C ce at X and Y Bisect XY at D (I to), * P is the 
nud pt of XY Then L CDO=art L (III 3) and CO is a 
^xcd basc^ the pt D lies on the of a on CO as diameter 

(1) When C is outside the Ci locus is that part of the G on 

CO which IS intercepted within the gi\en C 

(2) When C is on the Cce, the locus is a O described on CO 
as diameter, and ha\ing internal contact with the given 

(3) When C is inside^ the loan is a O within the given G 

454 Find the locus of the pts of contact of tangents 
drawn from a fixed pt O to a system of concentric Cs 

Let C the centre of the concentric Qs , A be the point of 
contact of a tangent from O on an\ of these s Then lOAC= 
a n L (III 18) And O and C are fixed points^ the loats is a 
O on OC as diameter 

455 Two Cs intersect at P, Q, and through X any 
pt on the v..ce of one of them, two st lines XP XQ 
are drawn, arid produced if necessary, to cut the other 
G at A and B , find the locus of O, (the intersection of 
PB and QA) 

In the A PBO, the e\t LOQB-^ L OBQ (I 52)5= 

(LX + '.A)+ '.B ^OQB=theext L of A XQA(I 32), 
and X, A, B ire all constant, being subtended b> 

L POQ IS constant, and *. P and Q are fi\ed, the loan of O is 
part of a C (HI 21, Con ) 

When XP or XQ cuts the ( 7 ce. without beine pioducedy the 
L POQ— supplement of Ls (X + A+B) Thus the rest of Q 
obtained 

456 TXZ IS any A described on Y Z th e fixed base, 
and havmg a constant vertical L , and YX is produced 
to O, so that YO=sto the sum of the sides containing 
the vertical L , find the loan of O 

Since OX=XZ (hyp), \ L XOZ^ lXZO But lYXZ^ 
L XOZ + ^XZO(I 32) \ L YXZ^z LXOZ or 2 L YOZ , % 

L YOZ^i L YXZ, and is / constant, then since YZ is fixed, the 
locus of O IS the arc of a segment YZ (111 21, Con ) 

457 Two Cs intersect at P and Q , and through 
P two st hnes XPY and APB are drawn terminaSd 
bythe Cces If XA and BY intersect at O, shew that 
the points X, Q, B, O are concychc 
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join XO. PQ, QY Then iLXQY+0« i PQY+ '.PQX+ 
iLO*=lPQy-t-(Z.PAX-i-£.0)(III. 2r)^i.?QY+Z.PBY (I. 32) 
=ttto rr. LS (IIK 2Z), ihc pis X, Q, B, O arc contycltc 
{in. 22, Con ). 

458 Given the base and vertical /. of a .ik , cons- 
truct it so tbatlts arcit may le a vid^imum 

binre the base ami vertical L of a ^ arc jiivcn, the vertev 
must be on the segment of a • described on PQ and containing 
the eiien L (III. 21, Co/:) t and the A of ‘yreaUtf a/ca has the 
Creafes/ altitude Now AB, (which bisects PQ at rt. '.sat 13), 
IS the greatest altitude Take any other ])t \ on the arc of the 
segment join IJX and dm. XO X to PQ Xow AH passing 
through the centre fill 0> ts '> HX (III 7), and HX 2> XO 
<1 iS), •. AB>XO 


459 Find a pt in a given st line PQ such that 
the tangents drawn from it to a given (• contain the 
yt cates t L /mstidt 

Let X be centre of the given Draw XO X to PQ | 
take M anj pt in PQ I he taiiecnts from O shall contain 
n <;tcater L than the l4mgcnis from M 1 rom O and M draw 
tangents OS, MY Jotn\b\^,\M Ihen \M :> XO (I 18) 
Xow XMS=-XO=-»-OMJ = X\» + M\*, and XOS«XS*-I OS^ , 

{ VXi OS®) + MO=-= n . but \S- XY, OS= 

a-MtP- MY= , M\ > US In ^ M make V/^OS , join XZ. 
Then A XSO=A XZY (I 4) Z SOX-^.yZX Dm L )Z\ 
>lAMX{I j6) ; £SOX> L ^ MX But the L between the 
lan.'cnts at O^a lSOX and the L between the tangents at M=-2 
ZYMX*(I1I 17, Cor ) , *. tangents from O, include the sfreaterL^ 

460, X)' IS the diameter of a (), and X ’V a itivcn f>l an 
tl'e C ie, suc/i that the arc X/C is c J tic are A Y, draii. a 
ihord OX on one tide of XY, so that a/c OY may oc thrice ihc 
a/c XjC 


join Z with P the centre of the C, and nakc the L YPO = 
3 Z. X I'Z The arc VO is three times the arc XV (1 1 1 26) 

461 Two C's intersect at P and Q; and through 
P. any st lino XRY is drawn terminated by the i^ces 
Find the locus of E, the mid pt of XY 


Let A and B be the centres of the two Cs Suppose E, (the 
middle pt of XV) fall w XP Bisect AB at C and draw AD, CF, 
BG Xs. to XY Then DG»jXY, for DP«A XP, PG=* PY 
(Cf E’c. 420); * DQ=:EY, each=iXy and DF=rFG(E\ 13, 
Text p, 98) , DE=GY=PG, hence EF=FIk From the As CFE, 
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crp, CE=CP (1 4), ihc loan of aC. with centre C 
and radius CP or CE 

462 Of two Cs which intersect at P, Q , the CcQ 
of one passes throt^h O the centre of the j’/rrl Prom 
P any st line PXx is drawn (between Q and O), 
to cut them both at X and Y , shew that XQ 
=XT 

Tom PQ, OQ, OY, XQ and XO Then L XOQ=z. XPQ 
(HI 21) And L Y0Q=*2 i. YPQ or 2 /L XPQ (III 2o) , 

L Y0Q«2 L XOQ . ' L YOX=£. XOQ Hence X YXO = 
AXOQd 4 ), \Q-=X\ 

463 XT IS a fixed chord in a ") and XA and BY 
any two HI chords through C and D , shew that AB 
touches a fixed comentne 

Join XK, \A Now L XYA=. L XYB {.\ 29) « L XAB 
(III 21) And Z. YX«= /. YAB (III ei), . the whole Z.AXB 
=thc whole L XAY but Z.XA\ is const int, since X\ is a 
fixed chord , L AXB is constant, . . the arc AYIi is fixed 
(III 26) , the chord Ab is constant (III 29) , Ab touches a 
fixed concentric O 

464 Given the base of a A and the sum of the 
remaining sides , find the loan of the fo,ot of the ± 
from one extremity of the base on the bisector of the 
exterior vertical l 

Let XYZ be one of a A on the fixed base XY Produce XZ 
to P and make ZP*=ZY Now* XP=XZ + ZY, . XP is constant 
(liyp) Join YP I bisect /.\ZPby ZQ, meetiiis YP at Q Now 
ZQ bisects YP at rt z.s (I 4) It is required to find the /orr/r of 
Q Bisect XY at O and join OQ Now OQ«=i XP, (Ex 3, p 97 
1 cm) OQ is constant , and . O is a fixed pt , the loan of Q is 
a (J> "ith centre O and iadius=i XP 

465 O IS any point on the <^oe of a Q with centre 
P circumsciibed about a a XYZ , and xs OA, OB 
are drawn from O -to the sides Yz, ZX Find the 
loan of the centre of the O circumscribed about the 
A OAB 

Since L s OAZ and ZBO are rt Z.s , pts O, B, A, Z are concyclic 
(111 21, Con ) , the 1 J about A OBA passes through Z, and OZ 
IS the diameter of the (. ^ about A OBA Bisect OZ at Q (I 10) 
It IS reqd to find the loan of Q Join PQ Now . /. ZQP is 

a rt L (in 3) and the pts Z, Q are fixed, the loaes Q is a (3 
on the diameter PZ 
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466. Griven PQ the sum of difference between two 
st hnes, andthe difference of their squares = XT- , find 
thest lines 

DrawYZXtoXY (I ri) and of any length, and join XZ 
Then XY-=XZS— ZY® (j 47) With centre P and radius =XZ 
describe a C With centre Q and radius=YZ describe a< , 
cutting the ist Q at O Fiom O draw OD X to PQ or PQ 
produced Then PD and QD shall be the st lines req For (1) 
PD2 + D03=0P2 (I 47), and (2) QDS+DOs = OQ2 (I 47), .*• 
taking 12) from (i), PD^— QDs = P02-Q02 = XZ2-ZY»=XY2 

467 Two chords PQ, XY of a C, whose centre is 
B, intersect at rt Ls at A * shew that (a) AP®+AQ- 
-f AX2 + AY2= 4 (radius)s ; (b) PQ® + XY® + 4AB®= 
8 (radius)® 

(rt) Join XQ, PY Then (AQ2+AX®l+(A.Y®f AP2) = XQ® 
+ PY®(I 47) But since PQ, XY aie at rt Ls; .'.the arcs 
XQ + PY=a semi-C (K^ i, P 222 Text) Hence QX*+PY® 
= (diameter)*, (III 31 and I 47) = (2 radius)* =(4 radius)* 

(^1 PQ* + XY*+4AB^ = (AP2 + AQ* + 2.AP AQ) + (AX* 
+AY*+2 AX. AY) + 4AB* (II 4)= 4 (radius)* + 4 AB* 
+2 AP .\Q + 2 AX AY (from Core / 1=4 (radius)* + 2 (AB* 
+AP AQ) + 2 (AB* + AX AY) = 4 (radius)* + 2 (nadius)* + 
2 (radius)*, (III 35) =8 (radius)* 

468 Two tangents XP,' XQ to a C, cut out one 
another at rt z. s at X , find the pt on the intercepted 
arc PQ, such that the sum of the xs drawn' from it to 
the tangents, may be a immvmvt 

Let A be the middle pt of the arc PQ (III 30I, and .AB, AC 
the Xs on XP, XQ Then AB + .AC shall be a mimmuvi Let 
Y be any other point on the arc PQ , and YZ, YS be the Xs on 
XP, XQ , let AC, YZ intersect at D Join AY It is evident that, 
tangent at A makes equal /.s with .\P, XQ, .and equal Z.snitb 
AC, YZ If this tangent cuts YZ at L, L must be oitfside the (t, 
and /.DLA=Z.DAL But z.DLA> Z.UYA (I 16 ) , lDAL> 
LDYA Much more i.DAY>-/.DYA (Ax 9); DY>DA 
(I 19) , and-since DZ=.AB and YS==DC, (DY + DZ)+YS> 
(DA+ DCl+AB, or YZ + YS>AC+AB or AC + AB<;YZ+YS 

469 Divide a given st hne into two parts, so that 
the sum of the squares on the segments may be =to 
(1) a given square, (2) may be mtmmuni 

Let XY be the given st hne, and P the side of the given sq (i) 
At Y, make the Z.XYZ=i a rt Z. With centre X and the radius = 
P,describe a C cutting YZ at Q Draw QO X to XY (I 12) Then 
XO*+OY* shall be=P* For Z.XYZ=i art Z. , and z. QOY= 
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A rt L , /• LOQY«J a rt L , *. OY^sOQ 0 6) HcnceXO-+ 
0 Y 5 -\ 0 »+ 0 Q 5 =-XQ 2 (L 47 )=P- (hyp U 

(2) Xow XO-+OY - 15 a viinxmumy when XQ is a muitvtnvi , 
/ e when XQ is JL lo YZ Here L QXY =» L X\Q«} a rl L» 
• QX=QY, and . . O is the middle point of XV 

470 Find a pi O on fheC^cc of n 7Jl*ic/t He si hnt 
joining ixvo i^tz*cn pis , of 7vhtch both arc x\*ithotU O e O stioiends ihe 
greatest L 

Let X, Z be the ^iven pis (both external lo the rhrou^rh 
X, / describe a _ lo touch ibc gi\en at Y Then XYZ shall be 
llie greatest L Let b be nn\ other point on the of the guen 
f' Join \S, ZS and let XS meet the constructed at 0 Join 
OZ Then l \ 0 Z>' L XSZ (1 i 61 And L XOZ= L X\Z^ 
LWZiUl 21), •. Z.X\Z:>£.XbZ 

471 Desmbe Mr A of maximum area^ having xts L s^io 

those of a A -1/ and its sides passint; throns^k three ^iven 

pis B and C 

Join Wly \C , and on AU, \C describe secjaicms containing 
LsKyV rcspecti\ely Through A draw \\ (the max mum UneS 
terminated bv the iwo^^ces Join \C, YB and produce XC 
and ^ B to meet at Z , then since /. \ « /. N and i. Y « Z. P (hyp ) , 
% iLZ=iLM(I 32), and since Ls of AXYZ arc^m/, the xx 
a maximum^ when an\ one of us siaes is a maximum , but XY 
IS a maximum , *. A ABC has the /greatest area 

472 Picfo 7uhose centres are P and O intersect at V and 
K, and a st lint AXB zs dfaicn through X and ieimtnated hv ihe 
Qces Preroe that {a) LAYB^L PXQ , {b) LA YP-^ LBYQ 

(r) From As \ PQ and XPQ, we ha\e Z.XPQ— Z.YPQ (I S); 
A LXPQ^i Z.XPY«Z.XBY,ini 20) So /.XQB« 

iLXBY(lir20) from AsPXQandAYB /.PXQ«£.AYB, 
(I 32) 1 As m case first, Z.PYQ= /LAYB Take Z.AYQ from 
each, /. /.AYP=4.QYB 

473 Txuo equal ^s inter seel ai P and Qj. and from 0 anv 
point on the ce of one of thcniy a J^zs dtaion to PQy meeting 
the othei i j at Y and Y^ shexu that X zs the or/hocentre of 
ihe A OPQ 

Let the ± OC meet the first C*ntD and the second O 
Xand Y Z.PDQ is the supplement, of the L POD ^11 22) 
And . segment PDQ=segment PXQ (Hyp and III 28) , 
LFDQss^ L PXQ , L PXQ IS supplement of L POQ , * the 
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orthocenirc of A OPQ is on arc PXQ, {En:. 21, p 226 Text) But 
the orthocentre js on ± OC, vrihcctntre is at A'. 

474. Ftom af^,Vi.npt xjithoni a d>aw a st. live to the 
eoneax’e (£,ce, so as to tc hseited oy the conx ex 

Let X the centre of the gnen O bisect it at Q. 

ith centre Q and radius = 4 radius of the gitcn describe a 2 nd 
Occulting the I St v Z Join \Z. and produce U to meet the 
t^c&of the isl at P, then shall VZbe=ZI' . / Q is the middle 
point of XY (Cons ) and QZ— 4 PX, for QZ is the radius of the 
end the radius of the given (_ , \Z=-ZP. 

475 Txvo Q,s cut one anothet orthogonally at JY and Y/ 
M is any point on the at i of one v. intencpted tn the other, and 
A'.l/, YM arc pi odtued to n tel tr\. \^ce of the second at A" and 
P * shexo that A*P is a diameter. 

Let A I! be the centres of the two C s, M being on the 0 CC of 

0 whose centre is A Jo'ii \X, XY, BX, XI*. Then AX and BX 
arctangents,.*. L AXX= £.\PX (III 52) and /LlJXMoi LllXN 
= L.\YM(III 32)==iXMMni 2i)=z.A\B=/.XPX+iXX'P, 
but i..^Xlii=a rt i,, ( t s tut o}thoi^oii'illy\ L \PX-f 

1 XXP=art. L rem lP\\=art /,;.*. XP is a diameter 

(in 31). 

476 JCVF IS a inxcrihtd in a ‘ and P, (?) O, arc the 
mid. fts of the arcs suotcndid b} the sides i emote fiont the 
opposite x>eriices , find the relation hchaecn the Lx of the txjo 
AsXYZ^PQO and pi oze that A ///?C (//r<r pedal A of PQO), 
IS eqmangulat to A XVZ 

Join XO. Since the arc XP — | arc XZ, and areXQ — 4 arc 
XY, .*. L XOP=} / XOZ«J lXYZ, and /.XOQ=+ <.x6Y = 
4 I.XZY, (III 27 and 21) Hence f.XOP+ t.-XOQ’or iPOQ 
= 4 (Y + Z) So Z.QPO = i CX + Z), and /.PQO »4 (X+Y) 

.Again XO makes with PQ an t. that at the 0 cc, subtended 
b> the sum of the arcs XP, YO+A'Q (E\ 323); re an /. «= 
MX+Y-‘-Z)=one rt L (I 32) Hence XO, \P, ZQ are JLs of 
sides A POQ Then v XO bisects LllAC, (Ev 20, p 225 Text), 
i.QAB= Z,P.AC:=: ^QOP (Ex 20, p 225 Cor 2)=sl l{Y-»-Z) , 
.'.L BAC=2 rt. / s- i.QAB- lPAC= 2 rt /.s-(Y-l Z)« £.X. 

L.\CB= i.XZY and z. \BC5= Z.XYZ , . AABC is eouian* 
gular to A XYZ 

477 Txoo tangents A.Y, AY are draxon ft on, an external 
Jit A to a given C, and Z is the nitd pt of the clioid of contact 

f^PZ^ -^(2 he any elioid through A , sKexa that XY bisects 

% 
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Let C be the centre of the given C Join A/ , then AZ pro 
duced must pw through L Join CQ, CX, CP Since the 
AXC, X/Cnrc n £.s, A\ muM touch the v ) described nboiu 
A XZC. AZ,\C-AV* M»AQ (III 36), * the four pi*; 
P, /, C, Q arc 40/tcjc/n , (III 35, Cf’/r ) , /• ^cPZA L CQP 
(Ln 444)=^LCPQ (I SJrr^LCZQ (11! 21) And \’Z is J, 10 
AC , ZX or X\ bisects L l^ZQ 

4T8 f7/;v //v sum of i^vo si Ums^ nnd if e <////• of i/ic sfuosts 

ou IhiU , find iht St ft res 

Let \ be the sum of the req si Iinc^ and let AfP«lhejf//w 
of the sqs on ilicin On AH describe a semw and n segment 
rontaming an z, * J a ri £.(111 34) W itli centre A, and radius 
X, drw a ( cutting the end segment at P Join AP cutting the 
semi at Q Join ind PiJ 1 hen shall \Q,<jn be the st lines 
reqd Now Mnee Z.AQU is in z.in a semi , *. Z.AQn*^a rt 
/.(III 31), • A(V-^0!P«AJr(l 47) \nd estcrior £.AQ1JI« 
/.APU+ /QI5P (1 32) l5m/.APUr.Ai.AOP(<,ons) , A4.QUP 

L AQH, /.APH or /.QPU «^QHP, .. QV^-QU , .. 
A(2 '^QB«AQ + QP=AP^ \ 

479 y}^ IS it Ai f/e itiiensa* nrd ir/inta! fisecion 
of ihc LX^mat YK at Q^uud \A produced <://*, f A fe the 
fhtd poiut 0/ QP sfin ihitAX is a tnt»^cnf tof/e desended 
about the ^ \ ] A 

Now L QXP« ail L {IX 2p 29, Ic\i)t *. AQ«AX«AP 
(E\ 107; And /,A\Q« /. AQ\ (I 5) Now /.AX/*=»£.AXQ- 
lA\Q^ lAQ\-- lQW (h>pw i^w/ A 32) * AXIS a 

tangent to the v.y aboui the A X^ Z (III 31, Cat ) 

480 Tue st /tiiCS A£>, 01, AO 'tohtch join the vertices 
/ CZ « A V) to the cintie O of its iireumscr/M , ate 

X tispecitveiy to t/u side^ of the podal A PQ,R 

Let OX meet PQat C Now lXPC*^ 1\\/, (See IX 20, Cor 
p 225 feu), and L XOY==2 /.\PY(IH eo) , . £, 0 \Y« 

complement of £.XZY (I 5, I 32), • from A XPC , iLXCP is 
a rt £. (I 32) 

481. A IS any pi onf/e(^ce of a (J titcuinSiriled about a 
A PQP shc^i* that the L betuLcn Simson’s Line DBA for 
the point and the side QR'^ the L hetivetii PX and thi diameter 
of the ciraimscribcd C, 

Let XD be a X on PR produced , XB, XA Xs on QR and 
PR Draw the diameter PC and jom P\ and XC Then pis 
X,B,A,R arc concycltc ^ \ 'ABR«4AXR (111 21) = comple- 
ment of /.XRP^complcmcnt of LXCP (111 31) « L XPC 
(HI 30 
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. *482 XV^ fs a At ond ftom any pot nt O wttkw //, Xj 
OPt OQ OR an dtittun to the sides, tf A, /?, C are the cenftes 
of the is ctt cuntscnbcd about the ^s QOR, OPQ, PORj shezo 
ihxt (i) the A ABC ts eqtttangtflat to the A XYZ^ and (s) 
that the stdis of t/eonc^are respecUzicly^l of the sides of the 
other. 

Join OV, OY. OZ , md bisect them at A, IJ, C. Then since 
L% OQX and ORX are rt Ls, the four pts O, R, X, Q lie 
on a whose diameter is OX (111 22, Con ) , .‘.A is the ccntic 
of the about the A QOR. So for 11 , and C Also Ij-\, AC, 
lie are j|l to XV, XZ, VZ and— half of these lines (E\. 2-3, ps 
96-97 Text) ; ABC is equiangular to the A XYZ 

483 Three Qr intosut at P, and then other pts of intu sec- 
tion are Q, R, S , QP ctiii the t, ' RPir at and XR, XS cut the 
Cls ( 2 Plt^ QPB respntiziely at 1 ' and A, shezv that the points 
i, are collirtear 

Join QY, QZ. Then xhall Q\ QZ be in the same st line 
Join PR, PS (1) Since the four pi<? Z, Q, P, S arc lOittvclu, 
XZQP= Z.XSP (Ex 444) \nd v the /<7//r pts Y, Q, P, Rare 
coriLycUc, /. ZVQ 1 ‘=-- i.XRl' (Ex 444), the As ZQP, VQl* = 
A s XSP, XU P = tw on AS, for the pts X, R, P, S lire concvclic 
(111 22), ZQ, QY are m the same st line. 

484 A and B are two Jived pts in the diameter 0/ a C) 
equidistant from the centre 0 ^ throus^h A, aitv chord DAE ts 
drawn, and tti extremities ate joitud to B , shew that the sum of 
the square on the sides of tne A DhB, is constant 

Let PQ be the diameter Now' DE®=DA’-I-EA® + 2D'\ AE 
(II 4), adding DB*-l-EIia we have, • DE»-l-DB!-{-EB*= 
(DA» + DB!) + ( Ii:A=-»- EB-* ) + 2 DA AE But DA® + I)B 2 « 
2DOS-J-2AOS, and I:A=- 1 -EB«= 2 E 0 - + 2 A 02 (Ex 245), which 
arc constant And DA AE = P\ AQ( 11 I 35), which is constant , 

DE=+DB2+EOs IS constant 

485 "P IS a Jived pt and XY is a Jived st, line of indefnite 
lentrt^, PQis any st line drawn fhrous;h P to meet X Y at Q, 
and in P Q, a point Z is taken such that, the rect PQ, PZ ts cons- 
tant; find the locus of Z 

Draw' PO X'to XY (I. 12), and from Z draw ZS at rl. As to 
PQ meeting PO at S (I ii) Then V As QZS any SOQ are it 
As, .*. the pts Q, O, S, Z are concychc (HI. 22, Con ) , PS PO 
«PZPQ (HI. 36) , since PQ PZ is constant (hyp), PO PS is 
constant , and since PO is constant, .*. PS is constant ; S is a 
fixed pt. And A PZS is a rt. A , .*, the locus of Z, is a 0 , on PS 
as diameter. 
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486 Two Cs intersect at P and Q, and from any 
point Q on the ( ^ce of one of them XP, XQ are drawn 
and produced if necessary to meet the .other at T and 
O , shew that 70 is ||1 to the tangent at X 

Let XZ be the tangent at X, then Z.ZXPi= Z.XQP (III 32) 
= LPYO (E\ 444) . * ZX IS 111 YO (I 27) 

487 XYZ and PQE are two As inscribed in a C« so 
that XY, XZ are respecti'P’ely 1|1 to PQ, PR , shew that 
YR IS 111 to QZ 

Since PQ, PR aie respectu ely HI to XY, XZ , *. LP=Z.X, 
'.arc QR=arc YZ (III 26) From these equal arcs, take the 
arc YR, then arc YQ=arc ZR , _QZY=LZYR (III 27) ^ 
. QZ IS 111 YR (I 27) 

488 A secant ABC and a tangent AO are drawn 
to a r ' from an external pt A , and the bisector of the- 
lBOO meets BO at P , shew that AP=AO 

For aAOB= lOCB (III 32) , and L BOP= /.POE Hence 
LAOP= /.AOBt- /.BOP= /.PCO+ /.POC= aOPB (I 32), 
. AO=AP (I 6) 

489 Two segments of i''s are on the same chord 
PQ and on the same side of it , and X and Y are any 
pts one on each arc , find the lotus of the intersection 
of the bisectors of the L s XPY and XQY 

Let the bisectors meet at O The locus of O is required Now 
/:OPQ=i i.s(XPQ+YPQ) , and iOQP = i /.s (XQP+YQP) , 
*. the sum of the Is at the base of A OyQ==o)ie-/ial / of the sum 
of the As at the base of As XPQ, YPQ Hence the vertical 
L = one-half of vertical L s PXQ, PYQ (I 32) , both of which 
are constant (III 21) , . LPOQ is constant , and P, Q are fixed 

pts , the locus of O is the arc of a segment of (J) on base PQ 
(III 2j, Con) 

490 A IS any pt within a A XYZ , and AB, AO, 
AD are drawn ±s to YZ, ZX, XY respectively , shew 
that L YAZ IS = A YXZ + A DBG 

Join XB The points D, Y, B, ^ are concycltc , ' aYAB = 
AYDBdll 2 i)=ADXB+ aDBX(I 32) So AZAB= /.ZCB 
= A BXC + A CBX Hence by addition. A YAZ = A YXZ+ 
A DBC 

491 Two Cs intersect, and through a pt of section 
a st hne is drawn biseotmg the a between the diame- 
tere through that pt , shew that this st hne outs off 
similar segments from the two Cs 
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Let P be the pt. of intersection of the' two Cs . PQ> PR ihe 
two diameters ; and let the st line through P, meet the (• s at A 
andB Then in the As APQ, PBR ; C QPA- lRPB, and 
/ PAQ=art L PBR (III. 31), •. L PQA=LBRP{I 32) 
the segments are similar. 

492 A is aBy pt on the O of which PQ is a lixed 
dtavtcicrj and AB IS* drawn A. to PQ On PB and QB as 
diameters, Cs are described, which are cut by PA, QA 
at R and S shew that RS is a common fan»ent to 


these C s 

Join RB, SB Then eacn of the Ls PRB BSQ, P.-^Q is a rt 
L (III 31) , the points R, B, S A are conryclic , . £.BRS = 

L B.AS= L BPR from the rt Z. d As APQ, B.AQ (I 32), 

RS touches ^ PRB ( Converse of III 33) 

493 The j.s diawn from the vertices of a A? to 
the opposite sides are concurrent (Sec Text f 334^ Ex ig) 

494 PQ IS a fixed diameter of a ’ ; and XY a fixed 
st Ime of indefinite length cuttmg PQ or PQ produced 
at rt Z.S , any st line is drawn through P to out XY at 
O, and the O s-t Z, shew that (11 the rectangle PO 
PZ IS constant , and (2' PO PZ=PXL 

Let PQ and XV intersect at S Join ZQ, XQ Then Ls OZQ, 
OSQ are rt z.s (III 31 and hvp ) , the pts Z, O Q, S are con- 
cyclic, \ PO PZ = PS PQ (HI 36, Cor) And *. PS and PQ are 
constant, rect PZ PO is constant 


(2) Again the i ^ about the A XSQ has its centre on XQ ; 
for L XSQ IS a rt L (III 31), and PX is±QX (III 31) . •. PX 
IS tangent to the about A QSX *. PSPQ = PX* (III 36); 
PO PZ=PX! 


495 Given the base and vertical L of a A » find 
the loais of its orthocenUe (See Text p 333 ^ Ex 33) 

4g6 Throti^k the extremities of a given si line FQ, any tzjo 
Wsi lines PX^QY are drawn, find tfieXocxxa of the into section 
of the bisectors of the Ls XPQ^ YQP 

Let the bisectors meet at O Then Z.XPQ-{- z.YQP=:2 rt. Ls. 

4g6 Throutrh the extremities of a given st line PQ^ any two 
111 st lines PX, Qy are diawn, find the locus of the intersection of 
the bisectors of the Ls XPQ, YQP- 

Let the bisectors meet at O Then L XPQ + LYQP = art 
Z.S ( 1 . 29); L OPQ+ t.OQP«=one rt L(hyp ) 5 z. POQ = 
onfeTt. L (I. 32). And since PQ is fixed^ the locus of O is a 
on PQ as diameter (III 31, Con ) 
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497 Describe an equilateral A, so that its sides 
may pass through three given points 

Let B, C be the fixed pts On AC, AB describe {externally 
to the A ABC), segments containing an L of an equilateral A 
{III 33) Through A, draw any st line XAY terminated by the 
Oces Join XB, YC, and produce them to meet at Z Then 
A XYZ IS an equilateral A Since each of the LsX, Yis of 
two rt As, the L Z ts= of two rt Ls 

498 XYZ is a A inscribed in a Ci and from any 
pomt A on the’Ooe, AP, AQ are drawn J.s to XY, YZ , 
if PQ, or PQ produced, cuts XZ at O , shew that AO 
IS ± to XZ 

Since LAPY=a rt ^ = £. AQY, pts A, P, Y, Q are «i«- 
O’cluiin 22, Con), Z. AQP= /. AYP (III 31)= z. XZA 
(E\ 444) or L OZA , . Z. AQP+ Z.AQO= Z.OZA+ i.AQO , but 
Z.AQP+ L AQO=two rt Z.s(I 13), *. lOZA+ Z.AQO= two rt 
jLs, * the pts A, Q, O, Zare comyclic {111 22, Con), ZAOZs= 
L AQZ(I 11 2i)=art L (cons) 

499 Describe a O to pass through two given pts , 
and to touch a given C Text p 236 , Ex 22 ) 

500 A IS the centre of a Ci and AP, AQ two fixed 
radu , if from any point O on the arc PQ JLs OX OY 
are drawn to AP, AQ , shew that XY is constant 

Since LsAXO, AYO are rt Z.s * the/ 5 >«rpts A, X, O, Y are 
congr/rr (III. 22, Con ) , ' AO is a diameter of 0 *^X 0 Y (I II 31) 
Also O AXOY IS constant, for AO is a radius of the giten Q 
Now L XAY IS constant, the chord XY is constant 


50i On the three sides of any A, equilateral as 
are described remote from the given A 1 shew that the Cs 
described about them, intersect at a pomt 

Let PQR be the given A , on the sides of which, equilateral As 
are described uv/m/aZ/yj and let the C^s about the equilateral As 
on QR, RP, meet at A Join P.A, QA, RA Since the L of an 
equilateral A=)^ of tw’o rt Zs , each of theZs PAR, QAR is 
yi of twort zs (III 22), * Z PAQ is=Y of two rt Zs 

{I 15, Cor), a (j descnbed about the equilateral A on PQ, 
will pass through A (III 22, Con ) 


602 ' Find the locus of a pt A which moves, so that 
if ±8 AD, AB, AG, are drawn from it to the sides 
XY, YZ, ZX of a given A XYZ , their feet D, B, O, are 
colhnear. 
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Since the pts. A, D, Y, B are concycbc (III. 22, Con ), i. B\Y 

= LBDY or L CDV (HI. 2f) And since the pts. A, Z, C, B arc 
22, Cw),.*. /./?i4^=supplenientof /LBCZ (III 22) 
= £. 2 ?CA', the whole Z.YAZ=> £,CDX+ ' BCXs=snpplemeni of 
i^X (I 32) , • A lies on the Oce of the 0 described about 
A XYZ 

503 PQB IS a A, rt z.d at R, and fromX, any 
point in the hypoimuse PQ, a st line XY is drawn X to 
PQ, and meeting QR, at Y , shew that XY*=»PX XQ— 
RY.YQ. 

Since Ls PXY, YRP arc rt Ls, *. the pts K, P, R, Y ate 
concyiltc (III 22, Con ) , QY QR=QX QP 3 ^i Cot ) , or 
QY YR+QY* = QXXP+QX= (II 3) , or QY 3 -QX 2 «QX.XP>- 
QYYR; XY»=QX.XP--QYYR (I 47) 

504 . Describe a O to touch two given st. hnes, and 
a given (J {See Text p sjj, Ev 24) 

505 A semi-’ ] is described on PQ as diameter, and 
any two chords PX, QY are drawn intersecting at Z * 
shew that PQ^^PX PZ+QY QZ 

Draw ZO ± to PQ Join PY, QX , •/ Ls ZOQ, ZXQ are 
rt. (Cons and III 31), the pts Z, O, Q, X arc coney ebe^ 
(III 22, Con .') , PZ PX = PO PQ ( 1 1 1 36, Cor ) So QZ QY = 
QO QP (1 11 36, Cor ) , PZ PX + QZ Q Y = PO PQ + QO QP = 

PQ2(n 2) 

^06 If ft om a point X, without a Q, XY is drawn X to 
a diamctci PtXand a secant XAIi , shew that XY^—XAXB 

Let XY meet the Qce of the given Q at R, b Then RS 
IS bisected at Y, and produced to X, A''K=*s=XR XS+YR* 
(III 6)^XAXB+PyVQ, forXRXS=XAXB (III 36, Cor) 
and YR YS=YRs=PYYQ (III 35) 

507 Two st lines XY, XZ of indefinite length 
touch a given ( ^ at P and Q , and any chord BO is 
drawn, so as to be bisected by the chord of contact PQ , 
if BO IS produced , shew that the intercepts between the 
Cce and the tangents (BS, OB) are equal 

Let the chord BO be bisected bv PQ at C, and produced 
to meet XY and XZ at S and R Then shall BS-OR. Find 
the centre M (III i) Join MR, MQ, MC, MS, MP. Now 
L MCR= a rt L (III. 3), L MQR=a rt L (III. 18), *. 
the four pts, M,C,Q, ^ vaoi concychc (III. 21, Con.) , Z.CRM 
= LCQM(I1I 21) So Z. CSM=L CPM(I 1 I. 21) But M_Q 

' 13 
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/. L CQM= L CPM (I 5)1 '.CSM« L CRM. 

• CR=CS(I 26) And CB=CO (hyp ) , BS==OR 

508 Describe a O to pass through two given pts 
Y and Z, and to intercept an arc of given length, on a 
given O PQA 

Find C the centre of the given O PQA(I 1 I i) Join PQ, 

and with centre C, describe a to touch the chord PQ The 

given t ^ PQ^> intercepts on every tangent to the constructed O, 
a part=PQ Draw a 1 , ) YBZ through Y, Z touching the given Q 
at B (Ex 499) Draw XB (the common tangent of (^s PQA, 
YBZ), to meet ZY produced at X From X draw a tangent to the 
constructed meeting the given PQA at O, A NowXYYZ 
«XB^ =» XO'XA (HI 36) , Y, Z, O, A are concycht (III 
35, Con ) , n described through the pts Y, Z, O will 
pass through A And OA « PQ , * arc OA « arc PQ 
(III 28) 

•^509 If from any pt P on the C^e of a Cj des- 
cribed about A ABO , ±s are drawn to the three sides 
AB, BO, OA , the feet (P, D, B) of these I.s, are in the 
same st line {i^ce Text p 282, Ex 74) 

5/0 AB is the dtavteicr 0/ a Qj and BP any choidj BQ 
bisects L A BP Shew that BQ divides the area A BP into two 
unequal (O U P A Pap 1873) 

Join AQ, PQ Since L PBQ= /.ABQ (hvp), arc PQ=arc 
AQ (III 26), . chord PQ= chord AQ (III 29) Now in tw'o As 
ABQ, BPQ , since AQ = FQ and BQ common, and AB>BP 
(III 15), ^AQB>LPQB (I 25) At the pt Q in the st 
line BQ, make L BQC= /.PQB (I 23) Then A PBQ= AQBC 
(1 26) Thus A AQB is > ABQC Hence the aita of A ABQ 
IS > area of A BPQ 

511 PQB IS a A tmenbed in a Oj the bisectors PAy 
QBy PC of its Ls Py Qy R which intersect at Xy ate produced 
to meet the K^ce in Ay By Cj shew that X is the orthocentre 
of the A ABC 

Let^A meet CB in O In the A AGO , ilOAC or /LXAC — 
L PRCA (111.211=4 L R,and L ^C 0 = /,ACX+ lXCO^ 
ARPO+IA XQR (HI 21)=^ (P + Q), AXAC-h L ACO« 
i ^ (P+(3+R)«onert A (I 32) , %PAis±toCB SoCRis 
± AB, and BQ is X AC ^ / X is the orthocenUe of A ABC 

512 The greatest rectan(rle which can be inscribed m 

a Os ^ S' ^^wre 

Let XYZS be a rectangle, and XLZM the square inscribed m 
theOXYZ, H^virtg the ^ame diagonal XZ Then 'Shall XLZM 
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be >XYZS Through M draw MP IP XZ , produce XS to meet 
MP at P , join ZP , A XMZ == XPZ (I 37) , but A 
AXSZ , *. aXMZ-s^ a XSZ So, \t mar be shewn that A XLZ^- 
AXYZ Hence, square XLZM > rectangle XYZS So, U can be 
proved that, square XLZM is •> than any other rectangle inscribed 
the C « ♦ square is the greatest lectangle. 

513 Given PQ the hasr, X the al/Uudc, and O (the 
radius of the circumscribed ; construct the A 

Bisect PQ at A (I to) Draw AB at rt Ls to PQ, making 
AB=X (the given altitude) Through B, draw MBN jjl to PQ 
(I 31) With centre P, and radius «= 0 , describe a v ) cutting A B 
at C It IS evident from (III x), that the centre of the {j about 
the A to be constructed, must be on AB With centre C, and 
radius = 0 , describe a i j cutting MN at X and Y Join PM, MQ, 
PY, YQ Then A PMQ or A PYQ is the A required 

514 Given the base XY, the vertical ^,andM®s= 
the aunt of the squares on the sides containmg the 
vertical L , construct the A 

Describe a segment containing the vertical i,onXV 
(the given (III 33), the \erte\of the reqd A must be on 
the arced this segment. Bisect XY at P (I 10) It is required 
to find a pt. Q on arc XQY, such that XQ* + YQ® =« AH But 
XQ 2 +yQ!= 2 (XP 5 + PQ-) 2 (\ps + PQS) = M= But XP 

IS known, and M is given , henre by (II 14 and 1 . 47), PQ 
can be found With centre P, and r,*idius PQ, describe a ( ) 
intersecting arc XQY at Q, R Now, either A XYQ or A XYR 
IS the A required 

515 Given the vertical L , one of the sides contain- 
ing it, and the length of the a from the vertex on the 
base , constxnict the A 

Let L OXQ be the s^iven vertical L, OQ the given side, and 
M— length of A from the vertev on the base With centre O 
and radius =M, describe a and from Q, dnivv QYR to touch 
the O ut Y and meet OX at R Then OQR is the reqd A 
For, OY is A to QR (HI. rS), and iss=jM the length of the ^from 
the vertex on the base 

516. Describe a 0 to pass through two given pts 
and to touch a given st hne. (See Text p xjj, Ex. xr) 

*5/7. Gwen the vertical and the lengths of two st lines 
draivn from the extremities of the base to" the pis, of bisection of 
the sides s to construct the ii. 

Let AB»o«i! of the given st, lines , bisect AB tn C (I, lo), and 
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on AC describe a segment of a O containing an L «lhe given L 
(III* 33) , from BA cut off of BA , from D, draw DE 

to the ^ making DE=}^ of the ot/ier given st line Produce ED 
to F, making DF=2DE Join AE, FB , and produce AE, FB 
to meet m G, Join AF Now AFG is llie A reqd Join CE 
Since BD«2DC, and DF=2DE , and EC is HI to FG , 
iLAGF= Z-AEC«thegivcn L Hence AE^EG, and BF being 
=52 EC « BG , AB and PE, {equal to thc^iven si lines) are drawn 

to the pts of bisection of the sides 

518 Given PQ the base, the vertical A, and the 
difference of the squares on the sides containing the 
vertical L , construct the A 

On PQ, describe a segment of a Cy containing the given L (III 
33) t the vertex of the reqd A must he on the arc of this segment 
In PQ, take a pt X, so that PX^-QX®«the jttven square From 
X, draw XR ± to PQ, to meet the arc at R Then the A PQR is 
the reqd A Since PR2 = PX^ + XR2, and RQ5=XQ« + XRS, 
•. PR® -* QR‘ = PX® — QX- = the given square 

519 Describe a to pass through a given pt, and 
to touch two given st lines (See Textp 2j6^ Ex 23) 

320 If a si line be divided into any iwoparts^ to produce ii<, 
so that the rectangle contained by the whole line so produced^ and 
the part produced^ may be — to the rectangle contained by the I'lven 
si line and one segment 

Let AB be the given st line, divided into two parts in the pt C 
On AB as diameter* describe a C ADB From B, draw BE at rt 
Ls to AB, and . . a tangent to the (1 1 1 16) Take BS, such that 
BE® = ABAC Find O the centre , join EO, and produce EO to 
F Produce AB to G, making BG = ED Then shall the rectangle 
AG GB be the rectangle BA AC Since DEs=-BG, /. BG GA 
«DEEF, (III 36, Cor)=::EB2(III 36)=AB AC (cons) 

To divide a i»tven st line into two such paitSythat 
the red contained by the whole line and one of the paitSy may 
be (m) times the square on the other party (m being whole or 
fractional) 

Let AB be the given st line, and in it produced, take BC=an 
with part of AB On AC, describe a scmi-O^ and from B draw 
BD JL to AC Bisect CB in O (I 10) , join OD* and take OE= 
OD , then AB will be divided in E, as required On BC describe a 
semi-C» cutting OD in F , join EF. Then A DOE being common 
to the A s DOB, EOF , and DO=OE, BO = OF , the As vill be 
equiangular and equals and L OFE« /lOBD, and a rt ^ , 
hence FE IS a to the Q CFB (III. i6) Hence ABBC 
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=DBs=FE9=CEEB (III. 36) From each of these equals, 
take away CB BE , and AECB=BE*, *. (jfi) times the rect 
AE CB or the rect AB AE = (/«} times BE- 

*^22 If from a7jy point P on the Qce^ofaQ^, \.s be drawn 
to the four sides and to the diagonals of an inscribed quadrilateral j 
iheicct contained by the }_s on either pan of opposite sides— rect, 
contained by the J. J on the diagonals 

Let PE, PF be the ±s on the opposite sides AB, CD , PG, PH 
the Xs on the diagonals Join EG, FH, PA, PD Since EAGP, 
FD HP are quadrilaterals, L PEG= L PAG or L PAC, 

and L PHF* Z.PDF (III 21) Since PACD is a cyclic quadrila- 
teral, /_ PAC+ lPDC =2 rt Ls (III 22)=. lPDF- LPDC , 
/. L PAC= L PDF (Ex 444) , LPEG= lPHF, from above 
So L EAP= L EGPand L PFH=L PDH orZ.PDB(III 21), 
but /_ EAP = L PDB or i. PDH (Ex 444) . EGP = 

L PFH Henre As PEG and PFG are equiangular^ ' PE PF = 

, PG PH (For, in equiangular As, the rectangle under the non- 
corresponding sides ahovx. equal Z.s, are==to one another) (See 
Ex 38) 

523 Given the base, and vertical Z. of a A , find 
the of the intersection of the bisectors of its as 
(See Text^ p 228^ Ex 36 ) and (C U Pap iSgj) 

*524 Tivopts being given in a given st line., to determine 
a third, such that the rect contained by its distances fi om each 
exti emity and the given pt adjacent to that extremity, may be 
equal 

Let AB be the given st line, C and D the given pts in it 
On AC and DB as diameter, let C s be described, and let EF 
touch them in E and F. Bisect EF in G, and let fall the X GH 
Then H is the pt reqd From G draw st. lines GNK, GML cutting 
the CJ^s Find O the centre of Q ACE (III i) , draw OP X GK 
Now NG GK+PN®=PG® (II 6), to each of these equals, add 
PO2, NGGK+(PN2 + P02) = NG GK + ON® or 0C2=P03 
+ PG® = OG® = OHs+HG® (I 47) But OH®<=CH HA+OC® 
(II 6), •. NGGK+OC®«(CH HA + OC®) + HG® , NG GK 
=CH HA + HG® So LGGM=DHHB + HG® Since GE 
=GF, GE^=GF®, NG GK=LG GM (III. 36) , CH HA 
=DH HB 

*323 Till ough a given pt between two indefinite st lines not 
|jl to one another, to dtaw a st line which shall be terminated by 
them, so that the rect contained by its segments, shall be <: than 
the rectangle contained by the segments of any other st line drawn 
ihtoiij h the same point 
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Let AB, AC be the given st lines meeting in A. In AC take 
any pt D, and make AE=AD Join DE , and through I the 
given pt, draw FIG l|l DE, Then FIG is the st line leqd Draw 
the Ls FO, GO meeting m O, Then since ED ||l FG, and 
Z.AED=» L ADE, L AFG^LAGF. Biit/.AFO= /.AGO, 
each being a rt , L OGFs= lOFG, andOF=OG; /.a 
D described from the centre O, and radius OG, will pass through 

F, and touch AB, AC m G and F , since at G .ind F aie rt. 
Ls, (III i6) Let any other st line HKLM be drawn through I, 
and terminated bv AB, AC Since all other pts in AB, except 

G, are without the Kxs without the ' * HM cuts the 

O in K So, also in L Now KI IL-=GI IF (III 35 ), ’-the 
rect GI IF -c rect HI IM Similarly, it maybe shewn that, the 
rect GI IF <: the lect contained by the segments of any other 
st line drawn through I, and terminated by AB, AC 

^26 Having given the radii of two C'Sy which cut each 
oilier^ and the distance of their centres^ to draw a st lute of given 
len^ih^ t/uous*/i tkuf pt of intersection^ so as to ieiminatein 
then (^ces 

Let the two Cs AFD, BGD, cut each other in D , on 
OC the st line joining their centres O and C, desenbe a semi- 
O CEO and in it from C, place CE = K the given st line and 
through D, draw FDG HI to it , FG w»ill be the st line reqd 
Through E, draw OEH which will be X FG (III 31) , and Cl \\\ 
OH, and . X DG Then FD and DG are bisected in H and I, 
(III 3), and • FG=2HI, butHECIbeingaam, HI«EC, % 
FG =3 EC, and hence —the given st line 

J2/ To desenbe two Q s, each having a given ranius^ which 
shall touch each other and the same given st line on the same 
side of it 

Let AB be the given st line From an> pt A in it, draw AC 
atrt /.s to It, and make AC, AD = the given radii Produce CA 
to F, making AE— AD Draw DO ||1 to AB, and with centre C, 
and ridius CE, desenbe a \j cutting DO in O Then C and O 
will be the centres of the (Js required Join CO , and draw OB 
X to AB , then L DAB=sa rt L, also L ABO^a rt L , . -AD 
||l BO , and DO is 1(1 to AB, AO is a cam, and OB = AD 
With the centres C and 0 , and radii CA, OB, describe Cs 1 they 
shall touch AB (III i6), since /.sat A and B are rt Z. s , they 
shall also touch each other For CO«CE«CA-l-AEs=CA+AD 
or*=the sum of the radii (III 12, Cor ) 

528 Describe a Q to pass through a given pt , and 
touch a given st. fine and a given O \SeeTextp 238^ 
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▼ j3g. To dcsctioe a O* “if/'iich sltoll iout, 7 i n sf, line mid two 

sjz'en tn maipit/ude and position 

Let A and B be the centres of two 0 s, and CD the st hne, given 
in position From B, let fall the ± BE, and produce it, making 
EF=the radius of the 0 whose centre is A Through F, draw 
FG'.’l to CD. With centre B, and radius = the aiffcrcnce of the radii 
of the tii'O Qs, describe a G . through A let a be described, 
touching the St hne GF and the 0 (Te\t E\. 25 p 
23S) , and let G and H be the pts of contact The centre of 
this , will also be the centre of the G reqd Let O be the 
centre, join O^. OG, OH , and with the centre O, and radius 
Of, describe the G IKL. Since LG = KH— AI, OL=OK— 
01 , . thc'^v touches CD m L, and the ') whose centre is A, 

in I * and since OB= OH - HH i e the difference between OA and 
(lA-BK)or=OK+KB, .'.it touches the Q whose centre is B,m K. 

530 . (fl) Find the lot-us of pts from which the 
tangents drawn to two given Ja, are equal. 

{h) To draw the radical axis of two given Qs. 

(c) The radical axis of three faUn in pans, are 
loncurrcnt {^See Tvxt, Appendix, or pp 

^ JJZ If zj.in any pt in the K. ce of a { as cent/e, and distanit 
ftom tU lentrc at taditts, « circular 8.VC he described , and any 
i ihoi ds be drawn, one from the CtHfie of the citcttlar art., and 
the otJier tliroUsth the point, where tins cuts the an, and\\l to the si 
line jo’ntn^ the icnttes, the segments of each thord intercepted bet- 
ween the ceszohtch ntec,OT\Gd:^Bto caiholher, lot ll he respectively 
to those of the othci, httwun the othei k ^cts 

With anv pi C in the Gee of the ABC as a centre, and 
radius CE=the distance from the centre E, let a DFE be 
described Join CE anu draw’ an\ chord CFA , and through F, 
draw HFG|ilCE\I 31) , then shall CF be^FH, and GF=F.A Pro- 
duce CE to B, and join HE And . HG is {|I BC (cons J, lFHE 
= lHEB {I 27) Since the . s are equal, arc HBs=arc FE 
(HI 27); . L HEB=lPCE, (III 21), .. /FCE^lFHE, 
and HC is .1 a, hence HF-=EC=CF. Since CF FA^HF.FG 
(III 35), and HF=CF, FA=-FG 

* 53 ^ The base of a rt Ld not betny^ > than ' the J_j 
ifononyst lined) awn from the vertex to the base, a semi-Q be 
desenbed, and a chords to the J. placed in it, andbisejed, the 
point of oiseciion zuill always fall within fhe A 

Let ABC be a rt. i.d A, of w’hich the side .AC is not > BC. 
From B, let any st line BD be drawn to the base ) on which describe 
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a semi-O JJCD, and in tf place EF =BC, which is bisected at G , 
the pi G IS within the A ABC Find O the centre of the 
semi- 0 « draw OH JL to BC , loin OG Since BC— EF, 

OG, and the /.s at G and H being rt £.s, a O described \Mth 
the centre O and radius OG, will iourk BC in H , G is within 
the Z.DBC Also since AC is not r> BC , DC<cBCorEF, 
/. EF IS nearer to the centre O, than DC is , or G fall above 
DC and within the L DCB 

Gwen the sf. line Insectine; the veifical Z., the X drawn 
to it from one of the Ls at the basc^ and the other L at the base , 
to cons f met the A 

Let AB=the given bisecting st line , and on it, describe a seg- 
ment of aQ containing an L =thc gnen L (III 33) Draw 
BC J, to AB, and make BD=the given ± Bisect AB in E, 
join ED, and produce it to F , join FA, FB , and through D, 
draw GDH ill AB In FB produced, take BI = BH Join AI , 
AFI IS the A reqd Join IG, cutting AB in K Since GH is ||l 
AB, and FE bisects AB, it also bisects GH, « c GD=DH, but 
HB = BI, BD islll GI,and IK=UG and =BD the given 

± Also, since AB bisects G I at rt Z.s, it bisects the L I AG 
and It is « the given bisecting st line And /AFI=the other 
given L 

* 634 Given the base and vertical L of a^, find 
the locus of the intersection of the medians {$ec Text p 228^ 
Ex 37) 

*535 Gwen one of the Ls at the have, the side opposite to 
itj and the reel contained by the base and that sequent of it made 
by the ±, which is adjacent to the given L y to construct the A 

Let AB = the given side Upon it, describe a segment of a 
O containing Jin L =the given L (III 33) Bisect AB in C, 
and from C draw to the ce, a st line CD, such that CD^^CB- 
may — given tectan^Ie Join AD, DB Then ADB is the A 
reqd On AB describe a C ABE Join BE Then the rect 
ADDE=rect GD DF = CD® -CG-^ss the given rectangle And BE 
is J. to AD , AD*=the given side, and LADB=the given L 

* S36 Given the segments of the base made by the J., and one 
of the at the base triple the other j to construct the A 

AB, BC= the given segments, let them be placed in the same 
st line Make BD = BC , bisect AD in E and BE in F On AD 
describe a semi-''J , and from F draw FG at rt Ls to AD Join 
AD, GD And let AG meet the J. BH in H Join HC , then 
AHC is the A reqd Draw FI ± to AD , join Dl, DH Then 
AE bemg-ED and the Ls at E rt Ls, AI = ID, and L IAD = 
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£.1DA; hence ^DIH=2£.DAH But, since EF=FB, and GF is 
in to IE and BH, IG=GH ; and the Ls DGI, DGH being rt 
Z.S, DI=DH and L DHI=/.I)IH, and * =2^DAH Alsa 
since DB=BC and Z.S at B are rt Ls, lHCB=lHDB= 

Z. DHA+ Z.DAH=3 lDAH Also AB, BC are=the given seg- 
ments made by the ±, (cons ) 

* Given the difference between the segments of the base 

made by the i, the sum of tJu squares of the sides, and the area - 
to construct the A 

Take a st line AB, such that its square may be = the difference 
between J the given sum of the square and the square of i the 
given difference of the segments of the base On AB describe a 
rectangular CD BA CD = the given area , and on AB describe a 
semi-O cutting CD in E Join AE, and produce it both ways , 
make AF, AG, each=A the given difference of the segments, and 
makeEH=EG Join BF, BH Then BFH is the A reqd Join 

BG, BE Since GE=EH and Ls at E are rt Ls, GB = BH ; 
and FB®+BH 3 =FB* + BG®=2(FA2+AB2), (Ex 245)=the given 
sum, (cons ) Also FE - EH = FE - EG = the given difference 
And the area of the A FBH=2A ABE (I 4i)=ABCD=the 
given aiea 

gjS Given one L,andast line drawn from one of the other 
angles bisecting the sides opposite to it , to construct the when 
the area is ^iven 

Let AB be the given bisecting st line, and on it, describe a 
segment of a 0 > containing an L =the given L (III 33) , on AB 
describe a rectangular £l7ABCD=the gvoen area, and let DC 
meet the (« in E . join EA, and produce it, making AF =AE , join 
FB, BE , then FEB is the A reqd For BA bisects the side EF , 
L BEF=the given L , and A BEF=2 A BAF (I 38), and 
=inm ABCD = the given area 

539. In an acute Ld A. the J.s drawn from the 
vertices to the opposite sides, bisect the ls of the 
pedal through which they pass {See Text p 22g, Ex 20) 

*540 (hventhe the st line bisecting the vertical L,and 
tJie st line bisecting the base , to construct the A 

From any pt C in the st lineAB, draw a±CD=the 

given ± , and with D as centre and radii = the two given st lines, 
describe s, cutting AB in E and F Through E, draw GEH JL 
to AB , join DE, DF, and produce DF to meet HE in G Bisect 
DG in I , and draw 01 at rt Ls to DG, meeting GH in O With 
the centre O, and radius OG, descnbe a O cutting AB in K and 
L JotnDK, DL, DKL is the A reqd Join OD, OK, OL 
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Since 01 bisects DG at rt i.s, 0 D= 0 G, and the© passes 
through D And since OE is J. to KL, KEs=EL or KL is 
bisected by DE, which iss*the given bisecting st line, and the 
arcKG=arc GL, and lKDF^lFDL or LKDL is bisected 
fay DFj which is == the given st, line , and DC has been made»=to 
the given 

5^ Two Q,s mtciscci tn A and B Two pis C and D ate 
taken on one of the i s , CA^ CB meet the oi/iet v ’ Fjf 
DA^DB meet tt in G, H ^ shew that FG is Ijl to RH 

SinceZ.CAG« 6CBD (III 2i), /lGAE^/FBH, £.GFE 
as supplement of L GAE (III 22) = supplement of L FBH« 
/.HGF , and /. GEF=^GHF (III 21), ^.EGF«^GFH, 
. /.GFH+ ^FHE = 2rt Z-S (III 22), GF is j|l to EH 

^42 From eaJi anentlar pt of a Ai « X fall upon 

the opposite ndc j pfove that the icctan^les contained by the ses[- 
ments^ into which each ± is divided by the pt of mtet section of 
the fhiccy aic^to each other 

Let ABC be a A . AD, BE, CF the j.s from the angular pts 
on the opposite sides, intersecting in O Then a O described 
on BC as diameter, will pass through F and E (111 31) 1 ** J'cet 
CO OF«rect BO OE (III 36) Again a described on AB 
as diameter, will pass through E and D , , rect BO OE—rect 
AOOD (III 36) 

54^ Produce a ov^en st line A S, so that the rect contained 
oy the whole st tine thus produced^ and part of it produced^ shall be 
^to a (riven square (Punjab Bx Pap 1886 ) 

Bisect AB in C , on AB as diameter, desciibe a O ADB , from 
anv Dt D in the O^e of O ADB, draw the tangent DE=a side 
of the given square (III 17 and I 2) Join EC From centre 
C and radius CE, describe a O cutting AB produced m F , then 
F shall be the external pt reqd Draw FH tangent to the tO ADB 
(III 17), and join CH , ’‘Ls at D and H are rt Ls (III 18), 

BD^+ EC2- CF2= FH« 4 - OH^ , and DC^=- \ 

DC=CH, \ ED**=FH* But rect AFFB^FH* (III 36), 
rect AF FB = ED®=the given square 

S44 A ladder is gi aduallly raised a{*ainsi a wall^ find the 
locus of its middle points 

Let O be the middle pt of the ladder AB , DC the vertical 
wall , EC the horizontal plane Then *.* L ACB is a rt L, a Q 
desciibed with centre O and radius OA, will pass through C 
(HI 31) , the locus of O, IS the quadrant of a 0 described 
with centre C, and radius OA • 
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DR iJ It (i,amc!er of tt Q), DP, DQ i'vo chords 
tnc^tin^ ihs Uwi^int ai R {i* c RST) of S and P rcspecftvcly. 
Sica/ f hot L TPS^l TQS (Punjab Ex. Pap 1887) 

JoinPRandQR, L DPR ana L DQR, cach=ra rt. L ( 111 . 31 ). 
fo” DR IS me dntneter of the . *. RP and RQ arc Xs lo DS 
and DF respecuvely Nor* since DR is diameter, and RST is a 
tangent at R, L DRS or L DRT is a rt. £. (Ill i6) . ‘ As 
DRS and DRT are rt. £.d As: hence DS DP = DR*(Ev 237) 
andDT.DQ = DR®(E'‘257),.'.DSDP«DR=«DTDQ(-\x t) , 
hence P, S, T, Q are (III 35. Cn/. ) » lTQS=Z.TPS 

(III. 21) 

*Sj6 AB is tlj diaouier of a st/n-^, P ts apt on // c 0tV, 
Plf fs a ±. fo AB , and on AM and BM as d'a.retcr^, tiao 
seniz- ^s are desn^.f'cd and AP, BP meet these loiter f^ce at Q 
xtnJ R/ shcio that (JR ailt be a ‘co/n non tanc^inf to them 

Bisect BM at O and join OR and MR, then Ls APR, 

’ MRB are ru _5{III 31), AP and MR are [,l (I 28). Similarly 
PR and QM can be protcd to f’eli In the As QMR, PMR ; 
< 2 M = PR, MR 15 common, ^ QMR- lPRM , A i.QRM= lP.MR 
{I 4) Also / ORM= AOMR O 5) hence Z.OKQ= Z.PMO = 
art ' iconst.) ; and.*. QR toucfts the MRB(II 1 16) So, it 
maj be proved that QU will touch the \QM. 

5<f7. Tav Js touJ. internally at A. A si. hne touches one 
CO' f inner) at P, and cuts tie other (i t the. outer ) 
at (J and R. Prove that PO and PR subtcmt equal Ls at A 
(Punjab Ex. Pap. 1881 and 1884, q 6) 

Draw AT the common tangent at A (III. 17) Join .A Q, AP 
and .AR. To show that L P.AQ = L PAR Let AR intersect the 
inner' at X. Join PX Nov from the greater i*, i,TAQ = 
lARQ or lARP (III 32), from the inner* , £.T.\ps= Z.AXP 
(III 32) ; hence i.PAQ- i.TAP- 4.T-AQ=r£. AXP- LARP= 
Z.XPE (I. 32' But LXPR=- LXAP or L PAR {III 32J, . 
PAQ*= PAR , i. e PQ and PR subtend equal £.s at -A 

548. To find at what pt in a given st line, the 
L subtended by the st. hne joining two given pts which 
are on the same side of the g^ven st hne, is a iraximum. 
(See Text p 242) 

sag If IBte he dtaun X fo Ine diainctci of a given 

C' </^d produced to cut any chord , the rect. contained by the 
segments of the aiameter lotll be a or than the ret^t, contained 
by the segments of the chora, by the square of the si, line intercep- 
ted beiiocen them, according as it is drawn without or 
within the Q. 
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Let AB meet the diameter CD of the O CGD at rt Ls in the 
pt E, and any other chord DH in F The rect CE ED is -c or > 
the rect GF FH, by EF^, according as AB is wifhoufor wtihin 
the ( ^ Find O the centre of the Q (III i), and through it, dnaw 
FOK cutting the O ^ and K Then •/ KI is bisected in O, and 
produced to F, the rect KFFI+OP^OF^ (II 6)=OE2+EF2 
But when E is without the 0> rect CE E1)+0D3=0E- 
(11 6), the rect KF FI+012==CE,ED+OD2 + EF2 And 
since OI=OD, and the rect KFFI=GFFH (III 36, Cor ) , \ 
the rect GF FH=sCE ED+EF* So, it can be proved, if AB 
be within the C* 



BOOK IV 


550 In the A X 7 Z, A and B are the centres of 
the inscribed and cttcumscnbed ( s, shew that AB sub- 
tends at X an i =to Aalf the difference of the z.s at 
the base of the A* 

Tom XB, ZB, XA Since XB = BZ , BXZ = L XZB 
(I 5) , but V L XBZ - 2 A XYZ (III 20), and AXBZ + 

(A BXZ+aXZB)= 2 rt As = 2 A XYZ+2 A BXZ, L BXZ 
+ aY= a rt A, .A BXZ a rt A — AY Hence A BXA = 
(A - L BXZ)=i A A' - (art A - AY), (IV 4) aX 

-(i X+iZ + iY)+ A Y, (I 32)=^ ay AZ 

551 . Shew that the atea of a A, is = to the rect. 
contained by its semi-penmeter and the radius of the 
inscribed C 

Let XYZ be any A 1 inscribe a Q in it (IV 4) , let A be 
the centre of the inscribed touching the sides XY, YZ, ZX 
at P, Q, R Join XA, YA, ZA, PA, QA, RA The area of the A 
XYZ = A XAY + A YAZ+ A XAZ =4 XY PA YZ QA + 
iZXRA,(I 4i)=nXY+YZ+ZX)PA,(iri), forAP=AQ=AR 

552 . PQRS is a square inscribed in a Q, and X is 
any point on the L-ce, shew that XP- + XQ®+XR® 

+ XS’'=2 (diameter)2. 

Join PR, QS intersecting at O Then O is the centre of the 
C(IV 6) Join OX Since XP2+XR*=2P02+2 OX® and XQ8 
+ XS®=2 OQ^ + 2 OX® (Ek 245), XP®+XQ®+XR 2 +XS® 
=4 P 0®=4 XO®, for PO=QO , XP® + XQ® + XR 2 +XS®=* 
(diameter)®+(diameter)®=2 (diameter)® ^ 

553 In an isosceles A, ui which each of the As at 
the base =2 vertical a (as in IV 10 ) , shew that the ver- 
tical A=Jthof 2 rt As (Oal. Ex. Pap. 1878 ) 

Since each of the As at the base is =2 vertical A , the 
sum of the As ==5 times the vertical A Hence 5 times the 
vertical A *=2 rt As (I 32)'; and the vertical A =ith of 
2 rt As. 

554 To divide a rt A into five equal parts. (Allaha- 
bad Ex Pap» iSgo, q 10) 

Let ABC be art A Draw BX (I 23) making AABC«the 
vertical A of an isosceles A, having each of its base As»2 vert 
A (as in IV 10) Bisect A ABX by BY (I 9) Draw BZ, BN 
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making Ls XBZ, ZBN each == 4.XBY tl 23) Then /ABC 
IS divided into 5 equal parts by BY, BX, BZ, BN Since L ABX 
= of 2 rt LSy * each of the ABY, YBXs=^th of a rt L 
(Cons) Also, since each of the Ls XBZ, ZBN=s L XBY (con 

the whole L ABN=*ttb of a rt , • the remaining 4 NBC 

«^th of a rt L 

555 The sum of ihc diameters of the inscribed and arciims- 
ended if^s of a rt Ld ^ QPR^tke sum of the sides QPy PR 
containing tJie ri L 

Let PQR be the A, tt Ld at P , inscribe a Q XYZ to touch 
the sides QP, PR, RQ at X, Y, Z (IV 4) , let A be its centre 
Join AX = , AY , then the Ls at X and Y are rt Ls (III 18) and 
AX, AY , the fig PXAY is a square Hence the diameter of 
the inscribed C =XA + AY Again . L QPR= a rt \ 
the diameter of the circumscribed O = QR (HI. 3i)s=RZ + Z(J 
=RY4-QX (111 17, Corl Hence, the sum of the diameters^ 
(XA+AY) + (QX + RYj-QP + PR 

^56 In any A. the difference of two sidesy ts^to the diffcience 
of the sc^mentSf into which the third side is divided^ at the point of 
contact of the inscribed (J 


Let PQR be any A i m A PQRi inscribe a O XY2 (IV 4), 
let X be the pt wheie the third side QR touches the inscribed o 
Then shall PQ~PR be=QX~RX Let PQ and PR touch the 
inscribed P at Y and Z Since PY=PZ (III 17, Cor), PQ 
~PR=(PY + QY)~(PZ + RZ)=QY~RZ , but QY=QX and RZ 
=RX(UI 17, Cor) PO-PR = QX~RX 

557 An equilateral A is inscribed in a Q, and 
tangents are drawn at its vertices , prove that ( 1 ) the 
resulting figure is an equilateral A , (n) its area is«= four 
times that of the given a 


Let XYZ be the inscribed equilateral A, and PQ, PR, RQ the 
tangent through the pts X, Y, Z forming the A PQR by their 
intersections (i) Each of the As PXY, PYX= aXZY (1 32)-= 
of two rt AS (hyp), AP=K of 2 rt. As (I 32) So for 
the As Q and R, *. the A PQR is equiangular and hence 
equilateral (1 6, Cor) (2) aPXY= AXZY (111 32)andAPYX= 
aXZY (III 32)= A XYZ (hyp), and XY=YZ (hyp), /. APXY= 
A XYZ (I 26) So, A QXZ= AYZR = AXYZ, • the area of 
APQE=4 times the area of A XYZ 


538 If the O inscribed in a A ABC, tmuh AB,ACinD, 
Ej and si line AO be drawn from A to the centre O of the Q,, 
meeting the Qce in Gj shew that G is the centre of the O inscribed 
tn A ADE. (Gam Ex Pap 1855)# 
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Tom OD, OE, DE, DG, EG Draw GK, GH ±s AD, AE 
In As ADO, AEO, AD=AE (III 17, Cor), OD=OE, AO is 
common, , ADA 0 =AEA 0 (I 8) Let AO cut DE at F In 
As DAF, EAF , lDAF = LEAF (proved), A ADF= A AEF (I 5) 
and AD = AE AF bisects DE at rt Ls (I 26) In As DFG, 
EFG , DG=EG, and LGDF= Z.GEF, but i. ADE= Z.AED, and 
V their parts, /.GDFand L GEF are equal , the rem. Z.ADG 
or lKDG= lAEG of Z,HEG From As KDG and HEG, it 
can be shewn, that GK=GH Again, £.HEG= lGDE (III, 3 ^)~ 
Z.GEF, .from As GHE, GFE, GF = GH,.*. a i ^desciibed 
with G as centre, and GF 01 GK or GH as radius, will touch the 
sides of A ADE 


559. Describe a Ci to touoli two ||1 st lines and a 
third st hne, which meets them Shew that, two such 
t s can be drawn, and that they are equal (Bom Ex 
Pap 1885) 

Let PQ, RS be the two || st lines cut by XY Bisect Ls 
PXY, RYX by st lines which meet at A Then A is the centre of 
the reqd O Draw AB, AC, AD l.s to PQ, RS, XY Since 
L BXA= L DXA (cons t, and L XBA= L XDA (a rt Z.), and 
AX is common to the two As BXA, DXA , .*. AB=AD, so AD 
=AC (I 26' Hence, AB = AC=AD And since the Ls at B, 
C, D are rt Z.s, a t j described with centre A and radius AB 
touches the given st line at B, C, D (III 16) The centie of the 
sndKj IS obtained by bisecting the Ls QXY, SYX which meet in Z 
Draw ZO, ZE ±s to PQ, RS Since AB, AC are both _Ls to 
II st lines, . they aie in the same st line So, ZO, ZE are in the 
same st line Hence BC, OE aie the diameters of the two (^s 
But BC = OE II 34) , the ^^s are equal 


560 In IV 10, if A be the vertex, BD the base 
of the constructed isosceles A , D, B the pts of inter- 
section of the two s, and AB be drawn meeting BD 
produced in P , prove that A PAB is another isosceles 
A, of ihe same kind (Gam Bx Pap I860) 

Z.AED = supplement of zACD (III 22)=z.BCD = 
AABD , /. L ADE = L AED = LABD = L ADB rem 
L DAE = rem L BAD , Z.BAF *= 2 Z. BAD= Z.ABD, and 
Z. ABF= 2 Z. BAD-Z.ADB, Z.AFB=-Z.BAD 

561 If the inscribed and circumscribed Cb of a a, 
are concentncj shew that (1) the A is equilateral; and 
( 2 ) the, diameter of the circumscribed .-j, is double that 
of the inscribed O (Bom. Ex Pap. 1880). 

(i) Let XYZ be any A, and O the centre both of the inscribed. 


I 
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-and circumscnbed Qs Then shall A RY 2 be equilateral Join 

OX, OY, OZ Then OX=OY=OZ (IV 5), and OX, OZ are 
the bisectors of Z.sYXZ, XZY respectively (IV 4) Since 0 X» 

OY, L OXY=L OYX (1 s) But L YXZ=2 OXY, and 
lXYZ= 2 /.OYZChyp ), . /.YXZ= ^.XYZ So, LXZY^ lYXZ^ 
LXYZ , •. the A XyZ is equilateral 

(2) Produce ZO to meet XY at Q Then ZQ bisects XY at 
rt Ls Hence OQ is a radius of the^^mscribed 0 So YO 
produced, bisects XZ at rt /.s, *• O is the pt of intersection of 
the medians^ and of the Xs Hence 0 Z=a 2 OQ , ..2 OZ 

(diameter of the circumscnbed (2 OQ) or 2 (diameter of the 

inscribed 0) 

562 Describe a O touching one side of a A» 
^nd the produced parts of the other two (See Text 
p 255) (Cam Ex Pap 1849, 1861, Bom BxPap 18^) 

.jdj In a given O, inscribe a A> ^i^hose Ls are as the numbers 
2, 5, 8 (Cam Ex Pap 1851) 

Inscribe a regular qinndecagon in a Q 16), each of the 
Z.S of this fig “fg of one rt L of 2 rt Ls (I 32, Cor 1 ) 
If now, we produce a side of the quindecagon, ive see (that the 
L between the produced part and the adjacent side + one 
interior C of the fig or of 2 rt ^s)=2 rt Ls (I 13) , the 
Z. between the produced part and the adjacent side of art 
/.s (rt) Take another L = 4 times the L mentioned m (a)te 
and L of 2 rt Ls(b) Also take an L of an equilateral 
A an ^ of a rt Ls(c) Construct a A with its Ls^ 
the Ls mentioned in (a), (b)^ (c) , and inscribe in the given Q 
a A, having its i,s=those mentioned m (a)y (b)y (c) 

564 If the circle inscribed in a A ABC, touches 
the sides at D, E, F , shew that the A DEF is acute- 
z.d , and express its in terms of the lb at A, B, C 
<’Crt/ Rx Pap j868) 

Inscribe a 0 DEF m A ABC (IV 4), touching AB, BC, CA 
m D, E, F, AD«AF (III 17), * Z.ADF- /.AFD (I 5) 
Hence, each of the ADF, AFD is acute^ But Z.ADF = 
LDEF (III 32),/. Z-DEF is acute So, As EDF, DFE may 
be shewn to be acute ^ A DEF is acute* Ad 

565 In the figure of IV 10, if the two Cs inter- 
eect at E , shew that BD =DE 

Join AE -Since AD«AE, AADE* AAED (I 5), also 
AADB=. aAED ( 111 . 32) Hence, m the two As ABD, AED , 
two As of the one=two As of the other, and AD is common : 

BD=DE(L 26) 
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566. Construct an isosceles A, whose exterior verti- 
cal L — 6*7^ degrees. ( Cal Ex Pap., 1862). 

Take a st line PS Draw PY at rt Ls to it Bisect L SPY 
byPXand /. SPX by PR. In YP produced, take PQ=PR, and 
join OR Then PQR is the reqd A , V L YPX=45'’ (cons ), and 
/.XPR=22r (cons.), L YPR=67f Also PR=PQ (cons), 
hence A PQR- isosceles 

567 In the figure of IV 10, if the two Qs inter- 
sect at fit shew that (1) BD, DB are sides of a regular 
decagon inscribed in the O PBD ( Cal Ex Pap , 1S78) 

( 2 ) Also shew that AC, CD, DE are the sides of a 
regular pentaoon, inscribed in the O ACD ( Cam Ex. 
Paps , 1850, J875) 

(1) Since L BAD = ^of 2 rt As'='i\j of 4 rt As, BD 

subtends at the centre of the C PBD, an L of 4 rt As; 

and hence, the side of a legular decagon inscribed in the © But 
BD = DE (Ex 565) , . BD, DE are the sides of aregular decagon 
inscribed in the Q PBD 

Since A CAD=J of 2 rt. As A of 4 rt As. 

(2) A CAD the L at (the centre 'of the© ACD (III 20), 
,*. CD subtends at the centre of the C; ACD, an A of 4 rt 
As, and hence a side of a regular pentagon inscribed in the Q 

ACD But CD = AC (proved )= DE , AC, CD, DE are the 

sides of a r&%x!\9x pent(igon inscribed in the Q ACD. 

568 Two st lines OA, CB being given intersecting in O, and 
a point C being given in OA , describe a C' touching OA in C and 
also touching OB (CaL Ex. Pap , 1870) 

Bisect A AOB by OF From C draw CE at rt. As to OA, 
cutting OF in E Then E is the centre of the reqd Q From 
E, diaw ED X to OB Since AC 0 E= l DOE (cons ) ; aOCE= 
.-A ODE (a rt A), and OE is common to two As COE, DOE , 

CE = DE (1 26) Hence, the described with centre E and 
radius EC, will pass thro’ D Again *.• OD and OC are Xs to 
DE, CE , OD, OC touch the 0 at D and C (III. i6) 

569 Describe a Q and a square about a given rect 

(I) Let PQRS be the given rect , join PR, QS, intersecting 
at O Then shall O be the centre of the reqd f,. Since PR 
=QS, and they bisect each other at O, OP=OR=OQ=OS 
Hence, the © with centre O and radius OP, will pass thro’ 0, R 
and S 

(II) On PQ, SR, as hypotenuse, describe two rt. Ad isosceles 
As PQX, SZR outside the rectangle Produce XQ, ZR to meet 
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at Y , and XP, ZS to meet at A Then shall XYZA be the reqd- 
square, /. XP=aXQ (cons),.*, Z. XPQ= XQP (I 5) , but 
Z.QXP=a rt t, *. Z. XPQ=^art L. And L QPS=a rt L 
(hyp), Z.APS-i art Z. (I 13) So, LASP=f a rt Z.,and 
.*. L PAS=art L Hence A PAS js a rt L d isosceles A, on 
PS So, It may be shewn that QYRisarttd isosceles A on 
QR Again, A XPQ= A RSZ (I. 26) , A PAS= A QYR , the 
fig YA IS equilateral Hence it is a square 

S'lO Two equilateral As XYZ, PNO are described 
about the same (. j Shew that their intersections will 
form a hexagon equilateral, but not generally equian- 
gular {Cam Ex Pap ^ 1853) 

Let Q, M, B, denote the pts of intersections of the sides, and, 
R, A two of the pts of contact Now RN=^ PN XY=A’j 4 , 
or MR+MN=XM+MA. butMR=MA(Ill i7,Cof), MN = 
XM In AS XQM and MBN , Z.XMQ= A NMB U 15), aX= 

of 2 rt As= L N, and XM = MN , *. MQ = MB (I 26) So, 
the other sides of the hexagon mav be shew n to be equal When 
PN IS 111 to YZ, L XQM = L XMQ , *. L MQY= L QMB and the 
hexagon is equiangular , it is not equiangular in any other case 

57 / The square on the side of an equilateral A described:’ 
about the 0» ts four tunes the square on the side of an equilateral A 
inscribed in the same C (Cal Ex. Pap , 1880) 

Let PQR be an equilateral A, inscnbed in a O At P, Q, 
and R, draw tangents to the , forming by their intersections 
the A XYZ Then XYZ is an equilateral A described about the 
Q Since APQX= aPRQ (III 32) = )^ of 2 rt As=aPX 6, 
,*. PX=rQ (I 6) So PR=PY , but PQ=PR (hvp ), PX=PY 
and XP=2 PQ Hence XY!“=4 PQ® 

5*T2 In any A XYZ, if P be the centre of the 
inscribed ( A and if XP is produced to meet the oircum- 

0 at A , shew that A is the centre of the ^ circums- 
cribed about the A YPZ 

Join YA, ZA, YP, ZP Since AZXA= A YXA (IV 41 . arc ZA 
=arcYA(IIl 26), ‘.chord ZB=chord YA (III 29) Since 
the ext. AZPA=(z.ZXP+ aPZX) (f 32}=^ ( L X+ lZ\ (IV 4) ; 
and A PZA= A PZY-f- A YZ 4 = A PZY-h L YXA, (III 21)= 

1 AZ+JAX, AZPA=aPZA HenceZA=>AP (I 6), PA=tZA 
=YA, and A is the centre of the Q about the A YZP 

573 In an equilateral A, the radu of the circums- 
cribed and escribed v > are respectively double and treble 
of the radius of the inscnbed 0 
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Let PQR be an equilateral A , C be the centre of the inscribed 
O, and D the centre of the escnbed C touching PQ. Then C is 
also the centre of the circum- 3 , and the Intersection of the 
medians Let PCD cut QR at O Then CO, CP and DO are the 
radn of the tnscnbed^ ctrcinnscribed and escnbed (^s And CP 
=2 CO Join DQ Since QD is the bisector of the external Lat Q , 
/. L DQR = of 2 rt Ls= L PQR, and L DOQ= L POQ, 
also QO IS common to the two As DOQ, POQ, ,*. DO — PO 

26) Hence E 0 =PC+C 0 = 2 C 0 + CO = 3CO. 

57 ^ SAew hou to denve a regular hexagon from an cqatla- 
tercd A inscribed tn a Q , and from the construction shew, that 
the side of the hexagon, equals the radtus of the < , and that the 
hexagon is double of the A (Cam Ex Pap , 1856 , Cf Oal* 
Ex. Pap, 1872) 

Let PQR be an equilateral A inscribed in a 0 , nhose centre 
IS A From A, draw AB J. to QR, and produce it to meet the 
Qce at S Join QS, SR Then QS, SR are the sides of a regular 
hexagon inscribed in the same ^ Join PA, QA, RA , . QA 
s=RA , AB is common ,and QB = RB (III 3) , L QAB= L RAB 
or AB bisects the L QAR , * L QAB = L QPR (III 20), 

Thus L QAS IS an L of an equilateral A But since 
AQ=AS, L AQS=L ASQ Hence, each L of the A QAS 
is a A of an equilateral A, and QS = SA So, it may be 
shewn that, each side of hexagon is=the of the given 

O; and each L of the hexagon \S’=twice the L of an equilateral 
A Hence, the hexagon IS regular Again V A QAR= AQSR, 
as also A PAR= A PRY, and A PAQ= A PXQ , the hexagon 
PXQSRY =3 a PQR 


675. In. a polygon of (n stdes\ et Imes which 30 m any 
angular pt to the vertices not adjacent to it ; divide 
the angle into («- 2 ) equal parts 


Let P, Q, R, S, X, Y, Z &c , be the successive angular pts of a 
regular polygon of n sides ; join PR, PS, PX, PY &.c Then 
shall PR, PS, PX, PY etc, divide the L P into (»-.?) parts 
Circumscribe aQ about the polygon, '/the sides QR, 

RS, SX, XY, YZ etc., are equal (hyp), the ins') arcs OR, 
RS, SX, XY, YZetc, are equal (III 28), the in- 2) s at 
theC^cez e, L QPR, L RPS, L SPX, Z. XPY, L YPZect,are 
equal (III 27) 

576 Shew how to construct on a given st. line (aj a 
pentagon, (b) a regular //Crqgw, (c) a regular octagon 

(i) Let PQ be the given st line Describe an isos. A XYZ 
having eacho/ the base /s=»2 the vert L (IV. lo) On PQ 
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as base, describe a A PQR equtangulat to the A XYZ (I 23) 
About A PQS, describe aQ (IV. 5) , and bisect the Lsat P 
and Q by PR and QA meeting the Cce at R and A Join PA, 
AS, SR, RQ Then PQRSA shall be the regular pentagon on PQ 
The proof is similar to (IV 1 1 ) 

(2) On PQ describe an equilateral A PQR From centre O 
with radius OP, describe a which will also pass thro* Q Pro- 
duce PQ, QO to meet the C ce at S and A Bisect L SQO by the 
diameter RB, and join QR, RS, SA, AB and BP Shen PQRSAB 
IS the regular hexatron on PQ reqd Proof is the same as (IV 15) 

(3) At P, Q make As QPO, PQO eachs=^^ rt A, meeting 
in O From centre O with radius OP, describe a O , which will 
pass thro* Q Produce PO, QO to meet the opposite ( ce at 
X and Y Draw the diameter RZ, SA at rt As to PX, QY 
Join QR, RS, SX, XY, YZ, ZA and AP Then PQRSXYZA is 
the regular octagon on PQ Since each of the AsOPQ, OQP 
= J of a rt L (cons ) , *. APOQ = i a rt A, (I 32) But aPOR 
isart L, .A QOR= 4 art A. So the other six As at O 
are each*=i 4 art A , and all are equal Hence the 8 arcs 
PQ, QR, RS etc, are all equal \,lll 26), and r/w/* PQ, 
RS, QR, z e are all equal (III 29) , *, the inscribed octagon 
PQRbXYZAB is equailteral, and • equiangular 

If the st hnes which bisect the as of a 
rectilineal figure, are conanrent^ a circle may be mscribed 
in the figure 

Let PQ, QR, RS etc are the sides of the fig and O the pt 
of intersection of the bisectors of the Ls Draw OA, OB, OC 
etc J.*^to PQ, QR, RS etc Then since / AQO=a BQO, 
A QAO= A QR^i QO common to the two As AOQ, 
BOQ , .,OA=OB (I 26) So OB=sOC, and so on for eacJc 
pair of sides Hence J.s OA, OB, OC etc are all equal Thus 
a O ni^y inscribed in the figure 

578 An equilateral A PRX and a regular hexagon^ 
are inscribed in a given l ' PQRSXT , shew that (i) 

* the area of the A — i that of the Jiexagon , (ii) the square 
on the side of the A »3 tunes the square on the side 
of the hexagon {Cf Bom Ex Pap , 1862) 

(1) Take O the centie, and join OP, OR, OX Since PQ, QR 
=PO, OR(lV 1 5 , Cor ), and PR IS common, APQR=APOR 
(I. 8) So A RbX« A ROX, A RYX = A POX. Hence the 

twice the equilateral A PRX 

(2) Produce PO to meet RX at Z Then since A PRX is 
equilateral, /• PX is JL to RX ; and O is the intersection of the 



[ 213 ] 


medians Hence P0=20Z (Ex 4j Cor p 
4OZS Now PR2=P0 * + R05+2P0 OZ 
+P02=3P0s=3 PQ 3 (IV 15, Cor.) 


105, Text) ; ' PO®= 
(II I2)=P02 + R08 


♦579 X is any point on the Coe of a Oi described 
about an equilateral A PQR , shew that (XP®+ XQ*+ 
XK 2 ) jQ constant 

Let O be the centre of the C Then O js the ortho-centre and 
centroid oi A PQR Let A = radius of the circum-C Join PO 
Produce it to meet QR at R, and the (Jce at Y. Join XO, XB, 
andXY Then OY=OP=2BO (E\ 4, Cor p 105, Text) , OB = 
BY In A PXY , XP® +XY2=20P2 +2 OXs (Ex. 24S)=4A2 , 
and in A QXR , XQ^ + XR2=2QB2 + 2X8® (Ex 245), XP® 
+XQ2+XR®+XY®=4.A3+2QB2+2XB2 (1) Also from A OXY , 
OX2+XY® 20B2+2XB2 (Ex. 245), and OX=A; A^ + XY® 
=20B2 + 2XB2 (2) , *. by taking (2) from (i) , XPS + XQa+XR®- 
A2=4 A2+2QB2-20B® To each of these equals^ add A® or 
4 OB® , XP2+XQ2+XR2= 4A® + 2QB2 + 2OB2 = 4A2 + 2A® 
(I 47)=6A®=a constant 

580 If a rectihneal figure of an even number of 
sides, be inscribed in a»^,the firsts thud, fifth &c Lb 
are together = to ^nd, 4 th, 6 th, Sac Ls taken together ; 
any z. being assumed as the first {Cal Ex. Pap , 1865 ) 

, Let PQRSXY be any rectilineal fig of an even number of 
sides, inscribed in a O Then shall Z.P + LR + /_Xbe=Z.Q 
+ Z. S + Z.Y Join RY , V L YPQ + L YRQ=2 rt Ls 
(III 22l=iPQR + lPYR, and L YRS + L YXS=2rt Ls 

(III 22)== Z.RSX + Z.RYX Hence by addition, Z.P + Z.R 
+ z.X=4rt Z.s= Z. Q + Z. S+ Z.Y 


581 In the figure of IV 10 , shew that the centre 
of the O circumscribed about the a DBO, is the middle 
point of the arc OD 


Bisect the arc GD at P (III 30), and join DP, CP, AP 
Produce DP to meet BC at Q and AP to meet BD at R Then 
arc CP=arc DP, (cons) , L CAP= Z. DAP (III 27) or 
AP bisects Z.CAD Hence AR bisects BD at rt Z.s Also V 
Z.BAD=Z. CDBand L CAP=Z. CDP (111 21), DP bisects 
Z.BDC Hence DQ bisects BC at rt Ls , P is the centre of 
the O about A BDC (IV 5) 

582 ABO is an isosceles A, in which each of the 
Ls at B and 0=2 lA , shew that AB®=AB.BO+BO® 


Bisect L ACB by CX, meeting AB at X, and about A AXC, 
describe a 0(IV 5) Then, since L BCX=A L ACB= L BAG, 
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•*. BC IS a tangent to thcOAXC at C, Hence BC*aAB BX 
(111 36) Also AX«=XC«UC Now, :AB*»AB.BX + An.AX 
{II 2) =BC 2 +AB.BC. 

583 A O IS described so tis to touch the sides BO 
of a A ABO in D, AB produced in B, and AO pro- 
duced in P Shew that the A BDP is obtuse Ld. 
{Cal Ey Pap, JSf4) 

Since BE«BD(in 17, Cor.) . L BED= LBDBCLj) But 
L ABC«/ BED + ABDE (I 32)= 2 L UUE. So L ACB= 
2 ACDP. . L ABC + L ACn« 2 ( L BDE + L CDF) But 
L ABC + L ACB is <c than 2 rt Li (I 17) .% L BDE + 

i-CDF IS <: ih.in a rt i Hence /.EDF is > than a rt. L (I 13) ; 
*. Z.EDF IS an obtuse L , EDF is obtuse LA. 

584 All c^c/tc parallelograms, are rectangular 

Let XYZP oc an) c)clic Qm Since i. X + A 7 != 2 rt Ls 
(111 22), but L X= lZ (1 34) , each= .a rt L So each of 
the L s \ , P, IS a rt L Hence the □in is rectangular 

586 The area of a sg^nare circumscribed about a 
(Z, IS double of the area of the inscribed square (See 
notes on IV 6, 7, General Notes) (Pam Rz Pap , jS6s) 

586 The bisectors of the 4 s of a regular polygon, 
are concurrent (Seep 274 , Ra /, Texf) 

587. Circumscribe a rhombus about a given Q (Cf. 
Bom Ex Pap, i86s) 

Let O the centre of the given ^ Draw anv tuo diameters 
AB, CD , and at their extremities, draw J,s PQ, Rb, PS, QR 
forming by their intersection, the fie PQRS Then shall PQRS 
be a rhombus Since PQ, QR, RS and SP arc the tangents to 
the O (III 16) , . . the fig PQRS is circumscribed about the 0 , 
and being a Qm (1 28}, is a rhombus 

* 588 (o) In any A, the mid pts of the sides, 

the feet of the J.s from the vertices to the opposite 
sides, and the middle pts of the st hnes joining the 
orthocentre to the vertices are concycltc (See Ex. 32, p 
281, Text) 

(b) If a polygon inscribed in a C» is equilateral, 
it IS also equiangular. (See Text, p. 273) 

689 The xs drawn from the centres of the three 
esenbed Cs of a A* to the sides which they touch, are 
concurrent. 
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Let PQR be any A, and X, Y, R the centres of 3 cscnbed 
C^s Join XY, YZ, ZX forming the A X\'Z , and alwut it 
•describe a Q (IV. 5), and let O be its centre Join XO and 
produce It to meet the (^cein'A, and cutting PQ m B. Then 
«hall XO be ± to PQ, Join XR and produce it to meet the 
Cce in C. Join AC .Since L XCA*- a rt. L (III 3 *). 

£ XRY=a rt L ; .% ZY is IP CA (I 28) Hence arc 
YA=arc ZK (Ex 321), V L YXA= lZXC (III 27), 
and L XQB=/L XZR ; . L XBQ= L XRZ (I 3 =) 

L XRZ IS a rt L ; L XBQ is a rt L> Hence XO or XB is X 
to PQ So, if VO, ZO be joined, thev shall be X to QR, RP 3 
the three Xs are conatrrent 


590. Describe a O touching thtee given st lines (See 
Notes on IV 4, General Notes) ( Bom, Ex Pap , 1883,) 

591 If 4 Os are described to touch every 3 sides 
of a quadrilateral , shew that their centres are coney chc.. 

Let PQRS be a quadrilateral Bisect ' s P and Q by PO, QO 
meeting m O Then O shall be the centre of , touching the 3 sides 
bP, PQ, QR For, if Xs OK, OB, OC be drawn to these sides, it 
may be proved that OBs=OA= OC ( 1 . 26} , *. the with centre 
O and radius OA, will touch the three sides (III. 16) Let the 
bisectors of Ls Q> meet at D , and the bisectors of Ls R,S 
meet .at E , and of z. s S, P meet at F Hence D,E,F .are the 
centres of s touching 3 of the sides of the quadrilateral Then 
shall pts O, D, E, F be cw/rj'c//c. Since, ext Z.DOF = J^ lP + 
J3£.Q(I 32) , and the ext. 4 .DEF= ( i.R-f Z S) , Z.D 0 F + 
Z.DEF=^Zs (P+Q+S)=2 rt Ls Hence, the pts O, D, E, F 
axa concyclic '(III 22, CV?// ) 


592 Inscribe («) a Q, (^) a square, in a given quadrant 

Let PQR be the given quadrant, PR being the arc 

(rt) Bisect rL Z. PQR b> QS, and draw SX X to PQ Bisect 
Z.QSX by SY and draw YO |p to XS, meeting QS at O Then O 
shall be the centre of the reqd. < Draw O^Xto QR , v L OYS= 
lYSX (I 29)= LYSO , • YO = OS ( 1 . 6) Also OY<=OA (L26), 
hence, the ( ' with centre O and radius OS, passes thro’ Y and 
A, and touches PQ, RQ , tlie radii of the quadrant at these pts 
fill 16) (since Z-satY and A arert Z.s and touches the arc 
PR at S (III, 11 ), for O lies in SQ. 

{p) The same cohsu being m.ade, QXSB is the square reqd. 
From above, L QSX= i a rt. L (I 32) , * L SQY = L QSX, 
■and.*,QXs=XS (I 6) But fig QS is a rectangle, .it is a square. 

593 Three Cs, whose centres are P,Q,R, touch one 
•another externally two by two X, Y, Z ; shew that the 
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inriscbed O of the A PQR, is the circumscribed O of 
the A XYZ 

No^\ PQ, QR, RP pass thro’ Z, X, Y (III, 12 ) , the common 
tan(;ents at 2 ^X,Y meet at a pt O, and are equal , O is the 
centre of the about A YXZ Join OP, OQ, OR Since O 
IS the pt of the intersection of the tangents at Y and Z , A OP 
bisects L P (III 17 , Cor) So, OQ and ORarelhe bisectors of Ls 
at Q and R, OZ, OY, OX are Xsto the sides of A PQR- 
(111 iS) , A the XYZ IS inscribed m A PQR 

JQ 4 With the aid of an isosceles A> such that each of the Ls 
at its base is 7 times the L at the vertex j to inscribe a regular 
qumdeca^ou tn a ^ven ^ (Cal U Pap , 1886) 

In the gnen whose centre is O, inscribe a A QPR^ 
equiangular to the gnen isosceles A» so that the vertical L P 
=sith of the base Ls at Q and R (IV 2 ) Then QR shall be a 
side of a regular qinndecaccon inscnbed in the O Join QO, RO , 
*. P + L Q +'QRP =2 rt As, *. AP=siHof art As 
Now, A Q0R=2 a P (III 2 ol=i^ of I rt A , 

A arc QR = of the whole C ce, and thus QR is a side of a* 
regular quindccagon msenbed in the Q 

595 Shew how regular polygons of 16 and 20 
sides respectively, can be inscnbed in a given (Cal 
PA Pap; 1866) 

(i) Let O be the centre-of the gi\en Q Draw’ anv two radu 
OR, OS, at rt As to each other Bisect A ROS b> OP, meeting 
the Qce at P , and bisect A ROP by OX, meeting the * ce at 
Join RX* Then RX is the side of a regular Eg of 16 s'des^ 
inscnbed in the ( Since A ROS is a rl A , A A ROX is ^ 
of a rt. A=i^ of 4 rt As Hence, the arc RX=^\;th of the 
whole C^e, and thus RX is a side of a regular polygon of 16 sides 
inscnbed in the 

(n) Let S\ be a side of a regular pentagon inscnbed in 
the (^/ (IV III Join OS, OA Bisect A SO\b> OB meeting 
the Cce -It B , and bisect A SOB b> OC meeting the 
in C Join SC Then SC is the side of a regular polygon of 20 
sides inscnbed m the ^ Since a SOA=i of a rt A / ASOC 
of 4 rt As Hence, the arc SC«^th of whole ("ce and 
thus SC IS a side of a regular polvgon of 20 sides inscribed 
in the O. 

^596 Prove that —(a) the centre of the nine-pts. 
C, is the middle pt of the st. line which joins the 
ciiihocentre to the circumscribed centre , (b) the radius 
of the nine-pts 0> the radius of the circums- 
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cribed O ? (c) the centroid is coUinear with the <nr- 
cuxnscribed centre, the nme-pts centre, and the ortho-* 
centre. (See Ex 33 p 28s, Text) 

597. Each diagonal of a regular pentagon is || to the sides 
' •bjith uhtch it IS not (See Notes on IV 11, 

General Notes) 

598 If the vertical L of a ^ be aaite, and from the extre- 
mities of the base, two st lines be drawn, making with the sides, Ls 
—to the Ls at the base , these two st lines shall form with the base 
another A, of which the exterior L at the w; /!?!'= twice the L of 
the fist A- 

Shew what changes will take place in the problem, if the vertical 
Lbe(i) a rt L,{it) an obtuse L (Cal P A. Pap, 1868) 

Let PQR be the A, of which the vert lQPR is aaite Draw 
QX and RY making Ls PQX and PRY=Ls PQR and PRQ 
respectively. Since i P is acute, .*. Z.PQR+ LPRQ> a rt l 
(I 32) Thus (£.XQR+ lYRQ)> 2 rt Ls Hence, XQ, YR 
when produced, w ill meet Let them meet at Z Produce QZ to O 
Then shall Z.RZObe=2 /P Since, / XQR+ LYRQ+ i.RZO 
=4 rt i-s (I 32, Cor 2), and 2 ( lPQR+ L PRQ+ Z.QPR)=4 rt 
Ls; LXQR+ LYRQ+ Z. RZ0=2 (Z.PQR + L PRQ + 
Z.QPR) But /.XBR=2 Z.PQR, and L YRQ=2 iPRQ , *. 
lRZO=2 lQPR 

(1) When the Lat P \%art L, (LXQR+ LYRQ) will be 2 
rt LS Thus XY will be HI to YR 

(li) When the L at P rj obtuse, the st lines XQ and YR will 
meet on the same side of QR, in which P is, and then, 2 lP will 
be=4Tt z.s= /.YRZ 

599 In a given (^,insaibe a such that two of its sides 
may pass Ihtough two given points, and the third side be of 
given length. 

Let PQR be the given Q , X, Y, the given pts (both within 
the ( y), and AB the third side of given length, placed in the 
O Join XY, and on it, describe a segment of a contain- 
ing an L=the > in the segment BPA (III 33), and cutting 
the given 0 at P Join PX, PY, and produce them to meet the 
Cce at QR Join QR Then PQR is the reqd A , V L QPR 
in segment XPY=/. in segment BPA (cons 1 , arc QR=arc 
AB, (III 26) Hence, chord QR=a chord AB (III 29) 

600 If a be inscribed in any A, the points of contact shall 
divide the sides, into segments, such that any one side together 
with the remote segment of either of the other two sides, shall 
be^\ the sum of the three sides (Oal U. Pap, 1865) 
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Let the CXYZ be inscribed in the APQR, to touch the sides PQ, 
•QR, RP at Y, Z, X respectively Then shall (QR+PY1*=5 the 
sum of the sides of the A PQR Since QZ«=QY and RZs=RX ; 
*. QR=QY+RX Also, PX=PY , hence, QR+PY=QYH-RX 
+PX = QY + PR Thus, QR + PY=i CQR + PY+QY + PR) 
=4 CQR+PQ+PR) 


APPENDIX, 

MADEAS BNTEANOB PAPBES, (SOLUTIONS) 
Exercises 601-632 

1857. 

5 ABCD IS a quadrilateral figure, the sides AB, DC are 
-produced to meet in E and the sides AD, BC to meet in F, Then 
that the L BCD = sum of the angles at A, E and F 

4BCD=/.CBE+CEB 
Alson L CBE = L FAB + AFB 

*. /BCD=4.FAB+iAFB+/LCEB 

1858. 

6 In a circle, whose radius is find the length of a chord, 
whose shortest distance from the centre is “b ” 

OC = v” 

AC'=a!-b*, .*. AC=v/a2^ 

But A.B = 2AC , AB=2Va*-bs 


1860 

JO If ^C=-/^ of AB, shew that the diagonal of the square 

described upon AB is equal to n AC. 

AD®=2AB» 

But AB=wS AC 
ABS=«3AC* 

AD*=2«*AC*, .% AD=^/2 »AC. 
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II. If any number of concentric circles be cut by another 
•circle, the common chord shall be parallel 

In the As ACA', ADA' 

AC— ADjA'C^A'D , AA' is common, 

.*, iCAO=LDAO. 

In the As ACO, ADO 
AC=AD, AO IS common, 

/.CAO>=i.D.AO, Z.AOC= AAOD = i rt L 
AA' cuts CD at rt Ls 

Similarly, it can be shewn that it cuts all other common chord at 
right angles Hence the)' arc all parallel 

1861 . 

6 Two triangles stand upon a common base, either on the 
same or opposite sides , draw a line through the \ ertices and cutting 
the base, produced if necessar> If the distance measured along 
this line, of the one vertex from the base, be double that of the 
other ; the area of the 1st triangle, is also double that of the 
second A 

Let ACB, AC'B be the As 
C'D=2CD , CC'=CD 

• \c'Vis=i Apn 

"or AC'B + C'BD=2ACB + 2 CBD (i) 

ButC'D=2CD, •C'BD=2CBD 
A'CB=2ACB from (1) 

12 If two tangents to a circle, be drawm from the points 
A and B on the circu.nference, and intersect at C , and if AC be 
produced to meet the radius through B, at D ; shew that the 
'rectangle contained by AC and AB=sthe rectangle contained by 
BD and the radius. 

ADS«DB DP 

= DB 5 -fDB BP 
=DB*+ 20 B DB 

Also ADJ=AC*-f CD8-t-2AC CD 

AC=-fCD 9 + 2 AC CD = DB=-f 20 B DB 
Add AC 9 

2AC®+CDs+2AC CD=AC 2 -fDBs+ 20 BDB 
But AC=CB 

AC*+DB»=CB 2 +DB*=CD* 

. 2 AC*-t-CD»+2 ACCD=CD*-»-2 OB.DB 
or AC 2 + AC CD = OB.DB 
orACAD=OB.DB 
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1862 

7 From A.B, the side of an isosceles A (or from AB produced},, 
cut off AD=AC the base, and from AC produced (or from AC) 
cut off AE=AB Let BC and DE meet m F Prove that DF=CFj 
and also that BF «EF Show also that DE and BC cannot 
be bisected in F 

In the As ABC, ADE 

AB=:AF, AC«AD 

The contained L is common 
\ ^ABC«/.AED 
BC=DE 

IntheAsBDFandCEF, lCEF=z.DBF, ^CFE=LDFB,, 

/FCE=ABDF, 

Also DB = CE 

•. the As are equal 

2 c, CF«FD , BF = FE 

We see that DE=BC 

Hence, if they bisect each other, and the extreme point be joined, 
the figure will be a parallelogram , / BD shall be parallel to CE" 
or AE, which is absurd 

TO If in A ABC, the side CA exceed BC, by half BA , shew 
that the square on CA is greater than the square on BC by the 
rectangle contained b\ BC and BA, together with the square on 
half BA 

CA=BC+\ BA 

CA3«BC= (i BA)2+BCBA (II 4) 

1863 

3 (b) The sum of the diagonals of a parallelogram, is less than 
the sum of the four lines, uhich are drawn from any point, to the 
angles of the parallelogram 

OA+OC:>AC, OB + OD>BD 
/. OA + OB + OC + OD:>AC + BD 

12 Two circles of unequal radii, touch each other externally , 
and any st line is drawn through the point of contact cutting 
both circles , shew that the diameter drawm through the points of 
intersection, are parallel 

Join 00' ; \ It will pass through A 
L OAC- ^O'AB 

But /-OCA=/.OAC and iLO'AB=AO'BA 
/.OAC= lOCK^ /.0'AB= AO'BA 
OC and O'B arecparallel 
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1864 , 

Part I. 

4 On one of the sides of a describe an isosceles Actl^al to 
the original A> 

Let ABC be the triangle 

Through C draw a line parallel to AU, bisect AB in D and 
draw DE perpendicular to AB, meeting the parallel line at E 

Join AE and BE 

In the As ADE and BDE, 

AD = BD , ED IS common 
AADE= a BDE, being each a rt d. 

.*, AE=EB , AAEB is isosceles and it ls= AACB. 

Part II 

6 Two equal circles cut one another in A and B The straight 
line joining their centres, cuts the circles in C and D Shew that 
ABCD IS a rhombus Can this rhombus, under any circumstance, 
become a square ^ 

Since AC=AD = BD=BG 
*. ABCD IS a rhombus 

1865 

4 ABC IS a given A* Describe a A PQR=*to BC having a 
side PQ— AB and a side PR = 2 AC, show that two such As 
may be described 

Through C draw a line parallel to AB, and with the centre A, 
and radius<=:to 2AC, describe a cutting the pai.allel line at 
M Join BM 

The A ABM = A ABC 

It has one side AB and the other AM — 2 AC 
A PQR is = to A ABM 

7 ABC IS an acute angled triangle. From the points A, B, C 
perpendiculars AD, BE, CF are drawn upon the opposite sides BC, 
CA, AB , shew that the squares on the three sides of the A is 
double the sum of the rectangles contained by AB AF by BC BD 
and by AC AF. 

We have , 

AC2=AB2 + BC8-2 BD.BC 
AB2=BCa+AC®-2 CE CA 
BC2=AC*+AB«-2 AF.AB ' 

Adding and'cancelling, we have v 
AB»+.ACHBCS=2 (AF AB + BD.BC + CE CA). 
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8 By hypothesis, AC is the diameter of the smaller O 
LADC=irt L (III 21) 

AB IS bisected at D ( 1 1 1 1 . 3). 

1 1 If two circles touch each other internally, the radius of 
the larger being double that of the smaller, prove that any 
<hoi(i of the larger circle passing, through the point of contact, 
li 1)1* “cted by the circumference of the smaller 
I et AC C'M be the diameter of the larger circle 

*. C' the centre of the larger O hes on the circumference of 
siii.ilirr one , draw any line APM through the point of contact 
Ip n C'P and MAI' 

Slice Z.AMM'=f.APC' = i rt 31) 

* MM' and C'P are parallel 
IJ' t C'P bisects AM' , it bisect AM at P 


MADRAS MATRICULATION PAPERS, 
(SOLUTIONS) 


1866 


5 QR=i ABBX=i A.B 

.. QR=BX, * 'QX=BR, .. DE = BR 
Now, in the As CDE, BGR 

^.CDE= Z.A= iB, iLE= ^R and DE=BR 
•. DC=BG, . AD = CG 


5 Take CD =Z t e , the giv'en difference 

Op CD, describe a segment containing an\ i. (Z.P- /.R). 

Ai C, make Z.DCA= f.R 

Produce CD to B, and make aDAB= Z.ADB 

'I lien ABC is the reqd triangle. 

N o\v L ABD = L AD B (cons ) 

= ADBC + Z.C(I 32) 

AABC=2 /.DBC+ /.C 
= ^.P- i.R+ i.R= aP 
/.BAC=/.Q 

Also CD = the given difference 


•j 


CDS=CB*+BD® 

=CBS+BD BE ( BD=BE), (III 
=CB 9 +CBBA (III 34) 

=CB CA 


= CP (III 36) 
CD=CI. 


3) 
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10. Z.ARC® iLACU« iCBD 
i.ACl>=Z.CPa 
•. i BAG* i BCD 

/, As ABC, BDC arc siituhr (VI 4) 

= ABm>-nc= 


1867. 

3 4E= Z.F (I 29) 

But i.E= £.ABE«^FBG 
/. ^BrG^ Z.FBG, *. IJG = GF, 
zr. BOrC js a rhombus, 

/, BF,CG bisect each other at rl anitlcs 
5 CD'-EDi+FX=ll- 47 ) 

=(AC+BDF+(AC-BD)* 

«2 AC’+2 BD®. 

10. KCG IS one st line 

cd:=co=~od= 

=(DII+0A|S-0D= 

=(DH+0A + 0D) (DH+OA-OD) 
=«AH BG 


1868. 

3 MakcAD = \n 
AB + BC > AC 

> AD+DC 
BC > DC. 

4 AC > AD + DC 
AB+AC > 2AD+2DC 

> BC + AE + BD + CE 
10 £.B+/B«2rt angles 

B M.P, C are conc\ciic, 

.* AMAB«APBC (III 36) 
n. CDCE-- /.QPA= /.QBA, *. CD(|ltoAB. 

1871. 

3. BD^CD, A cDBC«CDCB 
2 CDBC« 3 CDCB 
ie CABC=s/LACB; * AB=AC 

5 cBAD=:9o*- Lit , 4 CAD =90*- lC 
CBAD-cCAD 

“Z.B-CC 

or 2 cDAE= £. 11 - £.C 
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7. AB*=AC2+CB*-2 ACCD (II 13) 

But AB = AC , CB® = 2 AC CD 

9 Join C, C' 

The line of centre, must pass through A, the point of contact 
lC=lC' 

Join PA, QA 

Now iC+Z.CPA+ '.CAP=LC'+^CAQ+ AC'QA 
or L C + 2 i.CAP== i.C'+2 Z.C^AQ 
But i.C= lC 
LCA.V=lCAQ 
APjAQ form one st line 


PUNJAB BNTEANOB PAPBRS, (SOLUTIONS) 
'-Exercises 633-668 

1876 

9 Shew that the difference of the base and Z. s of anv A> 's 
double the L contained by a line drawn from the vertex perpendi- 
cular to the base, and another bisecting the L at the vertex 

Let AD be the perpendicular and AE the bisector of the 
vertical angle 

/LABC=i lADC- Z.BAD 
Z. ACB= lADB- L CAD 
Z.ABC- LACB= LCAD= LBAD 

But i.CAD= Z.CAE+ Z.DAE 

= Z.BAE+Z.DAE=Z.BAD + 2 ldae 
Z.ABC- '.ACB= z.BAD+ 2 iD^E- /.BAD=2 ZDAE 

1877 

6 In a given straight line, find a point equidistant from two 
other points without the line 

Let AR be the st line and C, D the points , 

Join CD and bisect it at rt Z. s by EF, meeting AB in F. Join 
CF and DF 

In the As CEF and DEF, 

CE=DE, EF IS common, and the contained angles are equal, 
being each=a rt Z., CF =DF ^ 

10 Draw through a gfiven point, a st line which shall make 
equal Z.S with two other given st lines 

Let the st line produced, meet A. '■ 
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Let D be the point Bisect the L BAC and draAV DE per- 
pendiculor to the bisector , produce DE both ways to meet the 
given line at F,G 

In the As AEF and HEG 

The side AE is common, L FAE = L GAE 

L AEF= L AEG, being each=a rt L, 

L AFE= L AGE 

1878 

2 (3) If P be a point in a side AB of a parallelogram ABCD, 
and PC, PD bejoined, the A PAD+ APBC= A PDC 

Through P draw PQ parallel to AD or BC 
APQD, PBCQ arc both parallelograms, 

AAPD= A PDQ ,A BPC= APCQ 
A APD + A BPC= A PDQ+A PCQ=A PDC 

6 Given the base of a A, the vertical L and the length of 
the line drawn from the vertex to the middle point of the base , 
descnbe the A 

On AB descnbe a segment, containing an L =to the given 
L Let D be the middle point of AB 

With D as centre and radius =to the given median line, des- 
cnbe a O cutting the segment at C , then ACB is the A required. 

.* £. ACB = the given angle 
CD = the given median 

9 Prove that the point of intersection of the diagonals of a 
given square, described on the hypotenuse of a rt L d A, is 
equidistant from the two sides containing the rt. L . 

L EAP+L CAB-i rt. L *= LCAB+ LABC 
L EAP-= labc. 

Also L OAE= L OB A each being half a rt. L ; ' 

-. L OAP= Z.OBQ; also LAPO^LBQO. 
LAOP- L BOQ 

Nowm the As O.AP and OBQ ; OA=OP ( .* each being half 
the diagonal of the square), and the adjacent Ls are equal , 

OP=OQ ^ 

1879 

8 In a given 0, to inscribe four equal Gs touching each 
other, and the given 0. 

Draw any two diameters at rt Ls to each other; take any 
quadrant AOB , bisect the LAOB by CO 

*5 
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At C, make L OCD = ^ rt. L and at O, draw DE at rt L% 
to OB 

Now L OCD^irt £.COD=i a rt ^ 

A L CDO=f rt. L 

Also L ODE = i rt L EDC — ^ rt L v 

z. EDC =3 L ECD, /• EC=ED 
But, U IS easv to see that, ED^EF 
•. EC==ED=:EF 

• a k ^ \Mth E as centre and EC as radius wiU touch OA 
and OB at F and D 

Fiom {^eometiv, we can describe the other Qs also 

1881 

5 Inscribe an equilateral A iti a C> and compare Us aiea 
with that of a regular he\agon, inscribed in the same circlc- 

Let A be a point on the ^ ce of the C At A draw two lines 
AB, AC making an L o( 120 degrees with each other 

Join BC, bisect It at U, and draw DE at rt ts, meeting the 
Qce at E Join BE and CE 

Since L BAC+ L BEC — i So degrees 

But L BAC= 120 degrees, L BEC =5= 60 degrees 

Also It can easily be shewn that BE=*EC, \ L BCE= L'EDC 

But L BCE+ lEBC = 120 degrees, /. each = 60 degrees 
/. A BCE 15 equilatersil 

6 Two Cs touch internally at A A straight line touches 
one O at P and cuts the other at Q and R Pro\ e that PQ and PR 
subtend equal Z.s at A 

Let T^T' be the common tangent to the two Cs, and let the 
lines \R, QR meet the smallei v ^ nt M, P 
L MAT == L MPA=lPQA 
L APQ« AMP 

In the As APQ, APM * two Ls are equal 
•• Z.PAQ«aPAM 

1883 

3 If AB, BC be equal sides of an isosceles A , and a t ^ 
with centre B and distance BA cut AC (or AC produced) m E ; 
and BF be taken in AB (or AB produced, if E lies in AC pro- 
duced)=Jto CE , prove that L CFA iss= /lFAC 
Join BE and CF 

It is easy to see that, AABE= A ACF and isosceles 
• 4.CAF= lCFA 
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6 If two straight lines be drawn through any point on a 
diagonal of a square, parallel to the sides of the square ; the points 
where these lines meet the sides, will be on the 0ce of a Q, whose 
'centre is at the intersection of the diagonals 

Let LOMP be a square, LO=OM, OP is common to As 
POM, POL, the contained Z.s are equal, * LP=PM , so PR=PT 

-Also the perpendicular from P bisects RM and AD 
A PRM IS isosceles and PR = PM 
•. PM=PL=PR=PT 

? e L, M, T, R he on the circumference of the O* 


1885 . 


2 (^). L BCD+ Z.CDB+ LDBC = 2 rt Ls 

Z.HBA+Z.KCA=2 rt LS+/.BAC 
.. Z.EBH + Z.FCK=one rt L+i Z.BAC 
or LDBC+ LBCD = i rt £.+ii.BAC 

or Z.DBC+ L BOD— I rt L 

2 


Subtracting (a) from (i) we have 


Z.BDC 4 


LBAC 

2 


I rt 


f 


3 (d) From D draw DC at rt Ls to the tangent , DC 

passes through the centre (HI 19), and is also ±to AB 

Now LAEC^ LBEC, being rt Ls, 

LCAE=LCBE (I 5) 

.% L ACD=LBCD (I 32) 

^ the arc AD = the arc BD (III 26) 

7 All parallelograms about which a G can be described are 
rectangular, for then the opposite Ls become = to 2 rt Ls, and 
these Ls are equal 

But, rhombus is not rectangular, rhombus is not a cyclic fig. 


1886. 

3 ( 3 ) Bisect AB in D Draw BE X to AB, making BE=s 

a side of the given sq, (K) Join DE From centre D with radius 
DE, describe a G cutting AB produced in C 

NowACCB=CD«-BDS ■ 

,=DES-BD*=BE*=K* 




[ 11 . 6 . 
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1887 . 

5 ( 6 ) Make 4.M0N=Supplt of Z.A 

^MOS=*/.B 
Draw tangents at M or S 
PQR IS the A 

Z.P=SuppU of Z.MON=Z.A " 

^.Q= i.MOS=LB 
8 £.PQD=lPRD 

E^^Complt of £.PRS=Z.PSR 
Since lSRR“ art. L, 

T,Q, P,S are concyclic 
i.TPS= ITQS. 

1888 

8. R and r be the radu of circumscribed and mscnbed Qs. 
Bisect lA and at a distance r from AB, draiv a X meeting 
the bisector in S With distance's, and radius=R*-2Rr' 

See Ex 38, (i) p 283, Text. 

Describe a Q with centre A and radius =R intersecting m I 
with centre I and radius =R, describe a O intersecting AB m B. 
Through B, draw a tangent BC to the (J ABC is the A required 

6 id) Draw GF bisecting AD at rt Z.s m H Then the 
centre of O CAD lies on GH, so also the circum-centre of AABD 
Call them F and G 

Join FA, FD, AG, GD. 

Now ^AFD== (reflex angle) =2 Z.ACD 
i.AFD=2 /.BCD 

• z.AFH=ABCD 

Again i.AGF=J L AGD** Z.ABD= Z.BCD 

• L AFH= iAGF, AG=AF 

the O w'tk centr F=the O with centr G 

1889 

r The area of the cam, AC=2 A ABC 

AE BC 
—2- - 

2 

=AEBC 

«=the product of the base and height. 
2 Bisect AC in D Join BD 

Z.ACB=2 i.BAC=|of one rt L 
But we know that, BD=i hypotenuse=aDC 
aDBCss Z.BCD“§ of one rt L 
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*. L BDC^i rt L, 
BCb>CDss^ hypotenuse. 

AC*«AB*+BC*-2 BC BD. 

AB«c, ACc'b, BC»a. 
Then b® «=*£*+ a* -2a. BD 

... BD- 

... AD-.,/jnECT 


tU- *3. 


sa ac+a’+c*-b’) (2 ac-a’-c*+b*) 

*» ~^(a+b+c) (a-b+c) (c+b-a) (b+a-c) 
(let cs^a+b+cX then 

AD »;~^2 S( 2 S- 2b) ( 2 S-ea) (2S-2C) 

« s (s-a) (s -b) (s - c) 

But ttc know that, the area of A ABC«=~. AD 

~2‘ (s-b)(s-c) 

s= V” 5 (s-a) (s-b) (s-c) 


When L B»art i, 

AD coinadcs wjih AB, and the area iS. 

5. {b) Take any two points A,B on the circumference ; 

Join AB ; make L BAC=» J of 2 rt. Z.s 
Join BC Take any point D in the arc BC. 

Join BD, CD, L A + Z.D=i2rt. Z.S. 

L BDC«| of art. iLs«2 Lk [HI. 22, 

1891 . 


The angle of a hexagon af, of 1 rk L. 

Join A,D, any two points on the 0 ce. Make A ADC »| of a rt. 
L (an angle of an equilateral A). 

Join AC. Take any point B on the arc ABC. 

Then iLABCora rt. z.s— L BDC«=>J of a rt. L, 

6. Draw FCG parallel to DR Now AACF«A GCB, for 
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CB = CA, 4.BCG= Z.ACF, Z.CAF L CBG (I 26)' To 
each, add the fig ACG TD, then AB TD:=FG TD=DF CE 
:=JDFAB 

7 A SRP IS a rt Z. d 

L QQR= L PBA [III 33 

«9o deg -Z.PAB= /.ARO^AQRP 
QR=QP, SQ-QR 

8 AD IS greatest, when AE is greatest , 

Now, A IS a fixed point, and the point E is vanable 
Join E to the centre O 
Then Z.s at E, are rt Z.s 

the locus of E the Q, on OB as diameter 

Now the greatest st line that can be drawn from A to the Qce, 
IS that, which passes through the centre 

the diagonal is greatest, when it passes through O' 

6 Produce BA to F, making AF = AB or AC , 

BF=AB + AC To shew AB+AC < BD+DC 

AFCB= L angle 

Z,FED=» L DEC, both being rt angles 
In As FDE and CDE , L FED — L DEC 
FE— EC, and ED is common, 

.% FD = DC 

From A FDB, we have FD + DB<FB t ^cAB+AC 
isosceles A has the ieas^ perimeter 

7 As at E and F are rt As 

A, F, H, E are concyclic. 

Again F and E he on the semi O on BC as diameter, (G being 
centre) 

.% AB BF+AC CE 

= BH BE + CH. CF [III 36 

= BH9 + CH2+BH HE + CH HF 
= HG® + GB2-2BG GD + HG2 + GC2+2 CG GD 
+2 CH HF 

= 2r^+2 HG2+2(r*-GH*) 

= 4r2= (2r)2« Ba 

1892. 

3 In the As ABD and ACE, 

ABs=AC, AA is common, A ABD = A ACE,.*. AAEC= AADB 
From the whole A ABC, subtract each of the equal As AEC, 
ADB, then the remainders are equal, 
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te S BEC« A BOC 

.*, BC IS parallel to ED. {I. 39 

5 iBDC^ ^ABC=a constant, 
and LA. \i> constant, 

*. £.BDC+ £.A=a constant, 

^.ABD+ /.ACD=4 rt 4.s-( iBDC+ Z. Al=constant. 

I’o F, B, D, O are concyclk, [Conv HI 22 
So also O, D, C E arc concychc 
*. /_BDF= <.BOF=Z.COE= iCDE 
DF and DE are equallv inclined to AD 

1893 

7 Insciibe a pentasion in the C, [IV 11 

Let AB be one of its sides , 

Bisect the arc AD at C 

Then each of the arcs AC, BC = part of the 0 ce Join AC, 
'CB, and place successive chords equal to them 

8 Since O is the in-centie of A EDF 

OE, OF, OD bisect is E, F, D, respecti\ely , 
the sum of half the angles E, F D=one rt L , 

Now L .AGC = L BCD =2 rt Z.s-(/. GBD+ L GDB) 
=2rt. Z.s-(/. GBD+ z. BDF+z. GDF) 

=2rt Z.s-(i F + 5 E + J D) 

=2 rt Z.S- 1 rt L 
=One rt L, 

' AG IS i. to BC 

So, It may be shewn that, CF is J. to AB, and so on 

1894 . 

3 DH and DU are respectively parallel and half of .AC 
and AB , DH = DU, and z.HDB= Z.UDC 

fr*. Z.HDE= z. UDE, and DE is common, 

Z.DEF=/.DEG ' [I 4 

Again, in the As EOF, EDG , Z s at D are rt is, 

Z.DEF= Z.DEG, DE is common , DF=DG, 
the diagonals AE, FG bisect each other at rt Z.s, 
the fig AFEG is a rhombus. 

1805 

6 (rt) ABs = AD AE, .AC*= AD AE, [I I L 36 

.*. AB=:AC 

20 Let AB be one of the given sides Draw BC at rt Z.s to 
AB , from centre B with radius to the given perp K describe a (i. 
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From A draw ADC a tangent to it , then ABC is the A TMd. 
BD IS prep to AC 

The cons fails, where AB is not > than the given length Q 


ALLAHABAD ENTRANCE PAPERS, (SOLUTIONS). 

Exercises 669-676. 

1889. 

2 Make Z-B\D=the given Z., andAD«Q 

JomDB Make iLDBC=LBDC 
Now A ACB IS that reqd 

AC+CB=AC + CD==AD=K. 

4 See Text book, Page 1 1 1, Ex 2i 

7 (b) On AB, describe a segment ACB containing L = 

to Z.E Then the vertices of the As drawn on AB, must he on 
the arc ACB [See III Con of 2i 

Bisect AB at D and draw DC X to it Then the A ACB is - 
isosceles The areas of all As on AB, vary as half their altitudes, 
since AB is constant 

But CD is the greatest altitude, since it is the X distance 
between the tangent at C and AB , 

the area of the isosceles Ai is the greatest 

1890 

lo (i) On CB, descnbe the isosceles A CAB having each of 
the Z.S at the base, double of the third L 
Then /.BCA=^of2rt Z.s 
Bisect It, by CD, then LBCDs=\ of a rt Z. ^ 

1892 

2 (b) Take any other point E Join EA, EB, EC, ED 
EA+ECr>AC, EB+EDr>BD 
. EA+EB+EC+ED>FA+FB+FC+FD, 

F IS the point, the sum of whose distances from the angular 
points is the least 

1893 

7 Let A, B, C be the three points, not in the same st line 
Join AB, BC AC , 

Now describe a O about A ABC [IV 5 
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189 ^. 

8 Tom AD , L AEC=2 L ADC ; Z.DEB»2 L DAB 
.'./.AEC+ :.DEB=2 £,AEC 

9 The gucR A “ A AiB + A AiC+ A BiC 

AB 4 -BC-fCA. 

I [tthere the sum of the sides 


BOMBAY MATRICULATION PAPERS, (SOLUTIONS). 
Ezercises 6*7*1-692 
1886 87. 

4 . since As PAQ, PBQ are cqua], 
and on the same base, 

/. AD=»BE 

A ACD>= AECB, m all respects 

AC^BC. [I. 26 

8 The diameter ACB passes through A and B, 

Since DA and £B arc parallel, [III. 17 cor 

i.DCF=i/.ACF; LECF=i Z.BCF 
£.DCE=*of 2 rt £.s«t rt 

6 ED*=.GD* + GE5+2 DGGE 

CE*«(DG-GE)S«DG*+GE ®-2 DG.GE 
AE*«(BF-EF)*=BF*+EF *-2 BF. FE 
BEs«EF2+BF*+2BF FE. 

ED*+CE*+AE= + BE *«2 (GD2+EFn + 2 (GE» + BF^> 
=2 0 D »+2 0B‘ 

= 4 r-=-( 2 r)*. 

1887-88 

4 . AD*«AC*-T-CD=+ 2 CD ce 
=ACHCD. (CD -{-2 CE) 

=ACS + BD DC 

-2 AC* f- 

01«=0Q OR«OQ. (2 0Q)=2 0Q*«2 QR*. 

But 0 P 4=*4 t* 

.*. QR *=2 r*»CQ*-l-CR* 

LC IS a rt L [I 48 
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•9 (AB+AC)-AC 

= DB+BE=2 BE=3 OD “diameter, 

[ ODBE IS a square.] ' 

1890 - 91 

1 Ca) AB+AC>BU + DC, 

AC+CB>^D + DB, 

CB + BA>CD + DA, 

2 perimeter >2 (^D + DB + DC) 
perimeter >-(\U +DB + DC) 

2 Draw EK is ||I to \B, and GH is ||1 to HD, 
and FL is ||1 to AD 

Now the fig GC=2 a FEG , the fig GB=2 A EAG , 
the fig HC=2 a "^EF 

Now fig GD=fig GL 

fig LK=fig AF, or reel BEDF = fig AF, 

2 A AEF + rect BE DF = rect ABCD. 

6 (d) On AB, desenbe the segment AD B containing an L 
= Z. E From C draw CD J_ to AB, meeting ADB in D Join 
3 D, DB Ihen ADB is the A reqd 
Join BD 

L BDG“ '.BCA= L BLG [Since the fig. CH is cyclic 
Z.S at G are rt Ls, and BG is common, 

LG=DG 

Similarly, LF LE are respectively, bisected by AB, AC 

1891 - 92 

In the As AOB, DOC, 

AB=DC, AO “CO, 

BH 0 =Z 0 CD, *. /.AOB=Z.COD 
. BO, OD are in the same st line [I ic 

A ABC =11 CO AB, 

A ADB“i ODOB, 

•. the quadtl ACBD=i AB CD = J AB* 
s AB*+BH8=AH*+2 AB BH 

“AHs+2 AH*-=3 AH* ' 

7 Chords AC, AD are equal, 

. . arcs AC, AD are equal, , 

*. L ACD= L AEC, 

L DFE=/lACE, [adding L ECh 

.8. See Bombay Paps 18S7-88, q (9), 
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3 EF IS parallel to AX, and also to AM 
A NA and AM must be tbe same st line 

f 

5. BC»=CD2+CD' 

= AB»-AD2+CD2 
= (AC=-AI>’) + CD-‘ 

« CDs+a AD. DC + CD* 

= 2 CD (CD + AD) 

= 2 AC CD 

8 Bisect L A by AF , join CF 

L FCB=iFAB-=Ui^AB = 4 L BCE 
' FC bisect L BCE 

g. Let OP, OR be the roads ; P, and Q then houses Now 
the locus of points equidistant from P and Q, is the st line DE 
bisecting OQ at rt IL s And the locus of points equidistant from 
PO and IlO, is the st line OC, the bisector of the L POR 
E, the mtcrscction of the loci, is the point rcqd. 




APPENDIX. 

A CLASSIFIED INDEX 

TO 

THE FIRST FOUR BOOKS 

OF THE 

ELEMENTS OP EUCLID. 


THEOREMS. 


A. Of the Angles formed by the Meeting and Intersection of 

Straight Lines 


I« 13 ••• 

1 * 14 *** 

i 

1. 15. 

1 27 

I* 28. A •«» 


1. 28 B ... 


HYPOTHESIS 


CONSEQUENCES. 


If a straight line stand- 
ing upon another, forms 
angles with it 

If tn o straight lines meet 
another straight line at 
the same point and on 
opposite sides, and 
make the adjacent 
angles with it together 
equal to two right 
angles 

If two straight lines in- 
tersect 


I f They are either two right 
angles, or are together 
equal to two right 
I, angles. 


Those two straight lines 
> will form one continued 
straight line 


{ The vertical angles are 
equal 


B. Of Pal allel Straight Lines 


HYPOTHESIS 


CONSEQUENCES 


If a straight line inter- 
sect two other straight 
lines, both in the same 
plane. 

And form alternate an- 
gles equal to each other. 

Orfoim an exterior an- 
gle equal to the interior 
and opposite angleupon 
the same sideof the line 

Or form interior angles 
at the same side equal 
to two right angles 


I'l 


1 The two straight lines 
I shall he parallel 


V 
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HYPOTHESIS 


If a straight line intersect 
two parallel straight 
lines 


If two straight lines be 
parallel to the same 
straight line 

If two straight lines join 
the adjacent extreme- 
ties of two equal and 
parallel straight lines 

Coinpartson of Triangles 
I HYPOTHESIS 


If tw*o triangles be upon 
the s ime base* and on W 
the same side of it 


If tw o triangles have tw o h 
angles in the one res- 
pectively equal to ttvo 
angles in the other, 

And a side of the one 
equal to a side of the 
other, either the sides 
adjacent to, or the sides 
opposite to, those equal 
angles 


CONSEQUENCES 

"It forms the alternate- 
angles equal to one- 
another, 

And the exterior angle- 
equal to the interior 
and opposite angle 
upon the same side, 

And also the two interior 
angles on the same 
side, together equal to 
two right angles 

They are parallel to each 
other 


They are themselves 
equal and parallel 


r to Equality 

CONSEQUENCES 

" They cannot have their 
sides which are termi- 
nated in one extremity 
of that base equal to 
one another, and also 
those which are termi- 
nated in the other e\- 
. tremity 

The remaining angles 
and sides shall be res- 
pectnely equal to one 
another 

And the triangles them- 
selves shall be equal 
to one another 
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1 . b, and coj 


I 25 . 

1 4 

I 24 . 

I 37 

» 38 

I 39 • 

I 40 


HYPOTHESIS 


CONSEQUENXES 


The anKle** formed b\ 
If itto triangles have two ihc equal sides are 
sides of llic one resper- equal, 
tnelvequalto two sides And the angles oppo- 
of the other, I sue the equal sides 

And lla^ e alsothcii bases are equal 

equal And the triangles them- 

selves are equal 


But if the thud side of 
the one be greater than 
the third side of the 
other 

If two triangles ha\e two 
sides of the one lespcc- 
tivel> equal to two sides 
of the other, 

And the angles formed 
by those sides also 
equal to one another 
But if the angle formed 
by two sides of one be 
greater than the angle 
formed by the tw o sides 
equ.d to them of the 
othci 

} If mangles aic between 

j the same pii-illels 

I And upon thcjww/r base, ’ 
Or upon c^Hid bases 
If triangles are equal in 
area 

I And upon the same base, 
and on the some side 
of it 

Or upon equal bases in 
the same sti night line, 
and on the same side 
of It 


YThc angle opposite to 
the gi eater side is 
. greater than the angk 
I winch IS opposite to 
1 . the less 


The triangles themscU es 
will be ideiUtcnlly 
equal 


The side opposite (0 
that greater angle is 
greatei than the side 
which IS opposite to 
the less. 


,Thci arc equal to one 
another in area 


I'i hey are between the- 
same parallels 
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A 


D On the Relations hetiueen the sides and Angles of 
Triangles, 


HYPOTHESIS. 


CONSEQUENCES 


1 20 

1 17. 

I 32 B • 

I. 6 .. 


I 19 


1 5 A 

I 18. 


I 16 


I 32 A . 


1 47 

'h. 


If two straight lines 
are the sides of a 
triangle. 

If any two angles are 
those of a triangle 

If any three angles are 
the interior angles of a 
triangle 

If two angles of a triangle 
are equal 


If in any triangle one 
angle is greater than 
another. 


If a triangle be isosceles 


If one side of any tri- 
angle be greater than 
another 


If one side of a triangle 
be produced. 


If one side of a triangle 
be produced 


If a triangle be right- 
angled. 


They are together 
. greater than the 
third side 

\ They are together less 
than two right angles 
' They are together 
. equal to two right 
angles 

'The sides opposite to 
those angles arc also 
equal 

"The side which is op- 
posite to the greater 
angle is greater than 
the side which is 
opposite to the less 
rThe angles aC the base 
I .are equal to one an- 
[ other 

"The angle opposite to 
the greater side is 
greater than the an- 
gle which IS opposite 
^ to the less 
'The exterior angle is 
greater than either 
of the internal oppo- 
site angles 

'The exterior angle is 
equal to the sum of 
the two interior and 
, opposite angles 
The square which is 
constructed upon 
the side subtending 
the ri^^ht angle is 
^ equ-al in area to the 
sum of the squares 
constructed upon the 
sides which form the 
, right angle 
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I 


51 . 


51 . 


1 


48 


JS 


12. 


13 


21. 


HYPOTHESIS . 

If the square constructed 
upon one side of a tri- 
angle be equal in area 
to the sum of the 
squares , constructed 
upon the other two 
sides 


CONSEQUENCES 


The angle opposite to 
- that side is a right 
angle 


On the Relations of Lines drawn in Triangles 


HYPOTHESIS. 


If a perpendicular be 
drawn from any of the 
acute angles of an ob- 
tuse-angled triangle 
to the opposite side 
produced 


If in any triangle a per- 
pendicular be drawn 
to one of the sides 
which contains an 
acute angle, from the 
opposite angle 


If from a point wjthin 
a triangle, two straight 
lines be drawn to the 
extremities of any side 


CONSEQUENCES 
'' The square oh the side 
subtending the obtuse 
angle is greater than 
the sum of the squares 
on the two sides which' 
contain the obtuse 
angle, by twice the 
rectangle under the 
side, which is pro- 
duced, and the ex- 
ternal segment be- 
tween the obtuse 
angle and the perp6n- 
k dicular 

^The square on the" 
side subtending that 
acute angle is less 
than the sum of the 
squares on the sides 
which contain that 
angle, by twice 
the rectangle under 
the side to which 
the perpendicular is 
drawn, and the seg- 
ment between the per- 
pendicular and the 
k acute angle 
They are together less 
than the sum of the 
two other sides of the 
triangle 

And they form a greater 
L angle. 


t6 
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F Comparison of Parallelogrcuns *zoiih Triangles*. 

HYPOTHESIS CONSEQUENCES 

1 41. .. If a parallelogram and 

a triangle be between The parallelogram is< 

the same parallels ^ double the triangle 
And upon the same 
base. 


G Comparison of Parallelogrcuns as io Equality 

HYPOTHESIS CONSEQUENCES 

1 3 S If parallelogram s are 

between the same pa- 

lallcls^ ^ They are equal m 

i And upon the same " area. 
base^ 

I 36. . . i Or upon equal bases , 

H On the Relations het'iacen the Stdes^ An^tes^ and 
Surfaces of Paralletograms 

I HYPOTHESIS I CONSEQUENCES 


The opposite sides are- 
equal to one another 

The opposite angles 
are equal to one an- 
other 

And the parallelogram 
is bisected by its dia- 
gonal. 

Their complements are 
equal in area. 


I 34 


If a figure be a parallelo- 
gram 


If about the diagonal of 
a parallelogram two 
other parallelograms 
are formed 
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I. 


11 . 2 


n 3. 


11 . 4 . 


n 7. 


n 8. 


Compartson of Rccian^les conieaned by Straight 
Lines and their Segments. 



HYPOTHESIS. 


If a straight line be 
divided into any ivio 
parts 


If a straight line be di- 
vided into any two 
parts 


If a straight line be di- 
vided into any iiuo 
parts 


If a straight line be di- 
vided into any two 
pans 


If a straight line be di- 
vided into any two 
parts 


CONSEQUENCES. 

The rectangles under 
the whole line, and 
each of the parts, 
are together equal 
in area to the square 
on the whole line. 

The rectangle under 
the whole line, and 
one of those parts, 
is equal in area to 
the square on that 
part together with 
the rectangle under 
the two parts 

The square on the 
whole line is equal 
in area to the sum 
of the squares on the 
parts, together with 
twice the rectangle 
under the parts 

The sum of the squares 
on the whole line 
and the square on 
either segment is 
equal in area to tw ice 
the rectangle un- 
der the whole line 
and that segment, 
together with the 
square on the other 
segment 

The square on the sum 
of the whole line 
and either segment 
is equal in area to 
four times the rect- 
angle under the 
whole line and that 
segment, together 
with the square on 
the other segment 
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HYPOTHESIS. 


If a straight line be 
btsecird^ and also ad 
into two unequal parts 


If a straight line be 
bisected^ and also ati 
into two unequal parts. 


If a straight line be 
btsecUd^ and also pro- 
duced to any point 


If a straight line be 
bisected^ and also pro- 
duced to any point. 


CONSEQUENCES* 

' The rectangle under 
the unequal parts 
together ^ith the 
square on the line 
between the points 
of section^ is equal 
in area to the square 
on half the line 

^ The sum of the squares 
on the unequal parts 
IS equal in area to 
tnice the sum of the 
squares on half the 
line and the square 
on the line bet%\ecn 
, the points of section* 

" The rectangle under 
the whole line thus 
produced and the 
part produced, to- 
gethcr with the 
square on half the 
line bisected^ is 
equal m area to the 
square on thestraight 
line which is made 
up of the half and 
I. part the produced 

^ The square on the 
whole line thus pro- 
duced, together with 
the square on the 
part produced is 
equal in area to 
twice the square on 
//n//the line bisect* 
cd, together with 
twice the square 
on the straight line, 
which 15 made up of 
the half and the part 
L produced 
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HYPOTHESIS. CONSEQUENCES. 

f The rectangle^ under 
II I. ... If there be two straight the two lines is equal 

lines, one of which is m area to the sum of 

divided into any num. ■ the rectangles under 
ber of parts. the undivided line 

and the several parts 
of AxcidtvtdedhnQ, 

K Of Polygons^ 

HYPOTHESIS CONSEQUENCES 

f The sum of all the in- 
tenoi angles, to- 
gether with^«r right 

I. 32, Cor. 1. If a figure be rectilineal angles, is equal to 

twice as many right 
angles as the figure 
has sides 

{ All Its exterior angles 
are together equal to 
four nght angles. 

L Relative to circles generally. 

HYPOTHESIS CONSEQUENCES. 

III. 2. ... If any two points be f The straight line which 

taben in the circum- -i joins them falls with- 
ference of a circle (. in the circle 

M On the Relations of Straight Lines drmvn from any 
Point to the Circumference of a Circle. 

HYPOTHESIS. CONSEQUENCES 

f The greatest is that 
which passes through 
the centre 

The remaining part of 
II 7. *.. If from any point w*///- thediameteristhe/e<M/. 

in a circle, which is Thatlinewhichisnearer 
not the centre, straight J to the line passing 
‘ lines be drawn to the ] through the centre is 
circumference. < greater than one more 

remote. 

‘ And more than two 

straight lines cannot 
be drawn which shall 
> L be equal. 
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HYPOTHESIS. 

If a point 1)6 taken 
within a cirde, from 
which more than two 
equal straight lines 
can be drawn to the 
circumference 


If from any point 
out a circle straight 
lines be drawn to the 
circumference. 


If from a point ^unibont 
a circle, two straight 
lines be draw*n, one of 
which cuts the arcle, 
and the other /oucbes 
It 


CONSEQUENCES 

That point is the cen« 
tre of the circle. 


f Of those which fall on 
the conceive arcuni- 
ference, the greatest 
IS that which passes 
through the centre. 
Of the mf, that which 
IS nearer to the line 
passing through the 
centre, is greater than 
the more remote- 
But of those, which 
fall on the convex 
circumference, the 
^ least IS that which, if 
produced, would pass 
through the centre. 

Of the rest, that 
which IS nearer to 
the least, is less than 
the more remote. 

And more than two 
straight lines cannot 
be drawn, either to 
the concave or con-- 
vex circumference, 
w'hich shall be equal 

The rectangle under 
the whole line 
which cuts the cirde 
and the segment 
* •untbout the circle 
j IS equal m area to 
the square on the 
line which touches 
. It 
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HYPOTHESIS 
If from a point without 
a circle, two straight 
lines be drawn, one 
cutting the circle and 
the other meeting u, 
and if the rectangle 
under the whole line 
which cuts the circle 
and the part of it 
without the circle, be 
equal in area to the 
squaie on the line 
which meets it 
If in a circle, two straight 
lines cut one another, 
which do not both pass 
through the centre 

If two straight lines cut 
one another within a 
circle 


If a straight line be 
drawn through the cen- 
tre of a circle, bisect 
a straight line which 
does not pass through 
the centre 

And if It \s petpendicnlar p 
to It 


If a straight line touches 
the circumference of a 
circle 


If a straight line touches 
the crrcumfeience of a 
circle, and a straight 
line be drawn perpen- 
dicular to It fiom the 
point of contact. 


CONSEQUENCES 

r 


That st. line is a tangent 
to the circle 


V. 

|_ They do not bisect each 
other 

1 he rectangle under 
the segments of one 
of them is equal in 
area to the rectangle 
under the segments 
of the other. 


It IS pa pendicular to 
It 


It bisect It 

The Straight line 
drawn from the 
centre to the point 
of contact, shall be 
perpendicular to the 
line touching the 
, circle. 

I The centre of the 
circle shall be in that 
line 
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HYPOTHESIS 


CONSEQUENXES. 


If a straight line be 
dra\i*n from the extre- 
mity of the diameter 
of a circle, perpendi- 
cular to the same. 

And if any straight line 
be dranm from a point 
between that pe^en- 
dicular and the circle, 
to the point of 
contact 


J ^ It will be a fangsni to* 
the circle. 

[ It nillrv/ thecircum-^ 
I ference. 


O. On fhc Mutual Contact of tu*o Circles 


HYPOTHESIS 


CONSEQUENCES 


III. 10 

ni 5 

III 6 


III II 


III 12 

III 13 


\ 


{ 


If two lines be the cir- 
cumferences of tuo 
circles 

If the arcumferences of 
two circles cut one 
another 

If the circumference of 
one circle touch the 
arcnmference of an- 
other arcle Internally 
m an> point 

If the circumference of 
one circle touch the 
circumference of an- 
other circle internally 
in an} point 

If the circumfeience 
of tn o circles touch 
each other externally 
in any point. 

If the circumference 
of one circle touch 
the arcumference of 
another arcle, either 
infernally or cxicr* 
nail} 


\ They cannot cut one 
another in more 
J than tToo points 

> They ha\e not the 
J centfv 

1 Tbe> have not the jrx/7/r 
i J- cenlre 


V 

^ The straight line join- 
ing their centers, 
being produced, shall 
pass through t/iat^ 
I pomt 

The straight line join- 
ing their centers- 
shal! pass through 
. that point. 


J There can onl} be one- 
I pomt of contact 
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P. Ofl the Angles tn a Circle 


in 26 

III 27 

III. 21 

HI 3J- 

III. 20 

in 32. 


HYPOTHESIS. 


If equal angles are in 
equal circles, or m the 
came circle 


If angles stand upon 
equal parts of the cir- 
cumferences of equal 
circles, or of the same 
circle 

If angles are in the 
same segment of a 
circle 

If, in a circle, an angle 
be in a semicircle 

But if the angle be in 
a segment greater'^zca 
a semicircle 

And if the angle be in 
a segment less than a 
semicircle 

If an angle at the centre 
of a circle have the 
same part of the cir- 
cumference for its base 
as an angle at the cir- 
cumference 

If a straight line 
touches a circle, and 
from the point of con- 
tact, a straight line be 
drawn cutting the 
circle 


CONSEQUENCES 


fThey shall stands upon 
equal arcs whether 
■{ they be at the centre- 
or the circumfer- 
1, ence 

They are equal to one 
another, whether they 
be at the centre or 
the circumference 


fThey are equal to one- 
t. another. 


I It IS a angle 

} It IS less than a right 
angle. 

} It is i-rcater than a. 
right angle 

-The former angle is- 
double the latter • 

4 


f The angles formed by 
this line and the 
line touching the 
circle are equal to 
the angles in the al- 
ternate segments of 
1 the circle 
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Q Oil Sej^ments and their Chotds 

HYPOTHESIS CONSEQUENCES 

III 23 If two sesjments of ar- ^They cannot be simi- 

cles are upon the same ^ lar without coincid- 
siraight line, and upon " ing with one another 
the same side of it 

III 24 If two segments of cir- 'jThey are equal to one 

cles are similar^ and I another, and have 
upon equal straight f equal arcs 
lines J 

mi 14 If two chords in a cir- 'iThey are equally dis- 

cle are equal tant from the centre 

And chords which are * They are equal to one 
equally distant from - another 
the centie 

^That chord is the great- 
est 

And of all others, 

311 15 If chords be drawn in that which is nearer 

a circle, of which one to the centre is 

passes through its greater than the more 
centre remote 

/ And the greater is 

nearer to the centre 
I than the less 

'III 28 • If, in equal circles, or /They cut off equal 
the same circle, parts of the circum- 
straight lines are ferences, the great- 
equal. er, equal to the great- 

er, and the less to the 
less 

III 129 If m equal circles, or 'j 

the same circle, equal I They are subtended by 
parts of the circum- | equal chords 
ference are taken J 

R On Figures contained in Circles 

HYPOTHESIS CONSEQUENCES 

ill 22 If a four-sided figure is fits opposite angles are 

contained within a -j together equal to two 
circle. right angles 



C 251 1 


f 2. 

I. 31 

I 3 . 

I 10 
II. II 

I 23 . 

il 9. 
1 11 . 

I 12 

i 22. 

i 1 

I 42 
J 44. 
1 45 

I 46 

II . 14 - 


problems 

A Relating to Shaigitt Lines, 

... From .2 gi\ en foint^ to draw a straight line equal to 
a gnen finite straight line 

... Through a given pointy to draw a straight line 
parallel to a gnen sUaight line 
. . From the greater of two gn en straight hnes^ to cut 
off a part equal to the less 
... To bisect a given finite straight line 
. . To divide a given finite straight line into two parts, 
so that the rectangle undei the whole line and one 
segment shall be equal in area to the square on 
the other segment 
B Relating to tectihneal Angles 
At a given point in a given straight line, to make a 
rectilineal angle equal to a gwentectilineal angle 
.. To bisect a gnen rectilincill angle 
.. From a given point in a given sUaight line., to draw 
a perpendicular to that line. 

.. To draw a straight line perpendicular to a given 
straight line of an unliviitcd lengthy from a given 
point without it 

C Relating to Triangles 

... Given three finite sti aight hnes^ of which any two 
together are greater than the thirds to construct a 
triangle whose sides shall be respectively equal 
to the given lines 

To construct an equilateral triangle upon a given 
finite stiaight line 

D Relating to Parallelograms 

... I To construct a parallelogram equal in area to a 
given tnangle^ and having an angle equal to a 
given rectilineal angle 

. Upon a given finite sti aight line to construct a pai aU 

lelogram equal in area to a given triangle^ and 
having an angle equal to a given rectilineal angle 
... To construct a parallelogram equal in area to a 
• given rectilineal figute^ and having an angle equal 
to a gnen teciiltneal angle, 

... Upon a given finite straight hne^ to construct a 
square 

. To construct a square, equal in area to a given rcc- 
ithneal figure. 
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HI. 

I. 

HI. 

17 

HI. 

30* 

HI 

25 

HI. 

33 

HI 

34 


IV. 

10 

IV 

I 

IV 

4 

IV 

5 

IV. 

2 

I\ 

3 

IV 

8 

IV. 

6 

IV 

9 

IV 

7 

l\. 

»3. 

IV. 

M 

IV. 

J2 

IV. 

It 

IV. 

*5- 

IV. 

16 


E, Relating to Circles 
To find the centre of a given arcle 
From a given point, either without a given arch or 
in iU arcumference, to draw* a straight line 
touching the circumference. 

« • To bisect a given arc 

. A segment of a circle being given, to describe the 
circle of which it is a segment 
*• On a given Rniit straight line, to describe a segment 
of a circle, which shall contain an angle equal to 
a g^ven rectilineal angle 

••• To cat off from a gi\ en arcle a segment which shall 
contain an angle equal to a given rectilineal angle* 


% % 






BOOK IV 

A Relating to Triangles 
To construct an isosceles triangle, m which each of 
the angles at the base, shall be double of the 
vertical angle 

B Relating to Inscribed Figures* 

In a given circle, to place a straight line equal to a 
given straight line, which is not greater thM 
the diameter of the circle. 

To inscnbe a circle, in a given fnanglc 
To arcutnsenbe a circle about a given inangle 
In a given to inscnbe a tnanglc equiangular 
to a given triangle 

About a given circle, to circumscribe a tnangle 
equiangular to a given triangle 
To inscribe a circle in a given square 
To inscnbe ^ square m a given arcle 
To arcumsenbe a circle about a given square* 

To circumscribe a square about a given arcle 
To inscnbe a circle m a given eqiulateial and 
equiangular Pentagon 

To circumscribe «-i circle about a given equilateral 
and equiangular Pentagon 
To ctreumsenbe an equilateral and equiangular 
Pentagon about a given arcle 
To inscribe an equilateral and Pentagon 

in a given arete 

To inscribe an equilateral and equiangular Hexagon 
in a given arcle 

To inscnbe an equilatcnl and equiangular Qinn-^ 
decagon in a given circle 



CALCUTTA UNIVERSITY PAPERS 

ENTRANCE EXAMINATION. 

Geometry. 

/ ' 1858 

1 If one of the acute £s of a rt Z.d A be»2ce the other, the 
hypotenuse is 2ce the shorter side. 

2 If any pt be taken within an equilateral Aj the sum of the 
Xrs drawn from it to the sides, is=to the J.r from the vertex 
to the base 

3 n ro 

1859 (I) , 

« 

I. Shew that the diagonals of a rhombus bisect one another 
and cut at rt. L s 

2 In any A ABC, if the /.s at A, B be bisected by st. lines 
-which meet at D, shew the. line joining D and C will bisect 
L ACB (IV 4 E 2, Text p. 203.) 

3 The sqs on the diagonals of a parallelogram = the sum of 
the sqs on the 4 sides 

4 I. 13 ; 5 I 23 1 6 I 27 , 7 I 48 , 8 II 5 , 9 III 4. 

1859 (II ) 

1. From the same point, there cannot be drawn more than two 
•equal straight lines to meet a given straight line. 

2. Prove that the 4 As into which a parallelogram is divided 
liy Its diagonals, are equal 

3. If two chords of a Q intersect atrt As, the portions of 
- the 0ce taken cdiernately^ are*together=to the semi Cce 

4. If two Gs cut one another, find a pt. from which the st lines 
drawn to touch the two 0s shall be equal. 

5 I 16, 6 I 34, 7 II 12 , 8 III 20, 9. Ill 32. 


1860 . 
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2 From a given pt. draw a st line making equal Ls with two 
given St lines 

3 If on the radius AO of a Q, whose centre is O, a semi« 
O be described, and from any pt. M in AO, a st line be drawn at 
rt Z.S to It, cutting the semi O at P and the larger O at Q, and if 
AP, AQ be joined , shew that AQ^5=2 AP* 

4 Any Z. of a A inscribed in a Q is > or <: art A, by the L 
contained by the side subtending the L, and a diameter from either 
extremity of that side (Use III 31 and 111 21 ) 

5 I. 31 , 6 II 14 , 7 in 21 , 8 III, 34 

1861 

I, Thro* a given pt draw a st line which shall make equal Ls 
with two st lines given in position 

2 If the st line bisecting the vertical /L of a Ai also bisects 
the b{ise, the A is isosceles (Use I 8 ) 

3 Th6 sum of the sqs on the sides of a parallelogram, is equal 
to the sum of the sqs on the diagonals 

4 Given the L at the base of an isos A* and the irfrom il 
on the opposite side , construct the A 

5 I 47,6 II. 5,7 II 10,8 III 27, 9 III 31 

1862 

1 Construct an isos A, whose external vertical L is 67 
degrees 

2 In the side BC of a rt Ld A ABC, rt. Z. d at C, find 
a point D, sufch that the ±r DF drawn D to the hypotenuse 
shall be=AF 

3 The area of a rhombus is=to half the rect contained by the 
diagonals 

4 Given a chord AB of a Q, and a point C m it , find in the 
Cce, a point D, such that the line DC shall bisect the vertical L of 
the A ABD 

5 I 6 , 6 Cor I of 32 , 7 II 13 , 8 III 32 , 9 IV 16 

1863 

I. Given two equal and parallel st lines AB, DC prove that 
AC, BD bisect each other Under w'hat circumstances will AC* 
BD be equal ^ 
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2. Three st lines meet at a pt Draw another line cutting- 
them, so that the segment of it intercepted between the 1st and 
the' 2nd, shall be=to that intercepted between the 2nd and 3rd 

3 Describe a square that shall be=to a given A. (H- 14 ) 

4 What IS the locus of the middle pts. of equal st lines 

in a C ’ " 

5. A tangent is drawn parallel to a chord , shew that the 
intercepted arc is bisected at the pt of contact 

6 I 4, 7. II 14 , III 22 , 9 IV II 

1864 

1 Show that every four sided fig whose opposite sides are 
equal, is a parallelogram 

2 In a rt ^ d A, the line joining the rt L to the pt of 
bisection of the hypotenuse, is =to half the hypotenuse 

3 1 20, 4 I 32 , with 2 Cors 5 II 9 , 6 III 32 , 7 IV 12 

1865 

I Gnen one of the sides of a rt Z. d A containing the 
rt Z., and the sum of the other two sides , construct the A 

2. ‘ Given one of the sides of a rt. Z. d A containing the rt 
Z., and the difference of the other two sides , construct the A 

3. The st line drawn from the rt Z. of a rt Z. d A, to 
the middle pt of the opp side, is^^to half that side 

4 Divide a given st line into tw'o parts, so that the 
rectangle, contained by them shall be— a given squaie. 

5 Produce a given st. line, so that the rect contained by 
the, whole line thus produced and the part of it produced, 
shall be^a given square 

6 If a rectilineal fig of an even number of sides, be inscribed 
in a C»the ist, 3rd, 5th, &c , are logether=to the 2nd, 4th, 6th, 5:c , 
Z.S taken together , any L being assumed as the 1st (See Text,, 
p 116) 

7 If a 0 be inscribed in any A, the points of contact shall 

divide the sides into segments such that any one side together with 
the remote segment of either of the other two, shall be the sum 
of the sides. ' 

* * r 

8 I -24 , 9 II 5 , 10. Ill 21 
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1866 (I ) 


I A6 IS parallel to CD and unequal to it , and they are join* 
-ed towards the same parts by AC and BD IfAC«BD, shew 
that AD«BC 


2* Describe a O touch a given st line, and pass 

thro’ another given point ^ 


3 ^ 20 , 
8. IV 13. 


4 I 33 , 5 


III 2; 6 111 31 ; 7. 
1860 CII). 


Ill 35, 8. IV 


1 Produce a given st line to a point, such that the rect/ con- 
tained by the whole line thus produced, and the part produced, 
shall be^to the square on a given line 

2 ABC IS an isosceles A of which B is the vertex , BA, 
BC are bisected at D and E respectively ; AE, CD, intersect at F 
Shew that A BDE==3 A DEF 

3 Construct a rectangle that shall bea=to a given square , the 
•difference of two adjacent sides being given 

4. If a tangent of a C be parallel to a chord, prove that the 
intercepted arc is bisected at the pt of contact 

5 Describe a O that shall touch a given line and a given C 
<Ex 9 Text, p 238 ) 

6 I 7 ; 7 I 43 » 8 II 7 , 9 II II , 10 III 13 ; II IV. 10 

1867 


1. Construct an isos A ha\]ngeachof the sides 2ce of the 
base 

2 The st line which bisects the vertical L of an isos A, 
bisects the base J. riy 

3 Describe a rhombus « to a given square, 

4 I. 6, 5 I 35 » 6 II 4,7 II. 14, 8. Ill 20, 9 III 
35 , 10 IV 8 and 10 

1868 

I. Prove that the 3 interior As of every A ares=2 rt Ls^wtth^ 
4 >ut produang a side (See Notes on I. 32.} 

2 Shew from I 47, how to find a square which shall be equal 
to the difference of two given squares 

3. Prove by 11 . 12 and U 13, that if any side of a A be bisect* 
•ed the sqs. on the other two sides are together equal to 2 sq on 
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ihe hne drawn from the pt of bjsectton of the third side to the opp 
1 + 2 sq. on half the line bisected (E\ 34 Tevt p 147.) 

4. Shew, by assuming that the L m a semi 0 to be a rt. 
how III 17 may be more effected (text, p 202.) 

5 The three pts of contact of a msatbed in a A are joined , 
ahew that the resulting ^ is acute L d 

6 Construct art £.d Ai having gnen the hypotenuse and 
the sum of the sides (TeM, p 107) 

7. Two V s have the same centre , shev that all choids of the 
fiuter 0 which touch the ttwet 0 are equal 

8 I 22 , 9 11. 8* 10 HI 17, It III 33; 12. IV. 4 

1869 

I Having given the base of a the difference of the sides 
and the difference of the /.*> at the b.is>c , describe the A (Test, p 
108) 

2. If two 0 s intersect one .'mother, then common chord when 
produced, bisects their lonimon tangent, 

3 Inscribe a CJ m rhombus 

4 1. 44; 5 I 48, 6 II 12, 7. Ill 16, 8 IV 4. 

1870 

1 Given that Jis of equal area .uc between the s.ime 
parallels , prove that their bases are equal. 

2 Two lines OA, OB being given, intcisecting .it O .ind a 
point C in O A , describe a touching O.V at C, and also touch- 
ing OB , 

3 Ihe line diavvn from the rt. Z. in a rt Z.d A, to the 
bisection of the hypotenuse—,’^ the hypotenuse. 

4 I 32 with Cor 2,5 II. n, 0 III. 31 

1871 . 

1 In a polygon of « sides, tlie sum of all the interior 4 s« 
(2«~4'j rt. 4 s, 

2. Find a line whose square shall bc=to the sum of the sqs 
■on 3 given Imes ' , 

3 ABC is a rt 4 d A, AD the ±r from A on the hypotenuse 
BC, IS produced in the direction DA till it meets a side produced 
of the square on AC m O. Prove, that it will Vneet a side pro- 

17 
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duced of the sq on AB in the same point O , that AO shall 
BC, and that if O he joined with B, and A with E, the extermity 
of the side BE of the sq on BC, the fig OAEB shall be a paraU 
lelogram, and =£ the sq on AB 

4 Given the base, vertical Z., and the± r, let fall from the 
\ ertex on the base , construct the A , and shew that, in general^ 
there can be two As satisfying the given conditions 

5 The ± rs erected at the middle pts of the sides of a A^ 
meet at a point (Text, p io6 and p 224 ) 

6 I 32 , 7 I 48 , 8. II I , 9 III 32; lo III 36,11 
IV S 

1872 

1 Divide a line so that the rect contained by the parts shall 
be the ^eaiest possible 

2 In a A APB, AP® iscBP® by a constant quantity Pro\e 
that P must be on a certain st line 

3 If the parts of two chords at rt /.s to one another be 
guen, explain how the length of the radius of the Q ni^y he 
calculated 

4 Compare the area of a regular hexagon inscribed in a Q 
with that of an equilateral A inscribed in the same O 

5 Express each /, of a regular pentagon and of a regular 
deca^n in terms of a rt L 

6 I 48 , 7 II 9 » 8 II 13 , 9 III 4 1 10 ni 36 , II 
IV IS ; 12. IV i6 

1873 

X If the middle pts of the sides of a A be joined the a so 
formed shall be equiangular to the given Aj one-fourth of it 

2 The external ^.s DBC, ECB of a A ABC are bisected 
BE, CF , and FG, FH, are drawn ± rs to AD, AE , prove that 
FG = FH and AG»AH (Text, p 255 ) 

3 AB IS a chord of a (', C a pt in the Cce of the smaller 
segment find a point D in the Qce of the larger , show that AB 
shall bisect ^DBC 

4 I 4 i 5 I 45 , 6 II 13, 7 HI, it , 8 III. 33 

1874 

I Deduce from II 4, that the square on a given line»4 times 
the square on its half 
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2- Prox’e that if an Z. of'a A be two-thud of a rt Z., the 
sq on the side opp to it=thc sum of the sqs. on the side contain- 
ing It, diminished the reel contained b> them 

3 Slate, Without provmt;^ the conditions which must be ful- 
hlied in order that a 0 may be described so ns to pass (i) thro’ 
i7vo given points, (2) thro’ thtce gi\en points, {3) thro’ font 
gn en pts 

4 A C described so as to touch the side BC of a A ABC* 
at D and AB, AC produced, at E and T , show that A EDF is. 
obtuse Z.d. (Seeq 5 of i868 ) 

5 QA and QB are two straight lines in a O «'tt As to one 
another , QD is a dinmcici, I* any point in the ( ) of the smaller 
segment cut off by QA , show that A AI’Q+ A BQP *= A QPD 

6 I 5 , 7 I 24 ; 8 II. 4 , 9. Ill 13 , to III 3t j It 
IV 13 , 12 IV 15 

18 * 75 . 

1 If two lines are equal and parallel , shew that if the c\- 
tremitics be joined *'not towaids the same parts” tw*o equal As will 
be formed 

3. Shew how' the enunciation of 1 1 9, may be made to include 
II. to (See Notes on II. 9 and II. to) 

3 If from any pt without a , st lines be drawn touching 
it, the L contained by the tangents is <=>2 A contained by the st 
line joining the points of contact and the diameter through cither 
of them 

4 * I 33 j 5 II 9 and to; 6.111.20*7 IV 15. 

1876 

I. AB, CD are two st lines intersecting at O , CA, DB ate 
J_rs toAB, OB IS = 2 OA Prove that OD is = 2 OC 

2 Cis the centre of a given 0 , A any other pt. within it , 
AB IS drawn at rt As to AC and meets the i^ce at B Proie 
that the ^ about A ABC touches the given (J), Jind that A ABC 
IS the neatest a subtended by AC at any point in the 0 cc of 
the given Q 

3 1.42; 4 II. 12; 5 III. 17, 6. Ill 35,7. IV 9. 

1877 ' , 

t Draw a common tangent to two given circles. (See Text, 
P 2t8.) 
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2 State what regular polygon has each of us L^^ntne 4 tnths 
of 2 n z s 

3 I 24 , and Cors I 32,4 11 * 7,5 16,6 IV 15* 

1878 

1 Describe a O touching one side of a A and the other t^o 
produced (Text, p 255 ) 

2 ABC IS a A with a rt Z. at A , AD is J, r to BC , to 
what rectangle is the square on AD equal ’ 

3, III n , 4 IV 10 


1879 

1 In two (“^s which touch each other exte^naliy^ two parallel 
diameters are drawn Shew that one extremity of each diametet 
and the point of contact lie in the sane st line 

2 \ O IS described to touch BC, a side of the A ABC 
an D, and the other two sides produced at E and F respectively 
Pro\e that AF sum of the sides of the A ABC 

1 

3 Two fixed points A, B lie on the same side of a fixed line 
CD of unlwttfcd len^h P is any point in CD Pro\e that 
AP-fBP IS least when the Z. s which AP, BP male with CD 
are equal (Text, p 243 ) 

4 I 24 , 5 11 IT 5 6 IV 4 

1880 

I 1 he side BC of a A ABC is produced to D , shew that L 
ACD isr> L ABC without shewing that it is> L BAG 

2* AOC, BQD are two As, having L AOC= Z.BQD, and 
Z-A.CO«aDBQ, shew that the rect AO QB*=rect* CO QD 
(See Notes on III 35 ) 

3 Shew that the square on the side of an equilateral A dcs^ 
cnbed about a >s 4 times the square on the side of an equilateral 
A tns^rtbea in the sameC 

4 I 6, 5 I 48; 6 II ir ,7 HI II ,8 III 35,9 IV 5 

1881 . 

I Shew how to make a A given quadrilateral which shall 
have Its base on one side of the quadrilateral produced If neces* 
sary, and us vertex at one of the opposite Z.s ♦ 
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2 UC 1*5 A gKen arc of a whose centre is O { A is anj 
pi. in BC •' AD, AE are drawn irs to OB, OC ; prove that the 
line DE is of ccttsfani length 

3 I. 17 i 4 1 S I. 37 ; 6 9 . "• HI 22 , S IV rr, 

1882 

1 OC IS a St line which bisects L AOB , OD is any other 
St. line 'aiilh(>tf( theZ. AOB , shew that the Ls DOA, DOB are e* 
2 L DOC 

2 ABC IS a A . St lines AD. CE. bisect the is. at A. and 
C , BE IS drawn from B“BC, and BD^BA , shew that EBD ts 
i straight line 

3 If A, B be iiNcd pts and O any other pt , the sunt of the 
sqs on AO and BO is leash when O is the mddte point of AB 

4. If two St lines, AB, CD in a o intersect at E, the L sub- 
tended bj AC and BD .at the centre arc together « 2 U AEC. 

5. .AO, BO are radii of a Q at rt to each other , ACD is a 
St. line meeting OB m C, and the m D Then rcct. AC. AD s® 
3 CC the square on OB 

6 I 9 .ind 27 ; 7. 11.9 8 111.20,9 III 36; 10 IV 2 

1883 . 

I. ABC is a A The line bisecting L B meets the line bi- 
secting L C at the point G, and the line bisecting the 
L at A .at the point D. Pro\e that iADG« AACO. 

2 Through one extremity of the common chord of two 
intersecting <»'s, two st lines arc drawn tennm.ited bv these O 
Proto that the lines (oining the other eKtrenntyof the common 
chord and the two tcrmin.ti pts of the two st* lines on each Cb 
together with the lines joining these terminus pts , from ttvo 
equiangular As. 

3. I. 24 4 I 42 , 5 11 13 : 6 III 35 , 7, IV. 2. 

No Examination in 1884 
1885 

I. Ditide a given si line into two parts, such that the diflTei- 
cncc of the sqs. on the two parts may bc>»sq on a guen line, 

2 AB IS a di.amcter of A and AC, the G tangent .at A--5tn 
length toAB, CB is joined cutting the M at D , prose that 
CB ts bisected at D , and AD« CD 
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3 Descnbe a O touching three given st lines, no two of 
which are parallel ^hew that 4 such Cs^can be described 
(Text, p 255) 

4 ABC IS an acute ^d At Xs AD, BE, CF, are drawn 
from A, B, C, upon the opposite sides respectivelv, intersecting 
at O , prove that O is the centie of the inscribed in the A 
DEF, and A, B, C are the centres of the csaibed to the 
same A 

5 1 . 14 , 6 I 47 , 7 11 12 , S III 31 , 9 IV 15 

1886 . 

1 If a quadrilateral has two opposite sides equal and parallel, 
It is a parallelogram. 

2 The sq on the difference of two st lines + twice the rect 
contained by the two lines = sum of the sqs on these lines 

3 (/) If two Cs touch infernally^ the centre of the inner 
O lies on that radius of the outer C which passes through the 
point of contact (III. u ) 

(2) Also shew that any chord of the outer Q drawn from the 
point of contact is bisected by the inner C» ’f O passes 
through the centre of the outer C 

4 With the aid of an isosceles A such that each of the 

at Its base is 7 times the L at the vertex, inscribe a regular 
qtundecagon in a given Q Give geometrical proof 

5 The sum of the medians of a A is less than the sum of 
the sides 

6 Two equal Cs intersect in A, B. Let CD and EF be 
chords of the f s each « chord AB, and so placed on opposite 
sides of AB, that all the three chords meet in H Then AH 
bisects ACHE 

7 I 33» 8 II 7 i 9 in tr 

1887 . 

1 ABCD IS a quadrilateral, of w*hich the sides AB, DC are 
parallel , E, F are the middle points of the sides BC, AD respec- 
tively , prove that EF is parallel to AB or CD and*=>^ their sum 

2 If two Qs cut each other, their common chord produced 
bisects their common tangents 

3 In what case does the centre of the inscribed Cs> coincide 
with that of the circumscribed C> ^nd why^ 
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4 ABj AC are tangeni*: to a gnen 0 , BC the chord of 
contact From the middle point D of BC, the st line EDF 
s drawn at rt Ls to BC, cutting the of the given ' at 
Ej F* Prove that E, F are the centres of two 0 s one of which 
touches the three sides, and the other touches one side and two 
sides proaufcd, of the <1 ABC. 

5 I 32and4S , 6 II. 9; 7. Ill 37 , S l\ 4 

1888 . 

I Shew that the area of a A =i the rectangle contained by 
Its base and the Xr to it from the opposite L 

3 Proie that if the middle points of the sides of a quad- 
rilateral be joined, the fispire formed is a parallelogram whose area 
=half that of the quadrilateral 

3 Proi e that if from a point two St lines be drawn to touch a 
0 , these st lines are equal (Text, p iSo Cor) 

4 I. 32 ; 5 I 35 1 6 II. 13 > 7- in 32 ; S IV 5 


1889 

1 From a given point A, to draw a st line = to a gi\ en 
■anite st line BC , the point A being in the line BC. 

2 Divide the hypotenuse of a rt- d A >nto 2 parts such 
that the difference between their squares shall be = the square on 
one of the sides 

3 Prove that the reel under the sura and difference of two 
lines s=the difference of the sqs on the lines (See II 5, Cor.) 

4- Construct a square equal to a given equilateral A (II 1.1) 

5 The three Xs let fall from the vertices on the opposite 
^,ides of any A, meet at point (Text, p 106' 

6 1 44; 7. II- II .8 HI 12; S IV. 5 

1890 

I In a rt id A, the line joinine the rt L to an>’ pt except the 
middle point of the li>potenuse, is greater than one segment of 
the hypotenuse, and less than the other. 

2. Prove that the .area of a quard =area of a A, having 2 
sides=!the diagonals of the qadri and the contained x =that L 
between the diagonals ~ 

3 In the, fig. of II ii, prove that the rect. contained by the 
two parts =2the difference of the sqs on the two parts 

r 
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4 ShoA\ that two, and only^two, tangents can be drai\n to a ^ 
from a guen point outside it (Text, p i8o Cor ) 

5* If two opposite sides of a quadrilateral, inscribed in a Q 
arc equal , prove that the other two sides are parallel 

6 P IS a point in APB, an arc of a O » the tangent at P 
meets the chord AB produced m R, and AQ, j, to AB, in Q 
and QR is bisected in P Pro\e that L ABP=2 L BAP. 

7 I 6, 8 I 32 , 9 II II , lo III 17, IT III 28 12 

IV 10 

1891 

3 Define — A plane angle, centre of a ^ parallel str lines, 
L of a segment, L tn i segment 

2—4 I 21 , 1 47 n 13 

5 Let B and C be the two fixed pts and PQ a str line in the 
same plane as BC Find the position of the pt A on the st line 
PQ, which IS such that the sum of the squares on AB, AC is least 

6-7 HI 3, III 32 

8 Draw a commoti tansteni to two and shew that 4 com- 
mon tangents may be drawn to the given t_^s (Text p 218, Ex 17 ) 

9 Give only the construction of — IV 4 , IV. 10 

10 In the A ABC O is the centre of the inscribed 

and 0 „ O2, Og the centres of the escribed {^s Show that the 
4 of w Inch passes through 3 of the points O^, Og, are 

all equal 

1892 

1 Define —A plane surface, a rhombus, and an axiom What 
axiom affords the ultimate test of equality of two geometrical 
magnitudes ^ 

2 I 7 , 1 23 , 4 11 I , 5 III I , 6 III TO , 7 IV 16 

8 Show that, if a polygon inscribed in a C ; be equilateral. 
It 15 also equiangular ( 1 ext p 275, Ex 2 ) 

9 Bisect a quadi ilateral figure, bv a straight line, draw n through 
an angular point (Text p 177, Ex 39 ) 

TO. Describe a O to touch a guen , and also to touch x 
given straight line at a given point (Text p 221, Ex 36) 

11 Prove that of all As of given base and area, the, isosceles 
.s that, which has the least pertmetef 
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1893 

1 Define —A rt ^ .a rectangle, a tangent to a ( 3 ^, and a regular 
poljgon 

2. 4 ; 3- I. 43 ; 4 11 . 12 » 5 HI. 20 ; 6 III 36 , 7 IV. 2 

S, Bisect a -i by a straight line, drawn through a given 
point in'one of its sides (174 ) 

9 Two 3 s touch each other externally in A, and a straight 
line touches them in B and C rcspectiv^ely Prove that the Z.BAC 
is a L. 

10 Giv en the base, v ertical £. of a A > the locus of the 
centre of the inscnbed C* (Text p. 228, Ex 36 ) 

1894 . 

J I, 2. 2 ; I 27 , 3 II 14 ; 4 III- 2 ; 5. Ill 24 ; 6 III 34 

7. Bv the Fourth Book of Euclid >ou are required to construct 
an L =(o the ore~lhiriieik part of a n L 

8 Trisect a.n L 

01 Describe a 3 passing through tn o giv en points and touch- 
ing a given straight line. (le-xtp 235, Ex 21.J 

10 Given two pts. A and B and a st line find a pt, P mL 
such that AP-^BP shall be a mtmmttm (Text p 243, Ex 3 ) 

1895 . 

t. On the same base and on the same side of it, there cannot 
be two different equilateral As constructed; prove this, and 
quote accuiatel> the enunciation of the proposition of which this 
IS a particular case. (A Case of I 7 ) 

2 Being given two straight lines meeting in a point, you are 
required to draw through the point a straight line which shall make- 
vvith one of the straight lines an l =10 the L it makes with the 
other (I 9 ) 

3 If two squares are equal, their sides are also equal * prove 
this State and prove the proposition in the First Book of Euclid 
in which the preliminary portion of this question is used. (See 
Text p 85, obsi and I. 48 ) 

4. Being given a you are required to find a point such 
that all^ straight lines drawn from it, to the 3ce are equal 

5 Being given a Q, and a point outside it, vou are re- 
quired to draw a straight line through the ppioi 'to meet the- 
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(7^ and which on being further produced in the same direction 
will not cut the Q I 7 > Case 2nd ) 

6 To a given straight line, you are required to apply a 
parallelogram, =«n area to agi\en equilateral and containing 
an Z. 5= to an 4 . of an equilateral A (A Case of I 44 ) 

7 Being gi\ en a A you are required to find a point equid- 
istanl from the ///w vertices quote the enunciation of the pro- 
position of which this IS a part (IV 5 ) 

8 Being given a find a point such that the J_s from it on 
the sides are equal , quote the enunciation of the proposition of 
which this IS a part (IV 4,) 

9 The ±s dropped from the vertices on the opposite sides 
of a A are cohcunent (Textp 224, Ex 19) 

10 Being given two intersecting lines and a point O, you 
ire required to draw through O a stiaight line meeting the given 
lines in P and Q so that the rectangle OP OQ may be given 

1896 

I. Enunciate and prove I 16 

The side CA of the A ABC is produced to Z 7 , pro\e 
that the L BAD is greater than the L ACB 

2 I 48 

3 n 14 

4 III 4 

5 Enunciate and prove III 31 

6 IV 4 

7 From the ends of the base of a A> are drawn to 
the bisector of the vertical L , prove that the feet of the Xs 
are equallv distant from the middle point of the base. 

S Find the loms of a point such that the sum of the square 
on Its distances from two given points may be«=to a given square 

9 In any Aj if the Xs drawn from the vertices on the 
opposite sides are produced to meet the circumscnbed Q,. then 
each ^ side bisects that portion of the line X to it, which lies 
between the orihocentre and the Oce (See Ex 21, p. 226 ) 

10 From an external point P^ two tangents are drawn to a 
given O ^^hose centre is 0 , and OP meets the chord of contact 
at ^{ R be the middle point of PQ^ prove that RP is=:to 
h tangent from R to the given Q (See p. 333, Text) 
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1897 . 

I Pro\ e 1 . 20, gmng the construcuon for each of the t/itee 
cases 

Pro\e that the sum of the two sides of a A, is greater 
than twice the straight line drawn from the vertex to the middle 
point of the base 

2. Prove I. 47 

Give a proof of I 47 by showing how two squares may be 
cut into pieces and put together so as to form a third square. 

3 II II. 

In what proposition in the first four Books of Euclid, is this 
proposition used? Explain briefly how the construction enables 
us to descnbe a regular fieuta^on on a given line (See IV. 10 ) 

4 III. 12 

In the enunciation of III. 12, is it strictly correct to speak of 
the point of contact "* 

5, Prove III. 36 

6 Describe a O which shall touch a given stiaight line and 
pass through two given points (Ex 21, p 235, Text) 

7 Prove IV 5, giving the figures for all the cases that may 
arise, and showing from the construction that the JLs at the 
middle points of the sides of a A, meet at the same point 

With the help of the rtder above mentioned, prov'e that the 
three JLs of a A, drawn from the vertices to the opposite sides^ 
meet at the same point 

8. Why does Euclid define a as having no mat^itude 
and a straight line as having no breadth ? 

9 Write a short fiWiy' on Euclid’s theory of pataUel straight 
lines 

10 What are conveise propositions^ Enumei ate all the ins- 
tances of converse propositions in the first Jour Books of Euclid 
How does Euclid generally prove converse propositions ’ Do j on 
know of any exceptions of this general rule ? 


< 



CAMBRIDGE UNIVERSITY PAPERS- 
MATHEMATICAL TRIPOS 
Biders only 
1848 

t If the two diagonals be drawn, shew that a parallelogram 
Will be divided into four equal parts In what case will the 
diagonal bisect the ^ s of the parallelogram ? 

2 Shew that all equal straight lines in a will be touched 
by another 0 

3 If two straight lines AEB, CED in a O intersect in E, 
the Ls subtended by AC and BD at the centre, are together 
double of the L AEC 


1849 

1 Desciibe on a given 6nite straight line, an isosceles Ar 
the sides of which shall be caches to twice the base 

2 In Euclid’s fig of II ir, shew that fotn others lines besides- 
ihtj^zven hne^ are divided in medial section 

3 Describe a O touching one side of a A, and the produced 
parts of the other two (Text, p 255) 

1850 

1 If the opposite sides, or the opposite /.s, of any quadri- 
lateral figure be equal, or if its diagonals bisect each other, the 
quadrilateral is a parallelogram. 

2 Given a square, and one side of a rectangle, which is» 
to the square , find the other sides 

3 T he %rcaie%t rectangle that can be inscribed in a 0, is a 
square 

4. Divide a Q into two segments, such that the L in one 
of them, shall be five times in the other « 

5 Shew that the base of the A m IV 10, is ^ to the side 
of a regulai penta^ofi inscribed in the smaller 0 of the figure. 

1851 

j ABC, ACD be two equal As, upon the same base AB and 
on the opposite sides of it Join CD, meeting AB in £ , shew 
that CE«ED 
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2 If ABC be a A whose 1 A ts a rt Z., and BE, CF 
be drawn bisecting the opposite sides respectively, shew that 
4(BES + CF2)==5 BC* 

»3. If a polygon of an even number of sides be inscribed in a 
0, the sum of the alternate Z.s, together with two rt. Z.s, is =to as 
many rt Ls as the figure has sides 

4 In a given Ci mscribe a A, whose L% are as the numbers 
2, 5 and 8 

1852 

1 Divide a A by two strcaight lines, into parts, w'hich 
when properly arranged, shall form a parallelogram, whose Ls 
are of given magnitude 

2 Triangles are descnbed on the same base and hav ing the 
difference of the squares on the other sides constant ; shew that the 
verte'« of any A is in one or other of two fixed straight lines. 

3 Two equilateral As are described about the same Qi shew 
that their intersections will form a hexagon (equilateral), but not 
generally' (equiangular) 

1853 

I . If lines be drawn through the extremities of the base of 
an isosceles A, making As with it, on the side remote from 
the vertex, each =to one-third of one of the equal L s, and meet- 
ing the sides produced ; prove that three of the As thus formed, 
are isosceles 

2 Through two given pts draw two st lines, forming with a 
St line given in position, an equilateral A 

3 In the fig of II 1 1, if H be the point of division of the given 
line AB, and DA be the side of the square w’hich is bisected in E, 
and if DH be produced to meet BF in L , prove that DL is X 
to BF, and is dw'ided by BE in medial section 

4 Through a given pt xoiihout a C> draw a chord, such 
that the difference of the As in tlie two segments into which it 
•divides the 0, may be=to a given L. 

5 With a given pt a's centre, desenbe a Q cutting a given 

line m two pts so that the^^rect contained by then distances from 
a fixed point in the line, may' be— to a given square ■ 

185 ^ 

I If K be the common angular pt of the parallelograms 
about the diameter, and BD the other diameter, the difference of 
the parallelograms, is=2ce A BKD 
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2 Produce a given st line, lo a pi such that the rccl.^ contain^ , 
edbythc \\ hole line thus produced and the part produced shall 
be«to the sqr on the given st line 

,3 If the opposite sides of the qtiadh be produced to meet in ^ 
P, Q , and about the As so formed 7 vi(hout the quadnUiterai, 
be described meeting again in R , shew that P, U, Q wiW be in one 
st line 4 

4 On a given st line, as base, describe an Isosceles A having 
the M/rrf L ^/nNc of each of the Is at the base (See notes 
on IV 10) 

1855 

1 Prove that the sum of the distances of any point from the' 

3 of a Ai IS greater than half the perimeter of the A 

2 If a st line be drawn parallel to.thc hypotenuse of a rt Ld 
A, and Ccich of the acute z,s be joined with the pts, where this 
hne^ intersects the side respectively opposite to them, the squares 
oh the joining lines are togcther»to the squares on the hypotenuse 
and on the line drawn parallel to it 

3 Divide a given st line into two parts, such that the square 
on one of them, ma> be:=2cc the sq on the other (Text p S3, 
E\ 2) 

4 If anv number of As, upon the same base IlC, and on the 
same side of it, /have their vertical equal, and JLs meeting 
in D, be drawn from B, C upon the opposite sides , find the 4>r//c 
of D , and shew that all the lines which bisect the L BDC, pass 
through the same pt 

5^ If the O inscribed in a A ABC, touch the sides AB, AC 
in.jtne pts D, E, and a st line be drawn from A to the centre 
of the , meeting the (^cc m G , shew that G is the centre of 
the inscribed in the A ADE 

1856 

•( ‘ 

I Of all parallelograms, which can be formed with diameters 
of given length, the rhovibus ts the greatest 
t<z If AB, (one of the equal sides of an isosecclcs A ABC},* 
be produced beyond the base to D, so that BD»AB , shew that 
CD»=AB*-h2 BC 3 . 

3 Shew how to derive a hexagon from an equilateral A 
inscribed in a O > this construction, shew that a side of 

the hexagon equals the radius of the O ? and that the hexagon 
IS double of the A* i / * ' 
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1851 

% 

1 ABC IS an isosceles A, of which A is the ^crtc\ • AB, AC 
are bibccted in 1) and E respectively ; BE, CD intersect m F , 
shew that the A ADE is *= to //tree times the A DEI' 

s The base of a A>5 Rnen, and is bisected by the centre of a 
*jiven 0> the ovCeof which is ihc /oats of the verte\ , prove that 
the sum of the squares on the two sides of the A» >s ntvartabh 

3 Prove that the sum of the Ls m the fou> sepments of the 
0, exiettorxo the quadrilateral, is = to j/r rtjrht angles 

4 Circles are inscribed in the two As formed b> drawing a X 
from an i, of a A upon the opposite side , and analogous tj;,s arc 
described in relation to the two other like j.s • prove that the sum 
of the diameters of the six (.‘'s together with the sum of the sides- 
of the oriental A is *= to tw ice the sum of the three a.s 

1858 

1. Assuming as an aviom that " two St lines cannot both be 
parallel to the same straight line,” deduce Euclid’s 12th axiom a>> 
a Corollarj of I. 28 

2 Produce a given si line, so lint the sum of the squaics on 
the given St line, and the part produced, miv be «=» to twice the 
lectangle contained by the wnole line thui produced, and the part 
produced. 

3 Describe a 0 which shall touch a given straight line, at a 
given point, and bisect the 0ce of a given 0. 

1859 

I Trisect a parallelogram by st lines drawn fiom one of us 
angular points. 

2. Piove th.-it, in .an> quadniateral, the squares on the diagon- 
als are together <= to twice the sum of the squares on the straight 
lines joiningithc middle points of the opposite sides 

3 Two equal 0s touch each other ev/cmally, and through 
the point of contact, chords are drawn, one to each f at rt 
£.s^ to each other prove that the st. line, joining the other extre- 
mities of these chords, is = and pannllcl to the st line joining the 
centres of the Cs. 

4* Triangles are constructed on the same base, with equal vei- 
’ prove that the locus of the centres of escribed each of 
which touches one of the sides externally^ and the other Jside 
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and base produced, is an arc of a Qi centre of which is on the 
Oce of the Q, circumscribing the A 

1860 

1 If a St line DME be drawn through the middle point M of 
the base BC of a A ABC, so as to cut oft equal parts AD, AE 
from the sides AB, AC, produced if necessary, respectively , 
the shall BD s= CE 

2 Shew how to construct a rectangle which shall be — to a 
given square , (1) when the sum^ and (2) when the difference of two 
adjacent sides, is given 

3 If two chords AB, AC be drawn from any point A of a 
and be produced to D and E, so that the rectangle AC AE is= 
to the rectangle AB AD , then, if O be the centre of the O, AO 
is X to DE 

4 If A be the vertex, and BD the base of the constructed 
, A in IV 11, being one of the points of intersection of the two 

Os employed in the construction, and E the other, and AE be 
drawn meeting BD produced in F , prove that FAB is another 
isosceles ^ of the same kind 


1861 

1 If ABC be a Aj m which C is a rt L ^ show how, by means of 
Book I , to draw a st line parallel to a given straight line, so as 
10 be terminated by CA and CB, and bisected by AB 

2 If ABC be a m which C is a rt and DE be drawn 
from a point D in AC, atrt Ls to AB , prove, without using Book 
III , that the rect AB AE«= rect AC AD 

3 Two Cs intersect m A and B, and CBD is drawn J. to 
AB* to meet the m C and D , if AEF bisect either the tnietior 
m ex/cnor L between CA and DA , prove that the tangents to 
the O nt E and F, intersect in a point on AB produced* 

4 Describe a Q touching the side BC of the A ABC, and the 
other two sides prouced, and prove that the distance between 
the points of contact of the side BC, with the inscribed and 
the latter Ci = to the difference between the sides AB and 
AC 

’ 1862 

» 

I Upon the sides AB, BC, and CD of a parallelogram ABCD, 
thfet equilateral As ate described, that on BC towards the mine 
parte as ike parallelogram^ and those on AB, CD towards the oppo- 
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site parts Prove that the distances of the vertices of the As on AB, 
CD, from that on BC, aie respectively = to the two diagonals of 
the parallelogram 

3 Divide a given St line into two parts, so that the squares 
on the whole line, and on one of the parts, may be together double 
of the square on the other pait 

3 A A \s turned aboul its vertev, \ml\\ one of the sides inter- 
secting in that vertex is in the same st line as the other previously 
was , "prove that the line, joining the vertex with the point of inter- 
section of the two positions of the base, produced if necessary, 
bisects the L between these two positions '* 

4 Prove that the smaller of the two ©s, employed in Euclid’s 
construction of IV lo, is = to the Q described about the re- 
quired A 

1863 

I. Tw'o As ABC, A'B'C' have their sides respectively parallel 
BB^, CC, are drawn X to B'C', CCs, AAo, to C'A', and AA«, 
BBj, to A'B' Prove that the sum of the sqs on AB^, BCj, CA^ 
together, is=to the sum of those on ACi, BA.^, CBg together 

2 Divide a given st line into two parts, such that the rectan- 
gle contained by the whole, and one part may be=to that con- 
tained by the other part and a given st line 

3 Two equal Cs intersect in A,B , PQT a X to AB meets itin 
T, and the Qs m P,Q , AP, BQ meet in R , AQ, BP in S , prove 
that the L RTS is bisected by TP 

' 1864 . 

1 If a quadrilateral figure have two sides parallel, and the 
parallel sides be bisected^ tne line joining the points of bisection shall 
pass through the point in which the diagonals cut one another 

2 Divide a given st line (when possible) into three parts such 
that the rectangle by two of them shall be=to a given 'rectili- 
neal figure , and that the squares on these two parts shall together 
be=to the square on the t/urd 

3 If from a given point A without a given C» any two st 
lines APQ, ARS be drawn, making equal Ls with*>the diameter 
which passes through A, and cutting the Q m PQ and RS respec- 
tively , then PS, QR, shall cut one another m a given point 

4 ‘ If a figure of any odd number of sides have all its angular 
points on the same Q and all its L% equal , then shall its sides be « 
equal 

i8 
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1865 

!• Give a geometrical construction, for finding a point m a 
given straight line, the difference of the distances of which from 
two given points, on the same side of the line, shall be the ^leaicsf 
possible ' 

2 The base BC of airisosceles A ABC, is produced to a point 
D , AD is joined, and in AD, a point E is taken, such that the 
rectangle AD AE, is= to the square on either of the equal sides 
AB, AC of the A , prove that the rectangle BD.CD !Ss=tothe 
rectangle AD ED^ 

3 A given st line is drawn at rt. to the st line joining the 
centres of two given » prove that the difference between the 
squares on two tangents drawn, one to each , from any point on 
the given st line, is constant 

4 Having given one side of a A* and the centre of the nrctim- 
scribed determine the locus of the centre of the inscribed Q 

1866 

I Prove that a quadrilateral, which has two opposite sides 
and two opposite obtuse Ls equal, is a parallelogram 

3 Shew that the figure m ques ist, is not necessarily a 
parallelogram, if the equal L% are aac/e 

3 Prove II 9 hw superposition of the squares or their halves 

4 U/ouf Qs be drawn, each passing through out of 

foin given points, the L betw'een the tangents at the mtersectioa 
of two of the Qs, is=*to the L between the tangents at the inter- 
section of the other two Qs ' 

5 In a given Q, inscribe a A» such that, two of the sides of 
the A) shall pass through given points, and the third side at a given 
distance from the centre of the given O 

1867 

1 Any two exterior Ls of a A, are together greater than tw^o 
rt Ls 

2 What ^s the s^reatest value which the complements^ for a 
guen parallelogram, in I 43, can have ^ (See Notes on I* 43) 

3 Divide a given str line into two parts, such that the squares 
on the whole line, and on one of the parts, shall be together double 
of the square on the other part 

4 If the chords which bisect two /.s of a A, inscribed in aO» 
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be equal , prove that either the Ls are equal, oi the third Z. is= 
to the L of an equilateral A 

1868 

1 OKBM and OLDN are parallelograms, about the diagonal 
of a parallelogram ABCD In MN, which is parallel to BA, take 
any point P , and prove that, if PC, produced if necessary, meet 
KL in Q, BP will be parallel to DQ 

2 In a A ABC — D, E, F are the middle points of the sides 
BC, CA, AB respectively , and K, L, M are the |eet of the JLs on 
the same sides from the opposite As Prove that the greatest of the 
rectangles contained bj BC and DK, CA and EL, AB and FM, 
IS = to the sum of the other two 

3 Through a point within a C> draw a chord, such that the 
rectangle contained by the whole chord and one part may be = 
to a given square 

4 If two As ABC, A'B'C' be inscribed m the same Q, so that 
AA', BB', CC', meet in one point O , prove that, if O be the centre 
of the inscribed tj of one of the As, it will be the centre of the 
Xs of the other 

1869 

' I ABC IS a A, E and F are two points , if the sum of the 
As ABE and BCE be = to the sum of the As ABF and BCF 
then under certain conditions EF will be parallel to AC 

Find iYi&SQ conditions, and determine when the diffeience instead 
of the sum of the As must be taken 

2 Shew that in II Ji, the point of section, lies between the 
extremities of the line 

3 An acute-angled Aj is inscribed in a O * and the/<7^^?- is 
folded alon^ each of the sides of the A Shew that the i^ces of 
the three segments will pass through the same point 

State the equivalent proposition for an obiiise-an cried A 

4 Shew that the Cs> each of which touches two sides of a 
icgulai pentagon at the extremities of a third, meet in a point 

1870 

I ABCD IS a square, and E a point jn BC , a st line EF is 
drawn at rt is to AE, and meets the st line, which bisects the 
L between CD and BC produced in a point F ; prove that AE is 
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2 The diagonals of a quadrilateral meet in E, and F is the 
middle point of the st line joining the middle points of the diago* 
nals , prove that the stan of the squares on the str lines joining E ~ 
to the angular points of the quadnlateial, \sgicaia than the sum 
of the squares on the st lines joining F to the same points, by 
four times the square on EF 

3 AH, CD are parallel diameters of two Os» and AC cuts the 
Cs in P, Q , prove that the tangents to the Qb at P, Q are parallel 

4 Describe an equilateral and equiangular pentagon about a 
Cl 'ivithoui first inscribing one (See Notes on IV ii; 

1871 

r Through the angular points A, B, C, of a A, are arawn 
three parallel lines meeting the opposite sides in A', B', C\ re- 
spectively, prove that the AsAB'C', BC'A', CA'B' are all equal 

2 Produce a given line so that the square on the whole line 
thus produced, may be double the square cn the part produced. 

3 The opposite sides of a quadrilateral inscribed in a Ci 
produced to meet in P, Q , and about the four As thus formed, 
i^s are described , prove that the tangents to these Cs at P, Q, 
form a quadrilateral equal in all respects to the oneznal, and that 
the line joining the centres of the Cs about the tivo quadrilaterals, 
bisects PQ 

4 A A Js inscribed in a given Ci so as to have its centre of 
Xs at a given point , pro\e that the middle points of Its sides he 
on a fixed Q 

1872 

1 If CE, BD be the squares described upon the side AC, 
and the hypotenuse AB , and if EB, CD intersect in F— prove that 
AF bisects the L EFD 

2 Two Qs intersect m A, B , P\P', QAQ' are drawn equally 
inclined to AB to meet the Cs m P, P', Q, Q' , prove that PP' is 
« to QQ' 

3 Having given an angular point of a A, the circumscribed 
0, and the centre of the inscribed Q i construct the A 

1875 

I, A',, B', C' are the middle points of the sides of llie A ABC, 
and through A, B, C are drawn 3 parallel lines meeting B'C',C'A', 
A'B',m/i,V^«speciively prove that the A^ic IS ^ A ABC and 
that be passes through A, ca through B, ab through C 
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2 If the diagonals AC, BD of the quadrilateral ABCD, 
(inscribed in a (i , the centre of which is at O), intersect at rt 

m a fixed point P , prove that the feet of the J.s drawn from O 
and P to the sides of the quadrilateral, lie on a fixed Ci the centre 
of which IS at the middle point of OP. 

3 Through a/wrf point O, anv line OPQ is drawn cutting 
a ^ed (3 in P and Q, and upon OP and OQ as chords, are des- 
cribed (^s touching the fixed O at P and Q ; prove that the two 
Qs so described, will intersect on another O* 

4 Prove that the O drawn through the middle points of the 
sides of the As, in IV lo, will intercept portions of the equal sides 
such thut a regular /lenfa^Oft can be inscribed in the 0, having 
these portions as two of its sides 

18*17 

1 In a given A, inscribe a parallelogram = the A, so that 
one side is m the same st line with one side of the A, and has one 
extremity at a given point of that side 

2 If a line AB be bisected in C and produced to D, so that 
AD®= 3 CD®, and if CB be bisected in E , shew that ED® = 
3EB®. 

3 If a quadrilateral be inscribed in a C» and the middle 
points of theo;i.J subtended by its sides be joined, to make another 
quadrilateral, and so on , shew that these quadrilaterals iend to 
become squares 

4 Prove that four Os may be described, touching the three 
sides of a A, and that the square on the distance between the 
centres of any two, together with the square on the distance 
between the centres of other two, is = to the square on the 
diameter of the O passing through the centres of any three 

1893 

I I 4,2 I 28, 3 I. 42 , 4 . u. 13, S' HI 6,6. Ill 
i4(co«j / ) , q III 36 

8 In a given str. line, find a point, equidistant from two given 
points 

9 Draw a O of given radius to touch two given Qs 

10 On the side AB of an equilateral A, a square ABDE is 

described , through A, the line AF is drawn parallel to BC to meet 
DE in F , and CA produced to meet DE in G Prove that AFG 
IS an equilateral A , 
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1894 

1 I 5,2 I 29, 3 I 49, 4 II 12, 5 III 5,6 III 14, 
7 HI 37 

2 Having given two sides of a Ay and an 1 opposite to one 
of them t construct the ^ 

2 On the side AB of an equilateral a square ABDE is 
described Through A, the line AF is drawn parallel to BC to 
meet DE in F , shew that A AEF is=l the equilateral A 


MADRAS UNIVERSITY PAPERS 

ENTRANCE EXAMINATION 

GEOMETRY 

1857 

7 Define a straight line, a plane superficies, a circle, Vhom* 
bus and parallel straight lines 

2 Enunciate the postulates ^ 

3 I 5 . 4 I 29 

5 ABCD is a quadrilateral figure, the sides AB, DC aie pro- 
duced to meet in E and the sides AD, BC, to meet m F , shew 
that the Z.BCD«=sum of the As at A, E & F 

6 I 32. 7 II n ,8 III. 17 ,9 HI 36 

10 Describe a O. which shall touch a given line in a given 
point, and shall cut off from another given line, a chord of given 
length Shew that m general two Qs may be drawn 

1858 

1 In every theorem, the hypothesis properlv takes the form 
of a sentence commencing with particle Enunciate according to 
this form Props I 5 and I 7 

2 The shortest distance between the two points is a st 
line , and that the shortest distance from a point to a st line is a 
JL to the line (See Notes on I 20 and 1 12) 

3 I 27 

4 Enumerate and prove the properties which belong to two 
parallel straight lines, intersected by another straight line 

. 5 Interpret arithmetically the following algebraic formulae — 
(’a + ^)-=a*+2a^ + ^3 , (a— 2a^+i® , — 
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{/I— i), and state the corresponding ^eometncal propositions (Ans. 
II 4, II 7, ir. 5.) 

6 Give the construction of 1 1 ii. 

7 II 14 

8 In a 0« whose radius is “a” find the length of a chord 
whose shortest distance from the centre is “// ’’ 

9 How IS a line determined to be a tangent to a 0» 

10 An L IS practically measured by the graduated ate of a. 0> 
the angular point being the centre 

(/i) Applying the above method, prove III 20 

(i5) Prove that the L formed by a tangent to a Q ^ 
chord through the point of contact, is measured by tial/ 
the tnteicepted arc 

11 III 23 

12 Prove thejn<r//rra/ case of III. 35 

1860 . 

t Define an angle, right angle, acute angle, obtuse angle, 
right angled triangle, acute angled triangle and obtuse angled 
triangle How many angles can be formed at a point, by two, 
three, « lines 

2 Give the construction of I 3, not assuming those of the 
I I and I 3 

3 («) I 9 

(i) If instead of the ordinary construction, the equilateral 
A be drawn with its vertex towards the e^tven L in what case will 
the proof be unaltered ’ And when it is altered, what coi respond- 
ing problem will be solved’ (Sec Notes on 1 9.) 

4 I 26 

5 Describe a parallelogram =to a given hexagon^ and having 
an L = to onC'third of a rt^ht L 

6. II 7 

7 Prove either the II 12 or II 13 Enunciate the proposi- 
tion of which, they (11 12 and 13) and I 47 are the three 
cases 

8 Complete the O, of which you have a given segment. (Ill 35) 

9 III 34. 

10 If ACB=-th of AB, shew that the diagonal of the square 
described upon AB, is = to s/I AC 


f 
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11 If any number of conceniuc 0 s be cut by another 0 , the 
cojnffton chords shall be parallel 

13 If from any point, equal tangents be drawn to any number 
of Cs, these Q,s may all be intersected by another 0, which 
shall have two radii each of them for tangents 

1861 

1 Define a point, a line, a plane Can a plane be said to be 
made of lines, and a line made of points ^ 

2 What IS a postulate Why are postulates necessary ? What 
ate Euclid's three postulates ^ 

3. (I s case 2nd) ^ 

4 I II What IS the Corollary usually gi\en to this pro- 
position Do you know any ohjeetton to it ^ 

6 Let two As stand upon a common base, either on the 
same or opposite sides, draw a line through the vertices and 
cutting the base, produced if necessary If the distance measured 
along this line, of the one vertex from the base, be double that 
of the other , the area of the ist A >s also double that of the 
2nd A 

7 11 S 

8. Produce one of the sides of a square, so that the rectangle 
contained bv the whole line thus produced, and the part of it 
produced, may be = to the given square 

9. Define a segment of a circle, a sector of a circle and similar 
segments of circles 

10 III 22 , n III 35 

12 If two tangerts to a be drawn from the points A. 
and B on the Gee, and intersect at C , and if AC be produced 
to meet the radius through B, at D , shew that the rectangle- 
contained by AC and AD == the rectangle contained by BD and 
the radius 

1862 

1 Define a line, a circle, semi-circle, a polygon, an oblong, 
a rhombus and a trapezium 

2 Write down the 9th, roth and nth axioms What is an 
axiom ^ 

3 Shew upon what supposition, the construction of I 2 will 
pass into that of I 3 (Notes on I 2) 

4 I 20 
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5 If two As have tw’o sides of one, = to two sides of the 
other, each to each, and have also the Ls opposite to one of 
the equal sides m each A, = to one another, and if the, Z.s 
opposite to the other equal sides be both nattc oi both obftisc^ 
then shall the third sides be equal, and also the remaining Z.s 

6 I. 47 

7. From AB, the side of an isosceles A (or from AB pro- 
duced), cut off AD=AC the base, and from AC produced (or 
from AC) cut off AE=AB Let BC and DE meet in F , proie 
that DF=CF, and also that BF =EF 

Shew also that DE and BC cannot be bisected in F 

8 II 5 , 9 II 14 

10 If in a A ABC, the side CA e\ceed BC by half BA , 
shew that the square on CA is (rrcatei than the square on BC by 
the rectangle contained by BC and BA, together with the square 
on /lalfQK. 

11 111 . 4 , 12 III 26 

13 If two Cs cut one another, and at a point of inter- 
section, a tangent to the one, passes through the centre of the 
other , pass through the centre of the first 

Under what conditions can the font radii diawn to the points 
of intersection, form a square ? 

1863 

1 Define a point, a right angle, a circle, a rhomboid 

2 I I How would you modify this, so as to describe an 
isosceles A with sides of given length ’ 

3 (a) I 20 

' {b) The sum of the diagonals of a paiallelogram, is /ewthan 

the sum of the four lines which are drawn from any point to the 
As of the paiallelogram 

4 I 31 . I 48 , 6. I. 32 ; 7 II 5 , 8 II. 14 , 9 III 
12 , 10 III 31 , II III 20 

12 Two Cs of unequal radii, touch each o’Caeix externally^ 
and any line is drawn through the point of contact cutting both 
Cs Shew that the diameters drawn through the points of inter- 
section, are parallel 

1864 

PART I 

I. Define parallel straight lines, a circle, a gnomon, similar 
segments of circles. 
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2 I 21 , 3 ^ 42. t 

4 On one of the sides of a describe an isosceles A> “ 
1o the original A 

1 II II 

PART II 

6 Two equal Qs cut one another in A and B The line 
joining their centres, cuts the Qs C and D Shew that ABCD 
IS a rhombus Can this rhombus under any circumstance be- 
come 1 square ^ 

7 III 17 , 8 111 23 , 9 III 34 

10 If two St lines AEB, CED m a O, intersect m E , the Z-S 
subtended by AC and BD at the centre, are together = 2 L 
AEC (Te\t p 222, Ek i ) 

1865 

X Define .a plane superficies, a right angle, and give the 1 2th 
axiom 

2 I 12,3 I 32 Cor 

4 ABC IS a given A , describe a A PQR = to ABC, having 
a side= AB and a side PR double of AC 

Shew that hvo such As may be described 

5 II 7, 6 II 14 

7 ABC IS an aziitc Ld A From the points A,B,C, J.S 
AD, BE, CF are drawn upon the opposite sides BC, CA, AB , 
shew that the squares on the three sides of the A is double 
the sum of the rectangle contained by A B, AF, by BC BD, and 
by AC AF 

8 III 13, 9 III 21 , 10 III 32 

11 If two Os touch each other tnicrnally^ the radius of the 
larger being double that of the smaller , pro\ e that any chord of 
the Inrs^er O passing, through the point of contact, is bisected by 
nhe Cce of the stnaller 


MADRAS MATRICULATION PAPERS 

1866 

1 Define — A plane, a semi-Qy ^ trapezium 

2 I 29 

3 In the base AB of an isosceles Ai any point Pis taken. 
From Q and R the points of bisection of AP and BP, QD and 
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RO nre drawn X to AB meeting the sides AC and BC respectnely 
in D and G. Shew that AD*=CG, and DC=BCi. 

4 1 36 

5 Having guen the 3^s ofa A, and the of any 

Hwo of Its sides construct the A* 

6 II 6; 7 111. 17 . S III 37. 

9. Two Cs touch each other infernally in A The diameter 
AC of the latter 0 , meets the smallet 0 in B At 15 , a tangent 
IS drawn meeting the larger 0 in D andE. Prove that CD is =» 
to the tangent drawn from C to the smaller 0 . 

la AB, AC are two tangents to a C» meeting one another in 
A, and the in B,C. Ihrough B, a str line BD is drawn parallel 
to AC, meeting the 0 in D, Prove that BC® is = AB BD 

1867 . 


3. A BCD is a parallelogram whose diagonals arc AC, BD 
The side DA is produced to E, so that AE mav be=:AB, and EB 
IS joined and produced to meet DC produced in F, and through 
F, .1 line FG is drawn parallel to CB meeting AB produced in G 
Prove that the diagonals of the parallelogram BCFG intersect 
at It Z.S 

4 I 48. p, 

5 AB IS a str line, and from A,B, Xs AC, BD, are drawn, 
such that AC+BD arc==AB Prove that CD® is double of the 
sqs. on AC, BD 

7 117:8 HI 32 ; 9 III 35 

to AEFB is a scmi-'y whose diameter is AB Through E 
and F, the lines EG, FH are drawn X to AB meeting it in G 
and H A Q is drawn touching the scmi-Q ex/e/nalfy, and the 
lines GE andHF produced If C be the centre of this 0 , and 
CD be X from C on AB , prove that CD*=AH BG. 

II AB is the diameter of a 0 ADBF, and C a point in AB 
produced, whence CD is drawn touching the O From centre 
C, another Q is described cutting the 0 ADBF in D and F, and 
diameter in E If now a line be drawn through C X to CA, and 
any point P be taken in that line, prove that PE is=to the 
tangent drawn from P to the Q ADBF. 

1868 

1 I. 20 , 2 In anj A CPY, prove that CP+CY are>Py, 

3. The difference between any two sides of a A» is less than 
the 3rd side. 
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4 I 37 

5 The perimeter of an isosceles A > than that of an 
equal rectangle of the same altitude ** 

6 I 32, with Corollaries 

7 If the base XY of a A AXY bepioduced, and the exterior 
so formed be bisected, and if the interior and opposite 

lAXY so formed be bisected, prove that the bisecting lines will 
meet, and form an ^ the other interior and opposite lA 

8 If parallelograms AQPB, CPRD be constructed upon two 
of the sides QP and PR of any APQR> and their sides AB and 
DC parallel to the sides of the A be produced to meet in a point 
E , if a straight line EP be drawn from that point to the verte\ 
of the A» and if a parallelogram QFGR be constructed upon the 
base of the A) whose other sides are equal, and parallel to EP , 
then the parallelogram QFGR = parallelogram AQPB + paral- 
lelogram CPRD 

9 n 13 

TO PM IS drawn X to the hypotenuse AB of a rt Ad 
A ABC, from any point P in AC Prove that the reel AP AC=the 
rect AM AB. 

II III 21 


12 Through the points of intersection of two Qs, str lines are 
drawn intersecting*, wzMzw one of the Os> and meeting one of 
them again at A and B, and the oikeis at C and D , shew that 
AB IS parallel to CD 

13 m 36 


1871 

I Define — An isosceles A 2 I 5 


3 If the str lines BD, CD bisecting As B and C of a 
AABC, are=to one another , shew that the A is isosceles 

4 I 32, part 2nd 

5 The difference of the As at the base of any A> is double 
of the A contained by the line drawn from the vertex X to the 
base, and the line bisecting the A at the vertex 

6 II 13 

7 ABC is a A having AB=aC, and BD is X to AC,, 
shew that BC®=1AC CD 

8 III II What is assumed, when It is said, that the line 
joining the centres, shall pass through the point of contact 

9 If m any two that touch, there be drawn parallel 
diameters , an extremity of each diameter, and the point of contact, 
shall be in the same str line 
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10 IIL 15 

1 1 Through a given point withm a draw the least chord 

12. («) III 17 with Cof { 6 ) From a point, two and only two, 

tangents can be drawn to a C 

13 III 32 

14 If two Cs touch each other, any str line through the point 
of contact, shall cut oft similar segments from the two ijs 

1874 

1 Define — A centre of a G> <tn acute Z.d Aj a complement 
of a parallelogram, and a gnomon 

2 1 14 

3 Two parallelograms ABCD and CFGH having the Z.BCD 
m one=the Z.FCH in the other, are placed so that the side 
DC IS in the same str line with the side CF , shew that BC is in 
the same str line with CH 

4 What mode of proof is used m the I 14^ When does 
Euclid chiefly use it ’ What other examples are there of its use 
in Book 1 

5 I 37 

6 ABC is a A, BD is drawn from B to meet CA produced 
in D, AE IS drawn from A, parallel to BD, meeting BC in E , 
and CF is drawn parallel to BD or AE from C meeting BA pro« 
duced in F , shew that ABEF = ACED 

7 II 7 ; 8 (a) II 14 (i) Deduce from the figure, a method 

of applying to a given str line a rectangle = to a given square 

9 III 26 , 10 III, 32 , state the converse of III 32 

II From the middle point of the side AB of an isosceles 
A ABC, a str line is drawn at rt Ls to it, meeting the base BC 
produced at D , shew that a Q drawn through the points A,C,D 
will touch AB 


1878. 

I. I. 23 t 

2 An obtuse Z-ABC is divided by BD, so that ACBD is 
=2/.ABD, CD IS parallel to AB and CE at right z_s to CD, 
meets DB produced m E , shew that DE = 2BC 

3 I 47 

4 In the figure of I 47, the atea of a stx^stded figure formed 

by a side of each square and the 3 str lines which join the 
adjacent corners of the squares is—4 times the area of the original 
A + twice the square on the hypotenuse s 
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5 Two equal Qs intersect one another, so that the centre of 
each O IS on the of the other From a point on the Qce of 
one of these, str lines are drawn through the centres A and 
B, meeting the Cce of the other u P and Q If AQ and PB- 
be joined, shew that one of the /.s APB, AQB is/bwr the 
other 

6 II. 6, 7 HI 37 

9 Produce a given str line, so that the rectangle contained 
by the whole line thus produced, and the part produced may be» 
to a given square 

10 ACB, DCB are two Qs, intersecting in B, C, P is a point 
in BC produced PA is a tangent to ACB , PDE a chord of 
DBC AD and AE cut the Q ACB in F and G Shew that FG 
ts parallel to DE 

1882 

1 Define — An acute 6d A, a rhomboid, and a rectangle 

2 I lo 

3. Determine the positions of all points that are equidistant 
from two given points 

4 I 34 

5 If both diagonals of a quadrilateral bisect the figure ; shew* 
that It is a parallelogram 

How is It said to be contained ^ 

6 II 3 

7 From B in the AABC, BD is dropped ± to AC and 
falling within the Ai shew that AB^+AC CD=BC"+AC AD 

8 III 3 

9 Shew that the str line that bisects two parallel chords of 
a Cl passes through the centre 

10 III 22 

ti ABC IS a A inscribed in a Q, and any str line DE ts 
drawn parallel to the tangent at A, and cutting the sides AB, AC 
in D, E respectively , shew that a O will pass through the points 
B, C, E, D 

1889 

1 Define — A rectangle, square, rhombus , I. 26 

2 Describe rhombus^ to a given rectangle 

3 A square and a rhombus stand on the same base , which, 
has a larger area^ and why ^ 
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4. I 41 * 

5 E IS a point In the ‘side AD of a parallelogram ABCD , 

prove that AEAC = J the panillelogi-am ABCD 

6 II 5. ■ 

7. If X, Y be the lengths of two str lines, of which ih&Jiisi 
rs sweater, illustrate b\ a figure for mttia + 

S Constuction of III* 17 

9 . AB is a diameter of a 0» which intersects at C and D 
anv A for its centre Prove that BC, BD are tangents 

to the 3 t 7 d 

10 III 20 

11 ABCD is ti square, arcs of s AEG *and BED aic 
described with centres B and C respectively, cutting one another 
at the point E, within the square Prove that the £.BDE = ^^or 
a riif/it L 


1890 

I I 34 , 2 Give the constructions of I. 44 and II 14 

3 II 13 4 III 

5 ABP IS a A described on a given base AB , what is the 
locus oi P when the vertical L is of given magnitude’ For what 
position of P will the A be spcaicst 

6 (fl) Distinguish betw een a ses^ment and a sectoi of a Q 
{fi) Prove that anv str line drawn through the middle point of the 
line joining the centies of two equal (. Js, divides each of the ( s 
into segments, such that segments of the one O are=to the 
segments of the othci 

7 (a\ III 32 , (^) Enunciate the cottvetsc of III 32 

S Prove that the quadrilateral formed by the tangents at the 
estremities of any two diameters of a {J, is generally a rhombus 


\ 
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t 

Geometry 

1859 

I 1 c. - I [3 , 3 I 32 , 4 I 34 1 5 II 1 1 6 II 
ji / ^ ^ j II 32 , 10 IV 4,1 r IV 10 

r » S!»() \ iK)*i 10 insect a right L 

13 Ptin< iii.ti ihe two diagonals of a parallelogram, bisect 
(Mf h 01 nr 

M I i\o < II it^rsect in the points P and Q , show that the 
'll iC‘ *0 III*'*' II r < 1 n res of the two cuts PQ at rt 

I *'i iiH 0 )i) )site sides of a quadrilateral, be produced to 
*11**1 .'I P .'lu. 1) I wo As will thus be formed lying outside the 
(iii.Kiiii urr.P I'* ihe O® cncumscnbing these As, intersect 
I K I^OM* ilii' I' i<, Q, are in the same st line 

16 ]*oi^ II I n\ are there in the vertical L of the A 

.or iitci ri l\ 'o (Ans 36 degrees) 

1860 

I I 6 I 16 , 3 I 42 , 4 I 48 , 5 II 5 , 6 III 13 , 
7 ill « 1\ J4 

0 Provo, *lii*» if AHCDEF be any hexagon inscribed in a 
O 11^* 's \ C r are together « to yb;//' right ^.s 

10 If i VO (I ai*onals of an equilateral and equiangular 
nit o-'o snow that each of the greater segments is^to a 

Mdc of .ho p / tiv on 

1861 

1 1 V,'’ 1 7 r 3 II 9, 4 11 12, S III 32, 6 IV 

4,7 i« 

S C III ofi l)\ a line parallel to the base of a A, a part which 
'll.*'!! DO ;/ m \ Utithsoi the A 

' 1862 

I I 32 , 2 Ii 14 » 3 III 33 t 4 IV II 

5 Of A*-, which have the same vertical A, and whose bases 
pa-, ilirobgh the same point, the least is that whose base is 
JLisCihd o> tins point 
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6 The \crtical i of a is equal to, /<?« than or ^-/AiArr 

than, a Ti5>ht £., according ws half the base is equal to, less than 
or f^renier than the line joining the vertex \Mth the jioint of biscc* 
lion of the base 

7 The \crtical 4. of a diffeis from a rii>ht L by the L 

between the base and the diameter of the circumscribing t:,. 

S The square on the side of an equilateral A, is tuple the 
square on the radius of the circumscribing 

9 State the subjects treated of in the isf^ stui, 3rd, and qtk 
Hooks of Euclid’s Elements 

1863 March 

I 1 9, 2. I 16, 3. 1 32; 4 I. 37; 5 10 >6 II 11; 

7 111 3, 8 III. 20, 9 III, 21, 10 in. 33; II. IV. 3, 

J2 IV. 10. 

13 Describe a A> that shall be = to given pcutaj'on 

14 Upon a given base, dcsciibe an isosceles A whose vcitical 
L shall be «= one-half of the vertical 4. of a given isosceles A 
upon the same base. 

15 Cut olT from a given 0» segment that slmll contain an L 
of 60 degrees ( \ c.ase of 1 1 1 34.) 

1863 Novembei 


I I 23, 2 1 34,3 II 4,4 II 13 , 5. Ill j ,6 III. 21 5 7. IV 
13. 8, IV 15. 


9 'I hrough a given point, between two lines that meet, draw a 
str line tcrminited by those two lines, which shall be bisected at 
the given point. 

10. If from any point within a parallelogram, lines be di awn 
to iheybar 4.s of a parallelogram each pair of opposite As thus 
formed will be together = to half the parallelogram. 

1 1 In tiny Aj the squares on the two sides are together 
double of the squares of half the base, and of the line drawn 
from the vertex to the middle point of the base 

This Ex IS very impottanl (.Sec Text Ex 24, p. 147 ) 


12 If two str. lines AEB, CBD, in a Q intersect in E, 
the ^s subtended by AC and HD at the centre, arc totrether 
YfonW^of the L AEC (See Text p 222, Ex i.) 

13 Describe a t:, touching one side of a A. and the othei two 
sides produced. (See Text, p 255.) 


19 
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1864. 

1 I 2,2 I 24 t 3 ^ 35 »4 n 6, 5 m 21 , 6 III. 35, 7 HI*. 
36 Cor , 8 IV, 10 , 9 IV,^ 16 

10 From point A on the line BC (and between the extre- 
tniUes B and C), draw the line AD through B, = to BC 

Ti If from a point A, oufude a paratlclogram BCDE, the st 
lines AB, AC, AD, and AE be drawn, then the difference between 
the As ABC and AED, is =5 to half the parallelogram 

12 Given the b^se, the altitude, and the \ertical Z. of a A ^ 
construct it 

13 Prove that the bisectors of the three of a At meet in a 
point (See Text p 103, Ex 2 ) 

1865. 

I I 12,2 1 21, 8 I 32 , 4 II 6,5 II 14 , 6. Ill 12 , 7 IIL 
22,8 IV 2 

^ 9 Draw two concentric Qs, such that, those chords of the outer 

O which touch the mner^ may be«io its diameter 

10 Inscribe a Q m a given 

1866 

3 I 20,2 11.11,3 III 22,4 in 35 » 5 IV 2,6 IV 13 

7 If two sides of a A be bisected, the str line which joins the 
point of section, is parallel to the base and ^ to one half of it (See 
Text p 96-97 Ex 2-3 ) 

8 The sum of the squares on the diagonals of any parallelo- 
gram, is^to the sum of the squares on the sides of the paiaf- 
lelogram 

9 The square inscribed m a Q is = to //aZ/" the square des- 
cribed about it (See Notes on IV 6 and 7 ) 

1867. 

1 1 21 , 2 I 44 , 3 II U , 4 HI 34 1 S IV 3 , 6 IV 7 

7 If in £uc I I, an equilateral A he also described on the 
other side of the given line, what figure will the two As form > 
AYhat parts of a A must be given, m order that the A may be 
described ^ (See notes on I i ) 

8 What conditions trust be fulfilled, that a O may pass 
through four given points 
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6 If a side of an equilateral A be stx ttiches, what is the length 
of the tadtttsoi the inscribed 

1868 

I I- 1 1 ; 2 I. 42 , 3 !• 47 ; 4 H. 7 ; 5 * ^7 . 7 

IV s, S IV. lo 

9. Prove that two of the diameters of the smaller squares are in 
a str line, and the other two^ are parallel 

1869 

I I 20, 2 I 42, 3 II 4, 4 III 16; 5 III 31 , 6 IV 4 

7 In a given indefinite sL line, find a point such that the sum 

of Its distances from two given points, on the same side of the st 
line, shall be the least possible (.Text p 243, Ex 3 ) ’ 

8. When is the rectangle contained by the two parts, the 
greatest possible, and the sum of the squares on the two parts the 
least possible ’ 

9 Divide a given line into two such parts that the sum of the 
squares on the two parts equals a given square 

JO Show that, if the Cce of a C> passes through thiec angular 
points of a regular polygon, it will pass through all of them. 

II. In a given inscribe a whose L s shall be as i 23 

1870 

i I 12, 2 I Mt 3 II 5.4 II 14, 5 111.22,6.111 
35 .7 IV. 3 , 8 IV 6 

9 If the diameters of a parallelogram aie at rt Z.s to one 
another, the sides are all equal. 


I I 27, 2 I 46, 3 II 2, 4. II 13, 5 III. 12 , 6. Ill 34, 
7 IV 5 , 8. IV 10 

9 Descnbe three Qs with radii in proportion to i 2 3, so 
that they touch one another 


1872 


I I. 2 II II 
. IV 5. 


3 III 20, ,4. Ill 2S‘, s l\\ 2, 6 
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7 io <i |»i%( 1 s'lf line, apply a A> which shall be=to a 
."Vi ii.ueoneof us ^s=toone L of the given A* 

S SiiOi* iliU ih“ pBfwieter of an isosceles A is /tfjj’lhan 
.h. 1 of iMi\ OlIiui a of equal area, standing on the same base 

1873 

1 I I , 2 I 48 , 3 n 13 » 4 HI 17 , 5 III 37 » 6 

7 1.1 *iiL ci.i i.eier of a O produced, determine a point so 

iii.ii ti.o i.mi (' ii (iMtt.i from it, to the C^e, shall be of given length 

1874 

I 1 --I : 1 34, 3 n 7 , 4 ni 23 . 3 3556 

3 

7 ly.'‘on i base, describe an isosceles A > having each 

o* ih'* ( <|i .* 1 -.(.(s to a given str line What is neces- 

<.ii\ \Mtli ic iJM' »o length of the given str line, in order that 
the A 1*1'*' h*‘ nn-i* lole ^ 

8 Snov ill Li ihe two tangents can be drawn to a O 

a V i fxtx f /irt' p .ind that they are equ il (See Text p 180, Cor ) 

9 ^lio\\ Mmi .f the str lines joining the centres of the//;- 
ir/'^/crZ aid 1 ftiiwsuuded \^s o{ a Aj passes through one of its 
tiiiC'ilai po ni-1, tiic A is isosceles 

1875 

I I 14 , I 34i 3 H 10, 4 III 20, 5 IIL 36, 6 

1 \ 5, 10 

S ( on-'lriK i .‘II I'^osceles Ai which shall have om-thira of each 
L ii liie base lO half the vertical L 

9 Ib^^Ki i D.ir.Mielogram by a str line drawn through a given 
uoi.ii \ lliin II 

10 from iii\ point without a O, str lines be drawn touching 
It, the /_ loni.Miuri bv the tangents is double the L contained 
b^ the r lie jo ning the points of contact and the diameter 
drawn ilroiign oi.c of them* 

1876 

I I 22 , 2 M 14 , 3 IV 9 , 4 IV 15 • 

; Coiistri'ci a light Id Ai having given the hypotenuse and 

the difference of the sides * 
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9* In a A. whose \erncal is a right L ,‘a sti. line is drawn 
from the \erte\ i. to the base; show that the square on this X 
is=to the rectangle contained liy the segments of the base 

7 On a given str line as base, describe an isosceles At 

having the L— treble of each of the jLs at the base (See 

IV lOj ACD is the A reqd ) 

1877 

I. I 20 , 2 I 32 Cor. ,3 I 4S; 4 II. 9 , 5 III 13 » 6 
32; 7 IV 4, 8 IV IS 

9. The opposite £.sof a <juadnlater.il figure are together = 
to tzvo rtf^hi angles ; show that it may be inscribed m a O (Con* 
\erseof III 22, See Text, p 189.) 

10 AB, AC are two chords of a Oi nnd BD is drawn 
parallel to the tangent at A to meet AC in D , pro\e that the 
0 described round the A BCD, touches AB. 

1 1 Show that, the diameter of a 0 inscribed in a right angled 
isosceles A is = to the difference between the hypotenuse and 
the sum of the other tw 0 sides 

1878 

1 I 13; 2 I 34, 3 II 5, 4 II 14, 5 III 24, 6 III. 35 > 
7. IV 5 

8 Bisect a A by a str line drawn from a given point in one 
of Its sides (TeMp 113, Ev 36) 

9 AB is a diameter of a Q, C any pt. m its 0 ce, AC, BC, 
produced meet the tangents at B and A in D and E, and the 
tangent at C meets the same tangents in F, G Show that FG is 
halfisi BD+AE 

1879 

I 1 43; 2 II- »4 , 3 III t 7 , 4 IV 4 } 5. IV II 

6 ABCD is a para'lelogram , a str line EF is drawn parallel 
to the diagon.*!! AC, meet AD, DC or those produced m E, F, 
respectively show that the AABE is=to the ABCF 

1880 

I I 4, 8. 26 , 2 L 34 

3 * T"® isosceles As sund on opposite sides of the same base , 
show that the str line joining their \crticcS| bisects their common 
oasevLt right Ls 
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' 4 Show that the diagonals of a rhombus^ bisect each other at 
right L s 

5 Two equal Qs touch each other rji and through 
the point of contact, chords are drawn to each (J at right 

to each other, prove that the str line joining the other 
extremities of these chords, island parallel to the stn line joining 
the centres of the Qs 

6 111 36 

Hence show that if tvio Cs intersect each other, their common 
tangent is bisected by the line joining the points of intersection 
produced • 

7 IV 5 - 

Hence prove that, if the centre of this © coincides vith that 
* of the inscribed ©j A is equilateral 

1881 . 

I I 35 , 2 II II , 3 II 2 , 4 III 28 , 5 IV. 16 

6 AD, CE be drawn X to the sides BC, AB of the AABC, 
and DE be joined Prove that the /.ADE,« Z.ACE 

7. In a given ©, inscribe a As whose Ls shall be as ^ ^ i 

1882 

I I 33 , 2 I 43 , 3 II 14 , 4. Ill 31 

5 The square on any str line, drann from the vertex of 
an isosceles A to the base, is /ess than the square on a side of 
the A by the rectangle contained by the segments of the base. 

6 In a C) the extremities of two radii at right ^s to each 
other are joined Prove that the L in the segment so formed, 
is=to one ri^ht angle and a half* 

1883 

I I 41 , 2 II 12 , 3. Ill 31 , 4 IV n 

5. AB is the hypotenusS of aright angled AABC , find a 

point D in AB such that BD may be=to the ± from D on AC 

6 Two tangents are drawn to a © at the opposite ex- 
tremities of a diameter and cut off from the third tangent a portion 
AB , if C be the centre of the C ,,show that aACB is a ugh/ L . 
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1884 

T I 48 , 2 II n , 3 III 22 . 4 III 31 , 5 IV ro 

6 Prove that, a parallcloiiram of which one is a right ' , 
and two adjacent sides are equal, is a square. 

Show also that its diagonals bisect each other at right L s* 

7 The str. line drawn from the nght Lto the middle point of 
the hypotenuse, is ^ the hvpotcnuse, 

8 Show that in a regular polygon of liuclve sides, each L is 
5 times the L subtended by one of the sides at the centre of the 
circumscribed © 

1885 . 

1 I. 29 

Prove that two str. lines bisecting two adjacent Lsoi a par- 
allelogram, intersect at right L s 

2 I 24 

3 Given //tree middle points of the sides of a A » construct 
the A. 

4 !!• 7 - 

5 Two ©s touch each other Shew that a sir. line drawn 
through their point of contact, cut oft simt/ar segments of ©s 

-6 111.22 
7 IV 4 

4 Describe a © touching three given str. lines, two of which 
are parallel 

1886 

1. I 32 Cor 2 , 2 I 43 ; 3. II 9 

4. P and D are any two points , A, B are an> two points on 
opposite sides of the str. line PD. The aAPD is«=to the 
ABPD, and PD produced cuts AB in C , prove that AC is = 
to CB 

1886-87 

I I 32 Cor 2 2. Shew that an L of a regular pentagon is to 

the i. of a regular decaqo/t as 3 4. 3. I 43. 

4 P and D are any two pomts, and A and B are any other * 
two points on opposite sides of the str. line PQ. The AAPQ= 
ABPQ, and PQ or PQ produced cuts AB in C ; prove that 
ACes CB, 
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S II 9 6 If two chords in a Oi cut each dtherat right LSy 
the sum of the squares on their segments ib*=to the square on the 
diameter 

7 III 17 S A quadrilateral circumscribing aQ has two 
of Its sides parallel , show each of the other two sides subtends a 
right L at the centre 

9 Prove that the lines bisecting the /.s of a regular fjMa^on 
meet at a point lo IV 2, , 

1887-88 

I E\ 2, p 96 Text , 2 1 45 , 3 II 13 * 

4 ABC is an equilateral L , m BC produced, take an)*^ point 
D, so that BD DC«=BC* , prove that AD®=2AC* 

5 III 17 1 6 III 37 

7 From an external pt O, OP is drawn to touch a 
OQR to cut It, and it is found that OP=2ce the radius and 
that 0R=-20Q , prove that QR subtends a rt at the centre 

S IV 3 

9 If a 0 be inscribed m a right lA A, the excess* of the 
sides containing the right 4., over the hypotenuse, is=the diameter 
of the C 

1889 

1 If one acute L at the base of a A» be double the other L at 
the base, and a ± be drawn from the vertex upon the base, shew 
that the difference between the segments of the base is to the- 
smaller side 

2 In a given point, in a given sir line, to make a recti- 
lineal figure « to a given rectilineal figure 

3 A IS a given point, B is a given point in a given str. line 
It IS required to draw from the given str line, a str line A I* 
such that AP + PB mav be=to the^^v^rw greater than the 
distance from A to B 

4 1 47 

5 If any point P be joined to A, B, C, D, the angular points 
of a rectangle ABCD, then shall PA^ + PC- be5=PB*-HPD2, /.s A 

^ and B being opposite to each other 

6 II 7 

7 In a right 4d A, if a X be drawn fiom the vertex to the 
hypotenuse, the square on the X is=to the rectangle contained 
by the segments of the hypotenuse 
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8 HI 32 

9 IV 2 

1890 - 91 

1 I 21 (a) The str lines drawn from any point within a 

to Its angular points, are together less than the sum of the 

sides of the A > 

2 ABCD IS a rectangle ; of which A A, lC are opposite L s , 

E IS ahy point in BC, F in CD, shew that 2 AAEF-l-rect. 
BEDF=iect AB CD - 

3 I 45 . 4 H 9 

5 , If two chords of a Q mteisect at right Ls, the sum of the 
squares on the 4 segments of the chords=square on the diameter 
of the O 

6 («) III 33 (^) Construct a A, hating given the base, the- 
vertical A, and the point in the base on which thej.falls from the 
vertical L. 

7. IV 5 

8 From the angular pts A, B, C of a A, J-S are drawn on 
the opposite sides, and terminated at the points D,E,F, on the ©ce 
of the circumscribing^' 1 , if L be the point of intersection of theXs , 
shew that LD, LE and LF are bisected by the sides of the A 

1891 - 92 

1 ia) I 14 ( 6 ) ABCD IS a rhombus , AC is bisected at O 
If O be joined to the angular points B and L , shew that OB, OD 
are in a/ie str line 

2 I 41 , 3 If two equal str lines intersect each othei 
anywhere at nght As, the quadrilateral formed by joining their 
extremities=:| the square on either str line 

4 II II, 5 If a str line AB, be duided into any two 
parts in the point H, such that ABBH=AH®, shew that AB®-{- 
BH*=3AHs. ' ' 

6 III 27 

7 CD IS a chord of a © at right A'S to the'dliimeter AB , E 
IS any point in the arc BC ; AE cuts CD in F , prove that lDFE 
= AACE. 

8 Shew that the fiertmefet of a right Ad A, exceeds 
the diametci of the inscribed ©, by i^vtce the hvpotenuse 

9 IV 10 
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1892-93. 

1 I 17 Su'le ili<‘ axtiwt on which Euclid founds his Theory 
if pifrUch Slicv tii.u I 17 is the converse of Ax. X2 

2 I i|8 

3 I he <^i(icc \C of a A? are bisected in F and E, and 
I no 1 ncs BE Cl arc cirawn and produced to M and K, so 
«h«u iMB 2in^, iind ( N-2CF, prove that MA and AN are m 
one btr line 

• II I', • 

5 If from Oiio of iho OKtremities of the base of an isosceles Aj 
a J. be (II aw 11 tlu^ o|)posite side, then /v/tce the rectangle 
oiit.uiK^d l)> ihal side, and the segment adjacent to the base, is 

ihe s(|iii'ie on tne base 

6 III 7 111 22. 

8 J ho str lines winch bisect any A of a quadrilateral figure 
insciibed in .» and liie opposite exterior Z., meet on the 
(>o 

6, In'-cribo a / in a O 

9 I uo rnoii <iooiro to dig a well equidistant from each of two 
inhrs^ittni* ^t9 a t*/ f f and Also equidistant from their two 

on one of iho luails Shew* how to find the position of 
die cll 


PUNJAB UNIVERSITY PAPERS. 

1 M K WCE EXAMINATION 
Geometry. 

ISTS' 

1 Dcinonslrale 1)> moons of a figure, that under certain condi- 
lion** 1 Z2 ((iKuot he solved 

2 1 4f), 3 n 14 

1 Cri) \\ ha IS ihc (i iTerence between “ the Co/* a segment,” and 
“ ilic L in a sovMiienl, of a O’ 

(/d Prove ihoi the icntre is the only point in a CV at which 
I vu ( horas c in hisoc i eat n other 

C 1\ j 1 
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7 If tn any A, the str. line which bisects the vertical Z., also 
'bisects the base , the ^ is isosceles 

S ABC IS a A S right-angled at 3 A, and AD is drawn J. to 
the base BC ; shew that AB* = HC.DB 

9 DiMdc a given str line into two parts, so that the rectangle 
contained by Its segments, may be = to a given square. 

18*76 

t 132,2. I 43 ; 3. Ill It and 12,4 III. 32,5.111. 
35 , 6. IV. 10 

7. Shew how to trisect a given str. line 

5 I’rove that the difference between two of the sides of any 
is less than the third side. (Sec Notes on I. 20 ) 

9 Shew that the difference of the base Z.s of any A ts double 
the Z. contained by a line drawn from the vertex, JL to the base, 
and another bisecting the JL at the \ erte\ 

to The ±s let fall from the three Z.s of any A, upon the 
opposite sides, intersect each other in the same point. (Text p. 224, 
Ex. 19) 

18*77 

t, {d) Dcffnc a right A, a rectangle, a rhombus, a rhomboid, and 
a trapezium 

(^) Prove that the diagonals of a lectanqle arc equal, and that 
those of a ihombus cut each other at right As. 

2 1,32 Cor 2 ; 3 II 9 

State and prove 1 1, g algebraically, 

4 III. 20; 5 III 22 , 

6 In a given str line, find a point equidistant from two other 
points, without the line 

7 III 33 - 

■ 8. Prove that the two sides of a A are together ey^eaier than 
double the str line drawn from the vertex of the A, to the middle 
point of the base 

9 IV. 15. 

to. Draw through a given point, a str, line, which shall make 
equal As with two other given str lines. 
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18*78 

t 

I# Define a C acute angled Ai and parallel str lines 

2 (a) I 37 

W) If P be a point in a side AB of a parallelogram ABCD, and 
PC, PD be joined, the APAD + APBC==PDC 

3 Prove 11 g and 11 lo togethei 

4 III 12 , 5 III 34 ' 

6 Given the base of a A, the \crtical L and the length of the 
line drawn from the \ertex to the middle point of the base, describe 
the A 

7 IV 6 

8 III 9 

9 Prove that the point of intersection of the diagonals of a 
square, described on the hypotenuse of a right 4.d Ay ts cqui* 
distant from the two sides containing the rieht L 

1879 

u (a) Define — Plane superficies, isosceles A» parallel lines. 

(d) Mention the three Postulates 

2 (a) I 20 

[f)) If the two diagonals of a four-sided figure, bisect one 
another, the figure is a parallelogram 

3 I 38 

4 If two sides of a A be bisected at right ^s, and from the 
point where the bisecting line cut one another, a i. be drawn 
to the third side, it will bisect the third side 

5 II 4 , 6 HI. 22 

7 If m a Oi str line bisect tw»o parallel chords , pro\ e that 
It passes through the centre 

6 III 21 

7. IV 10 

8 In a given inscribe four equal J)s, touching each other 
and the given C 

1881 

1 Enunciate and prove Euc I 26 

2 r)efine —Surface, Diameter, Diagonal, Pai'allel lines, Tan- 
gent to a C 
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3 I* 47 - 

4* Find the locus of a point, from which tangents drawn to two 

are equal , (t) when the Qs touch each other exiernallv^ {tt) 
when they do not. 

5 Inscribe an equilateral A nt a 0 » and compare its area with 
that of a tegulat hexagon inscribed in the same 0 

6 Two Cs touch internally at A A str line touches one 
■3 at P, and cuts the other at Q and R Prove that PQ and PR 
subtend equal /. s at A 

7 Enunciate and prove Euc. II 13 , and deduce an expression 
for the area of the triangle in terms of its sides 

8 Give a geometrical proof of (v — See II. S. 

1883 

1 Classify As according to their sides , and draw figures foi a 
scalene t t^hi angled Ai an isosceles obtuse angled ^,tectang^le 

2 I 5, case 2nd 

3 If \U, AC be equal sides of an isosceles Aj and a O 
with centre B and distance BA, cut AC (or AC produced) in E , and 
BF be taken in AB (01 AB produced, if E lies in AC pioduced) 
=to CE , prove that iCFA is =to Z.FAC 

4 II 5 Cor , 5 III 21 

6 If two str lines be dr.iwn through anv point on a diagonal 
of a square parallel to the sides of the squaie, the points where 
these st lines meet the sides, will be on the of a whose 

centre is at the intersection of the diagonals 7. IV 6 

8, Having given one side of a Aj the centre of the circums- 
cribed determine the locus of the centre of the inscribed Q 

9 Draw str lines thiough the angular points of a paiallelo- 
gram, which shall form .'mother parallelogram = twice the former 

1884 

I Under what circumstances, can you assert the equality cA 
two As, in every respect ? 

2 - I* 3 S » 3 II* J 4 » also I 47, Cor. 

4. geometrically^ {a+bY+{a-b)^ = za^-^zl)^ 

5 III 17 

6 Two (Vs touch internally at A At a point P on the innei 
p, a tangent PQR is drawn cutting the other O Jn Q ' and R 
Prove that PQ and PR subtend equal Z.s at A (Cf q 6 of 1S81). 

0 - * j ' 
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4 

7 Define a regular polygon What regular polygons can be- 
inscribed m a C, by Euclid’s method ^ Show that, if any regular 
polygon be inscribed in a , a regular polygon of the same numbcf 
of stdesy can also be described about the same G ' ' 

1885 

1 Define a given st line, a right L , parallel st lines, a gnomon, 

an L in segment of a C> acute angled triangle. 

2 ia) I 32 

(b) ABC IS a and the exterior /.s at B and C are bisected 
by BD and CD respectively, meeting in D Shew that Z.BDC 
+ /lalf /.BAC is^-one right L 

3 II 7, 4 («)1II 27 

(b) A str line is drawn touching a C» and parallel to a chord 
shew that the intercepted ate is bisected at the point of contact 

5 Modifv the construction of Euc IV 4, so that the O niav 
touch one side of a A and the other two sides produced Prove the 
modified proposition (See Text, p 255} 

6 IV 9 

7 Shew that a O cannot be described about a iJtombus 

1886 

1 M I. 35 

(^) Bisect a given At by a str line drawn from any point in a 
side (Text p 113, Ex 36) 

2 ABC is an isosceles A « AB, AC being equal, P is any point 
in BC, and J.s PQ, PR are drawn on the opposite sides Shew that 
PQ + PR is = the J. from B,or C on the opposite side 3 {a) II 5 

( 3 ) Produce a given st line, so that, the rectangle contained 
bv the whole st line thus produced, and the part of it produced, 
shall be-^to a sguaic 4 (rz) III 20 

(^) Prove III 22, as a deduction from III 20, when tlfe L 
at the centre, \%greatef thany equal tOyOv less than Wvo right Ls 

5 III 26, 6 IV 5 

7 A O described about the AABC , and the tangent 
at C meets AB produced at D , prove that the Q whose centre is 
D, and radius DC, cuts AB at E 

1887 

I. (a) What are the different parts of a proposition, in plane 
Geometry^ (i) What is the Converse of a proposition (r) Is it 
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necessarily 'true ^ (a) State the converse of “Any two £.s of a 
A are together less than two right Ls” [Ans to (d) — A\. 12] 

(,e) Where is the Converse Prop , first used by Euclid ' 

2 I 32 Cor 2 Is this true for hexagon ’ 

3 L4S, 4.(«) II II 

{b) In the diagram of II ii, point out any other str lines 
besides the^^iw/; str line, similarly divided 

5. Ill 34 , 6 (a) IV 3 

' [b) From the diagram of IV 3, shew that it is possible 
to describe a A equiangular to a given A and such that one of its 
sides and the other two sides produced, shall touch a given O 

7 The str lines drawn from the Cof a A» to the points of 
bisection of the opposite sides, meet at the same point (Text 
p 105, Ex. 4.) 

8. DR IS a diameter of a O ; DP, DQ are two chords, 
meeting the tangent at R, at S and at T respectuely. Shew that 
CTPS= CTQS 

1888 ' 

1 (a) What supposition is tacitly assumed concerning the 
“ tw'o str lines, ” in the ordinary enunciation of I 27 ’ 

{b) Why IS (I 27) not necessarilv true as It stands? (rf) Aftei 
completing the enunciation, prove I. 27 

2 I 24 3 Enunciate and prove 1 1 12,4 III 26. 

5 III 11 and 12 What different cases are there of the above 

6 («) IV. 10 Give the figure and construction only. 

{b) In the figure of IV 10, shew that the smaller Q is =to the © 
described about the requited A 7 I 47 Cor 

8 Construct a A having given an A, and the radtt of the 
inscribed and circumscribed ©s 

1889 

1 The area of a parallelogram, is=to the product of the base- 

and the Xr height ' 

2 One acute i. of a right Id A, is the other, show 
that the side opposite to the less, is=to half the hypotenuse 

3 -(«) II 4 

{<>) Divide a str line into two pgrts, such that the rectangle- 
contained by the parts, may be the greatest possible. 
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4 (n 13.) Hence deduce an cv/ff€ssionio\ the aua of a 
Jfiixngle^ in ietm^ of tfs sides ^ and show what form this CKpression 
assumes, when the ^ is right Ld 

5 {a) What relation subsists between an L in a segment 
of a and vco L of the same segment, fi) Divide a C)}nto 
two segments, so that the L m one segment, may be double that 
in the other, 

6 Inscribe an equilateral A, in a gnen O* IV 2 ) 

1890 

ft 

I 1 35 , 2 H 5 Coi , 3 III 21 , 4 III 29 , 5 IV 14 

6 Of all /is on the same base and between the same pa- 
rallels, thej^£?n;//c/^?r of the isosceles A, is the least 

7, In any AABC, if E, F be points where the ±s from the 
opposite Z.S meet the sides AC, AH , prove that BF + 

AC CE 

8 Simson's line (See p 232 ; FeM, E\ 74 ) 

1891 

1 (a) Define a parallelogram , I 34 , 2 11 14 

3 In a given (J, draw a chord, which will subtend an at 
the \Jce=an L of a regular hexagon 

4 IV 10 , Construction only 5 Describe a O fihout an 
obtuse i.d A (A case of IV 5) 

6 A quadrilateral is bounded by (i) the diameter of a c> 
(2) the tangents at the extremities, and (3) a third tangent, 
shew that Us aiea=b that of the rectangle contained b)^ the dia- 
meter, and the side opposite to it 

7 Two diameters AOB, COD of a Q, aie at right Ls to each 
other , P IS a point m the \^ce , the tangent at P, meets COD at 
Q , and AP, TiP meet the same st line at R, S respectively Shew' 
that RQ=SQ 

8 AB IS a fixed chord of a Q , AC is a mosjeahle chord of the 
same (J, (lCAB being therefore vai table') j a parallelogram is 
described, of which AB and AC are adjacent sides Determine the 
greatest possible length of the diagonal through A 

1892 . 

I {a) Define an equilateral ^^( 6)1 s Cor (c) Enunciate 
16,2 I 32 > 3 The str lines bisecting the ls at the base of 
an isosceles A, meet the sides at D and E Shew that DE is parallel 
to the base 
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4 L 3S; 5 Mention all the eases m Hue. 6k. I u herein is 

established the of two i^swntea, 6 II. 12 

7. Ill ao 8 Two tangents AB.AC arc drawn to a Oi l> is ant 
point on the'lcc outside the AA6C, shew th.at £. A 15 D + 4 ACI) is 
constant 

9 IV 3, to From the 3 £,s of a A> Xs arc drawn to the 
opposite sides, meeting them at D, E, F ; shew that DE and I)F 
arc equally tncl.ned to AD 

1803 

r. 1 24, 2 1 46, 3 A6C IS an isosceles A , ihe'str. line AD 
bisecting DC is produced to E, «ind DE made = AD . Ets lotncd to 
the mid points of All and .AC by str lines cutting liC in F and 0 . 
Shew that AFEG is a rhombus 

(6) 4 II 6,5 (a) III 14 (b) When c.m two chords in a 
t,, bisect each other 

6 1 V 7 , 7 Divide the Qcc of a Q, into ten equal parts 

5 If two As xABC, DEE be inscribed in the same 0 , so that 
AD, 6E, CF intersect c.ach other in one point O , prove Uiat, if O 
be the centre of the tnsertbed Q of one of the As, it will be the 
point of intersection of the Xs in the other, drawn from the 
angular points on the sides. 

1895 . 

1. 1 24,2. Construct a right id A, one of the sides con- 
taining the rt i, .and the X from the right i, on the hypotenuse 
being known In which case, will the construction fail 

3 (a) What do vou mean bv rectangle cont.aincd bj two sti 
lines 11 5 

5 III 22 , 5 If each pair of opposite sides of a quadn- 
latcr.al inscribed in .a 0, meet c.ich other w hen produced, the 
str lines bisecting the is made between them, arc at rt is 
to each other 

6 (a) If two 0 s cut each other, and from .any point in'thc 
common chord produced, tangents are drawn, one to each 0 ; 
prove that these tangents .arc equal 

(b) What are radical axis ? 

7, Describe a regular hexagon about a 0 . 


20, 
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ENTEANCE PAPERS 

1889 


1 Enunciate all the Props of Euc Bk 1 . m ^^lnch the cqualUy 
of three parts in a pair of As, involves equality in all respects 

2. Construct a A, haxing gnen the base^ one of the £.s at the 
base^ and the sittn of the sides 3 I 42* 

4 From a given point m one of the sides of a A> draw ? 
str. line to meet the other side produced so that the A thus formed, 
shall be=to the gi\en A 

5 II 12, 6 Ex 245 ; 7 34 * 

(b) Gi^en the base, and vertical ji. of a A t shew that the A 
is greatest^ when it is isosceles 

S IV II. 

1890 


t 

1 Define A str line, an acute ^.d A^aC, parallel str. lines 
a gnomon, an L tn a segment , haghf of a A When are magni- 
tudes said to be equal ? 

2 I % {Direct proof) , 3 I 29 Case i 

4 If t\^o opposite Z.S of a parallelogram be bisected ; and two 
str lines be drawn from the ooints of bisection to the opposite Ls • 
these two str lines /rrre’^/ the 4>«tgonaI 

A I *1^ 6. Deduce, a proof of I 47, from II 4 (See Gene-^ 
ral notes on IL a j 

7 II. 7, S III 20, 9. Ill 35, 10 (n) IV. 10 (constr) 

10 ( 6 ) Ditide a right L into 5 equal parts 


1892 . 

1 Define — Axiom, postulate, parallel str. lines isosceles A, a 
gnomon, an t inn segment 

2 (a) I 20 

If an\ point be taken inside a quadnlateral , proi’c that the 
sum of the aisiances of the point from the angular points of the 
quadnlateral, is the least possible, when the point is the inter- 
section of the diagonals. 

3 II 14 , 4. III. 21 , 5 {a) IV 9 

{^) If a square be described about the O'*' question S ^ 
pro% e that it is double of the original square 
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6 State the enunciations of propositions which relate to the 

equality ol two alliespccts 

1893 

1 Dehne — A parallelogram, a secant, a sector, a segment of 
<i C> converse proposition. 

2 What IS the difference between “five feet square,’ and 
“five square feet” ? 

3 I 7, 4 I 24^5 Ex 2 page 96, Text , 6 II Si Cor 

7 If three points are not in the same str. line, a O may be 
described, whose Qce shall pass through them S IV 10 

1894. 

2. Define —A parallelogram, a gnomon, an arc, a segment 

of aC 

2 I 8,3 I 44,4 II 7,5 III 15,6,1V 5 

7 Inscribe a square m a Q 

8 In a 0 1 two chords AEA and CED intersect at E , prove 
that the Z.s subtended by A.C and BD at the centre, are to- 
gether =2 £.AEC 

9 Prove the formula foi determining the radius of the © 
Miscribcd in a A, vvhose sides are given 


LONDON MATRICULATION EXAMINATION , , 

. PAPERS ! 

1897, January. 

1 {,a) Euc I 12 

' {d) Prove that all points in a plane which are equidistant from 
two given points in the plane, bisect on a str. line > 

2 (a) if AB, CD are two finite str lines, which bisect one ano- 
ther , prove that A, R, C, D are the corners of a C7m 

( 6 ) Under Avhat circumstance, is this C7m (i) a rhombus, (ii) a 
rectangle ? . 

3 (a) Euc I 35 and I 37 

{6) Find (when possible), a pt P on the Qce of a given 0 , 

such that APAB is (of aied)=to that of "the given A , A, B 

being two given pts m the plahe of the © 

Discuss the number of solutions of this problem 
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5 Euc II 14. 6 245or£\«24, p 147, Text 

A pt IS such that the sum of the sq on the str lines joining 
It, to 4 fixed pts IS given , the fig. being in one plane, prove that 
the pt lies on a fixed C 

7 Euc III 20 

8 (a) If two Cs intersect one another, pro\e that the tangents 
drawn to them, from any pt on their common chord produced — 
ire equal to one another 

(d) bhow how to find pt, the tangents from which, have a 
similar propert>, when the two Q,s do not intersect one another 

S Construct a common tangent to two Qs 

(See Ex, Bk III , Text ) 

How manv such tangents can be draw Draw* the figure to 
illustrate the difierent cases 

10 fn^Eur IV to 

(If) Hence, show ho\\ to inscribe m a fc^ular polygon of 
10 sides 

1890 

I Euclid 1 16 


4« if O be any point on the base AC of the isosceles A ABC, 
prove that the rectangle contained by AO and OC, isatothe 
differerence of the squares on AB and OB 

5 If CD be any chord of a Ci P ^iny point on a diameter 
parallel to* CD, and QD the point on theO which is farthest 
away from the chord CD Prove that the square on PC and the 
square on PD, are together double the square on PQ 

6 111 37 

7 Prove that 1 O can be circumscribed about any quadri- 
lateral, whose sides are the bisectors of the of some other 
quadrilateral 

8 If P, Q be the points of intersection of tw»o Qs, if a 
str line cut one of the (Ps at A and D, and the other at B and C 
Prove that the Z.APB is=to the Z.CQD [In drawing the figure, 
after making the points A and D, place C on the same side of 
B as D IS of Aj 

9 Describe a circle through three given points 

10 Having given the base, and the vertical L of a A, prove 
that the bisector of the vertical L always passes through one of 
the two fixed points 
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1891, Jaiiuary 

1. l^rovc tlj.ii the diagonals of a jiarallclOijrani, bisect each 
other, 

2 hquarcs arc described on the three sides of a right Ld 
A ; di\ idc the square on llie hypotenuse into two rectangles, uhich 
■shall be respectnely=to the squares on the other sides ((ittc the 
proof) j (o) I 22 "When is the construction impossible^ 

4 (^) Show that, if the squ.irc on one of the lines exceeds the 

- sum of the squares on the other two, the .1 will hat c an obtuse ild. 

4 Construct a square which shall bc*-to a giten A (H 14} 

5 Prove th.it the sum of the squares on the sides of a 
par.'illelogram, is=to the sum of the squares on its diagonals 

6. 111.33,7.111.15 

8 (rtl In a AAUC, the X UH, drawn from two vtiliccs* 
lOthe opposite sides, meet m a point O, uul AD meeti, the x, 
cnciimscnbcd .about the A m a pi K Pro\c that I)Ki.-I)0. 

8 {/}) Deduce that the ± drawn from the ///tn/\cnc\ C to the 
opposite side, also passes through O 

9 («0 I' •• (^) Protc that, if Its alternate sides me pro 

duced to meet, the L s of the ^tar-shaped figure thus formed, ire 
•e»ch*-two-fifibs of a right L. 

10 Show, b\ aid of a diagram, ih.nt four C*? be dr.iwn, 
so ,M> to touch each of three given sir. lines , .and give coiisliuctions 
for their centres 

1801, June. 

I. Drect a X to a given str line All, at the point \ (I 11 ) 
How would )ou constinct the X, when the given sir line tcuni- 
iiatcs at A, and it is not .illowcd to produce it ^ 

2 If two A*, of equal aica, .ire in the same plane and on 
the same base, the str. line joining then veitices, is either p.arallei 
’0 the base, or is bisected bj the base 

3 . (jive a def of .1 square free fiom redundant conditions. 

If the lA of a aABC, be ait i , and AD be drawn X to 
UC , prove that A 11- is = 11C.11D 4 1 1. 7. 

5 Of all rectangles of given perimeter, that which luas the 
jf/fiifcj/ area, is a square 

f>. (rt) If the LA of a AAHC be obtuse, the square on HC 
exceeds the sum of the squares on BA, AC, by twice a certain rec- 
tangle State what rectangle this IS, and prove the ibeoreni (II 12) 


\ 
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(^)The side QR of an equilateral ^PQRis produced to S, 
so that RS=QR Prove that PS» 

7 (rt) III 20 (^) A, B, are any two points on opposite sides 

of a str line CD i find at ^\hat points of CD, they subtend a rt L* 

8 AB, CD areti.\o str lines, which, being produced, intersect 
in O , prove that if OA OB«OC CD, the four points A, B, C, D, 
he on a 

9 Describe a Q touching a given str line at a given point, 
and passing through another given point 

10 Given a square, show how to obtain from it, a regulai 
octagon^ b> cutting off the comers 

1892, January 

1 1 24 

2 Prove that if D and E be the middle points of the sides 
AB, AC of a then DE is parallel to BC If the median BE= 

median ED, pro\e that the A is isosceles 

3 Construct a square on a given str line AB as a diagonal 

Prove that, if ABCD be the squaie, and if the bisector of the, 

/.BAC meet BC in E, then CE is*=AC*^AB 

4 Prove geometrically, that the square on any two str lines 
exceeds twice the rectangle contained by the str lines by the square 
on the difference of the str lines 5 II n 

6 If A, B C be anv three points, ind O the middle point of 
BC, then AC2+ A B-= double of the squares on AO and OC 

7 («) III 15 (^) The greatest rectangle which can be ins- 

cribed in a given Q, is a square 

8 III 22 

9 Describe a Q passing through two given points, and having 
ns centre on a given str line. 

10 (rt) Prove that, if the circumference of a Q be divided into 
any number of equal arcs, the polygon formed by the chords 
of these arcs, has all its sides equal, and all its L s equal 

Also, prove that the through the centre and extremities 
of any side, touches the adjacent sides , and that the radii of the 
first O drawn to the vertices, cut the second vj m points which 
form the v ertices of another re^lar polygon 
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to the sides, such that a pair of opposite parallelograms formed by 
them, are equal in area , piove that the point must lie on a diagonal 
of the original parallelogram 

4. ta) Euc II 4 ( 3 ) Also, inscribe in the above larger square, 
a rectangle contained by the diagonals of the smaller squares 
and show that it is=twice the rectangle contained by the segments 
of the str line 

5 Construct a rectangle =a given square, and such that the 
sum of its sides, shall be=to a given str line 

6 Prove that the shortest chord of a Q, which can be drawn 
through a given point inside it, is <it rt £.s to the str line 
joining that point to the centre 

7 (a) III 21. (i) Deduce that a A with given base and 
gi\ en vertical L is of greatest area, when it is isosceles 

8 Three points A, B, C are taken on a Q atid a str. line 
parallel to the tangent at A, intersects the str lines AB, AC, in the 
points D, E , prove that a Q ™ay be described through the four 
points B, C, D, E 

9 {«) Euc IV 5 What IS the condition that the centre of the 
O should be outside the A 

{bi) Fora AABC, find a point D on the base BC produced, 
such that AD* IS = DB D C 

10 In a regular heptagon, the extremities of a side DE are 
joined to the opposite vertex A ; prove that in the AADE, each 

L at the base is = three times the vertical L 

1893, January 

I. {a) Euc I 20 

(b) Prove that if a ADEF lies wholly inside another AABC, 
It has a smaller perimeter 

3 If in two As FGH, LJIN, the sides FG, FH are re- 
spective!} =to the sides LI^I,LN, and the C FGH is = to the L LMN 
Shew that the/Ls GHF, MNL are either equal, or are together=to 
two rt Ls 

3 Two str lines AOB, COD are such, that the As AOC, BOD 
are=in area Prove that AD is parallel to BC. 

4 The alternate sides of pentaf^on are produced to meet, so 

as to form a ‘star-shaped’ figure Prove that the sum of the internal 
L% at the vertices of the star, is=to two rt Cs Find also the value 
of the corresponding sum, for the general case' of a polygon of 
« sides, - «- JO 
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5. Four pomts A, B, C, D are taken m tins order^ in a stn line 
Shew that the sum of the squares on AD, BC e\ceeds the 
sum of the squares on AC, BD, by twice the rectangle contained 
by AB,CD (A proof by geometrical construction, wnll be preferred ' 

6 £uc II 13 

7 Two str bais AX, BY rotate round the fixed points A, B 
with equal speed, that is, so that the '.s LAX, MBY are always 
equal , L and ^1 being fixed points Show that when they rotate 
in the same direction, their point of intersection describes a O 

8 From a point M m a chord AB of a 0 > '^hose centie is O, 
a str line is drawn at rt ^sto 0^1, and meeting the O ni 
N , prove that AM MB is = MN^ 

Show how to draw a str line, such the square on it, is^^to the 
gi\en rectangle, when the point M is on the chord produced 

9 Prove that, if a Q can be drawn to touch all four sides of 
a quadrilateral, the sum of one pair of opposite sides, must be 
»to the sum of the other pair 

10 Prove that, the sli lines bisecting the Lso( a A? meet 
in a common point , show that this point is nearest to the gieatest 
L of the A and furthest from the least L 


1893, June 


I £uc 1 8 , 2 (a) Euc I 32 

a (d) If ABC heart Ld A, and AO be drawn making the 
L BAO=to ^ABC, and meeting the hypotenuse BC in O, then 
O bisects BC Also shew that, if OH be dnawn ± to BC, on the 
side remote from A and^to OA, then HA bisects the rt L BAC 


3 If two As have two sides of the one, respecti\ely=to 
two sides of the other, and if the L opposite one pair of equal sides 
be rt Ls , the As aie— in all respects 

4 State and prove a geometrical proposition, answering to the 
algebraical identity, (a— 


Also, explain (without proof), what geometrical 


corresponds to the identity 



proposition 


5 Euc. II II V 

6 Make a squaie=to given rectangle Also, construct a 
rectangle of given perimeter, which shall be=a given square* 
When is the problem impossible ^ 
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7 Euc. Ill 20, 8 in., 33* 

9 Prove that, one and only one O can be drawn through 
three given points, which are not in the same str. line 

lo. Draw three Os of given (unequal) radii, each of which 
touches the other two , the points of contact, being distinct In 
•tt hat case, has the pioblem more than one solution ’ 

January, 1894 

1 Euc I i6 

2 Piove, by Euclid Book I that the str line joining the middle 
points of two sides of a is parallel to the third side 

If D be the middle point of the side BC of a AABC, and 
E the middle point of AD, and if BE produced meet the side 
AC in F , then AF is=one-third of AC 

3 (fl) Euc I 47 

(fi) Prove also, by means of the same figure, that the , squaie 
■on AC is less than the squares on AB and BC, by twice the 
rect BC BD, where D is the foot of the J. from from A on BC 

5 (a) Euc II. 14. 

(^) Prove that the diagonal of the square, will be less than 
that of the rectangle 

6 Of two chords of a 0» which subtends the greater 
Z. at the centre, is the greater 

7 Euc III 30 

8 Describe a O touching a given str line at a given point, 
and passing through a given point external to the str. line 

9 Describe a Ajwhose sides should touch a given 0>and whose 
L shall be respectively =to three given Z.S, whose sum is two it Ls 

10 Euc IV 15 

1894, June. 

I (a) Euc I 8. 

(^) Two equal str lines AB and CD are joined towaids 
opposite parts by the equal str lines AD and BC intersecting 
in O Prove that the As OAC and OBD are isosceles 

2. Euc I 21 

3 (a) Euc I 34 

(fi) Upon the same base AB, and upon opposite sides of it, the 
parallelograms ABCD and ABEF are described, so that the side 
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AD of the first, is=to the diagonal AE of the second, and the 
diagonal AC of the first, is=to the side AF of the second Prove 
that AC and AF, as also AD and AE, are in the same str- line 

4 (/»)! 39 

(3) The point P is gi\en in position within the ^AOB beU 
ween two infinite str lines OA and OB, and the sir line QPR is 
drawn through A, cutting OA and OB in Q and R Prove that *f 
the area of the AQOR be the least possible, it will be bisected 
by OP 

5 Euc 1 41 t 6 II II , 7 Euc II 14 

5 (a) Eua 11 22 

{d) From the point T, external to the circle QPl^ whose centre 
IS O, str lines TP and TRQ are drawn touching the © in P, and 
cutting It in Q and R respectively, and QR is bisected in S , prove 
that (1) L PbT= lVOT 

(11) If PS produced meets the© again in U, and UV drawn 
parallel to QR meets the © again in V, then TV will touch 
the C 

6 Euc. 111.36 

10 (a) Euc IV 4 

{b) If a number of As have one side and the centre of the 
circumscribing common to all, prove that the centres of the 
inscribed © will all he on the circumference of a certain fixed © 

1895, JajiTiary 

1 If the opposite sides of a four-sided figure be equal, the 
opposite Ls shall also be equal 

2 (a) Euc I 12 

(^) Also pro\e that only one such ± can be drawn 

3 IfP and P be two points on one side of a sir line AB, 
such that the ±s from them to AB, are equal, then PQ is parallel 
to AB 

4 Euc I 48 

5 Prove geometrically, that the sum of the squares on any 
two str lines cannot be less than twice the rectangle contained 
by those str lines 

6 Euc II II 

7 ia) Euc III, 21 
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{ 6 ) T\\o equal ds intersect in A and B, and any str line 
through A, meets the Cs again in P and Q Prove that^ P and Q 
are equidistant from B 

8 Euc III. 17, Case (2) 

(^) Two tangents are drawn at the extremities of a diameter 
AB of a , and a third tangent meets them m P and Q Prove 
that rect AP.BQ is=to the square on the radius of the © 

9 Euc III 35, Case (3) ^ 

10 IV 5 

In what cases will the centre be (1) inside, and (11) ouinde 
the A 

1895, June 

1 (a) Euc I 18 

[jb) No str line can be drawn within a A, greater than the 
greatest side. 

2 (a) Euc I 37 

(^) The onposite sides AD,BC of the quadrilateial ABCD 
are parallel , E is the intersection of the diagonals, and F is the 
middle point of BC , prove that the AAEF = the ADEF 

3 Euc. I. 43 , 4 Euc II 7 

5 (a) Euc II 14 

(^) Of all parallelograms of given atea, the square has the 
least perimeter 

6 Euc III 2,7 Euc III 26 

8 (a) Euc III 32 

(b) Each of four unequal ©s, touches externally two and only 
two of the remaining three , prove that a© can be drawn through 
the /aui points of contaqt 9 IV 7, 

10 Divide a nght angle into five equal parts 

1896, January 

1 (a) Euc I 11 

(i) Find a point in a given str. line, which is at equal distances 
from two given points 

3 (a) Euc I 32 

(o) On the sides BC,CA, AB of an equilateral A, three equila* 
tcral As BCD, CAF, ABF are drawn , prove that D, E, and F 
are at the corners of an equilateral A 



[ 3i6 ] 

3 Desciibe a iectangie=to a given triangle (I 42 ) 

4 (a) Euc I 47 

{d) Describe a square, which is thue times a given square 

5 (^7) Euc II 9,6 Euc III 17 

7 (a) Euc III 3* 

(^) Construct a rt with the rt. .it a given point, the 

base of given length aifH its extremities on tuo given paiallel 
str lines Under what conditions, is this problem, a possible one ^ 

8 Euc III 35 

9 (n) Euc IV 4 

(^) How many such Cs can be drawn Illustrate youi answer 
by a figure ^ 

10 (a) IV 15 

{//) If any hexagon ABCDEF circumscribes a 0 , prove that 
the sum of the sides AB, CD, EF is=to the sum of the sides 
BC, DE, FA 
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